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CHAPTER I 
INTRODUCTION 
I, FUNDAMENTAL-CONCEPTS y 


1. SYNESTHESIA. In 3=space Euolidean-geometry we find 3 basio—component modes of 
thought integrated into 1 wholes the axiomatic, analytic, and perceptic. Let us call 
these 3 basic components, respectively, the synthetic—component, analytio-component, and 
perceptio—oompoment. Further, we abbreviate these x—components as: the S=component, 
A-component, and P-component. We can form a triangle to represent these combined x- 
components as a SAP—triangle of organization. At each comer of the triangle we have a 
basio-—component which we call, respectively, the S-, A=, and P—component. The SAP- 
triangle when used gives us a great understanding of the soience of geometry. The 
strongest component of the SAP-triangle is the P—component, the balance, is such, that 
an increase in any 1 component will increase the development of the other components— 
the ideal-situation oocurs using all 3 x—components simultaneously, functionally, that 
is. We shall oall the Peoomponent of the SAP=triangle the ‘synesthesio-unit', which, 
when developed along with the S and A-units, gives us great insight and understanding 
of geometrio-forms of thought. 

In the 4-space geometries as developed to date. We have only 2 comers of the SAP= 
triangle extensively-—developed, the axiomatic and analytic. An ultra-change occurs when 
you put in the Peunits; geometrio-integration occurs in a ‘twinkling of an eye’ with 
unusual-insights of 4-space geometries never before suspected to have existed. The SAP- 
triangle ‘gestalt’ gives us a real-understanding of geometry per se. In my geometrical- 
researches for finding a general-method to solve 4—space problems quickly. I became 
fully-—aware that a 4-space ‘graphic’ would require for its development a SAP-triangle 
approach, in Sudh—a-way, that the 4—space perceptics would be oonsistent with the S and 
A=components of the SAP=triangle, Asmming further, that these results would as—a-whole 
give enormous power in geometrio-understanding and new-discoveries, 

Much of the 4-space perceptics was developed with the aide of the ‘inner-eye', In 
visualizing 4-space geometrio-figures one mst focus one’s attention on a newlevel of 
mental—awarenesa—somewhat like the ‘psychics' do in seeing the human-aura, In going 
from plane to solid—geometry we foous our ‘attention’ on a seoond-level of geometrio- 
awareness, then re-foocusing again to a 3rd-level for larger geometrio-gestalt—-mits of 
integration for hypersolid geometrio-figures,. 

One must go slowly in using the mltiple-focusing=process of the imer-eye to 
visualize 4-space geometrio-figures, It takes time and patience. One must go over and 
over again until the ‘natural’ geometrio=gestalt oocurs. 

We are but babes in the world of the 4th dimension. So again I say, time and patience 
is required for a real-understanding of this fascinating new realm of hyperspace= 
geometry. I predict that the psi-discoveries resulting from applications of the 4=space 
geometry will be enormous—its a gateway to the stars. 


THE CANONICAL—HYPERCUBE 


2. GRAPHIC=CONSTRUCTION. COLOR-DIMENSION, In creating a 4—space visual-graphic that 
will enable us to use the SAP=triangle principle. We must begin with the simplest 
geometrio-figure possible that can be used as a standard-form or archetype-model, 

The 4-space geometrio-figure must have the intrinsio-properties that can inoorporate 
directly the analytio- and synthetio-modes of 4-space geometry. 

The org-theory I published in '63 gave me the conoeptual-solution to this unsolved- 
problem, The combinatorial-integrator for the ‘orgs' showed me that the simplest 
structure possible to form was made-up of the units—partitions of the natural-mmbers, 
Suppose we consider the units-partitions of the natural-mmbers as independent—subsets 
of higher order generated from the universal-set (1,1,1,..0.), then its independent— 


SADESCE WE: CAH ZEpreee: AF% (4, -; ae which represent the natural-nuwmbers in 
partition-formm, The oombinatorial-groupings of these units—partitions gives us the 
combinations of higher order for the natural-numbers, i.e. the wuits-partition 44 


via combinatorial-grouping gives us the ‘partitions’ of the natural-mmber 4 as 


si . 21’, 31, 2, and 43 it being understood that the partition-parts when sumed 


equal the natural-mmber 4, the jnvariant-property of the partition-grouping. 











Farther, in group-theory, we find that the simplest existing group-structure 
associated with the units-partitions is the product—group of 1. 

If we select the units-partitions of the natural-mumber 4 and relate these 4 1°s to 
our 4—space Euclidean—geometry, we shall then have the ‘master-key' that opens a door 
into a new ‘dimenston!. In the combinatorial<analysis of 4-sepace Buclidean-geometry we 
associate the unit-parts of the wits-partition of the naturel-mmber 4 with the 4-space 
mutually perpendicular coordinate-axes, In 4-space we have a set of 4 mutually 
perpendicular-lines that meet gt @ point called the origin. These 4 mutually 
perpendicular-lines are all 90 apart from one another, which can be grouped together 
in different ways, like the partitions of the mumber 4, This amount of information gives 
us the 'synthetio-mmber-partitions' Bhat relate our canonical—hypercube to analytio- 
geometry and the calculus, 

Purther, we need a few bits more of information to graphically—oonstruct the 4-space 
canonical-hypercube, This additional info we find in the fully developed 4-space 
synthetio-geometry, from which, we make use of the important concepts of "boundary’ and 
‘interior' of a geometric-figure. One more step completes the synesthesio-process for 
visualizing the canonical-hypereube,. Since we will be ‘visualizing’ in 4=space 
perceptics, our 4=—space graphios will be much more involved than the ordinary 3=space 
solid-geometry. Therefore, in the 4—space graphics another change is required. We make 
use of 2 colors to distinguish our ordinary 3—space ‘oell’® from the other regions in 
hyperspace, i.e, a black=cube for our ordinary=-space and 7 red—cubes for the remaining 
portions of our canonical-hyperoube in hyperspace, 

In setting a graphic mock-up of the canonicalehypercube we have yet to oonsider 
*double-oblique=projections' in the hyperspace=graphics, The x= and z=ares lie in the 
plane of the paper at true-right-angles to each other, The y~ and waxes are represented 
as being at quasi-right-ancles to each other in the plane of the paper, as well as, 1 of 
each of these 2 with 1 of each of the former 2, The 2 quasi=-perpendicular—axes have been 
chosen, in such-a-way, that in the plane of the paper, the graphio-form of the 
canonical-hypercube will have 8 of its vertices in the interior of an octagon—the }- 
space analogue to this being the graphio-oube having 2 of its vertices lying in the 
interior of a hexagon. The ‘octagon' is slightly doubly—distorted due to the double- 
oblique=-projection in the 4—space graphic of the canonical-hypercube, From graphio- 
experimentation I have come across the graphio—design that makes the 4—space 
visualization=process occur with ease without undue mental-stresss in special—cases, the 
standard—design of the graphic-ooordinates can be modified to stress better piotorial— 
relationships of a few of the 4—space geometry theorems, 

At the end of this chapter on the last=-page is the graphio-form for the canonical- 
hypercube, On plate-I near the lower-right—hand-—corner is the standard-code for the 
graphio-construction of the canonical-hyperoube. To ‘save time’, the student should 
make a duplicate—copy of the canonical—hypereube on plate-I, and then contime with the 
study of this chapter by referring to the duplicate—copy, 

We shall now explain the standard-oode as it relates to the graphio-construction of 
the canonical<hypercube, 

In the plane of the paper we have 2 half-lines OX and 0Z intersecting in a right-angle 
at the point 0. On each of these $lines we establish a mmerical-scale of positive 
real-mmbers. The vertical #line 0Z is labelled the positive-portion of the z—axis, the 
horizontal #-line OX is labelled the positive-portion of the x-aris. In the plane of the 
paper the numerical-scales chosen for the x- and z—axes are the same, The right-angle at 
O of the 2 positive-portions of the x- and z—ares is a true-right-—angle which can be 
measured directly—the tem ‘true’ is used in the sense that the right-angle at 0 of 
XOZ can be measured directly in the graphic, and is a true-right-angle having 
O-distortion in the plane of the paper, that is, only in the graphio-viewpoint. 

‘On the oblique #-line OY as constructed in the plane of the paper, we establish a 
numerical—scale of positive-real-mumbers., The oblique #line OY is labelled the positive 
-portion of the y-axis. In the oblique=<direction of the positive—portion of the y-axis, 
we have a moderate-foreshortening of its length to adjust for the moderately-oblique 
parallel-sweep of lines that ‘appear’ longer in length when nearly perpendicular to the 
observer's ‘line of sight’. 
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Therefore the numericalescale attached to the positive-portion of the y-axis is 
foreshortened by 'd-inch’. In the plane of the paper we also make another adjustment 
for the perpendicular line OY, in such-a-way, that the d-lines 02 and OY intersect 
at O in an obtus e@, i.e, the obtuse-angle Z0Y. 

Qn the 2nd oblique @line OW as constructed in the plane of the paper, we establish 
a numerical-soale of positive-real-mmbers. The 2nd oblique d-line OW is labelled the 
positive-portion of the w-aris, In the oblique-direction of the positive—portion of the 
weaxis, we have a smaller-foreshortening of its length to adjust for the smalleroblique 
parallel-sweep of lines that ‘appear’ somewhat longer in length when less perpendicular 
to the observer’s ‘line of sight'. Therefore the mumerical-scale attached to the 
positive-portion of the w-aris is foreshortened by 'j-inch'. In the plane of the paper 
we also make another adjustment for the perpendicular #line OW, in such-a-way, that 
the lines OZ and OW intersect at O in an acoute-angle, i.e. the acute-angle 20W, 

The student should be aware that we have used only the positive=portions of the 4~ 
space Cartesian-coordinate=—system in the graphio-constroction of the canonical-e 
hypercube—extensions of the 4-space Cartesian—coordinates in the negative—direotions 
of the positive-coordinates from the point O are easily made, 

We shall call the 4-space graphio-projection of the canonical—hyperoube, Has 
*double-oblique=projection', 

In oompleting the graphio=-construction of the canonical-hypercube for hidden—views, 
the graphio-process is similar to the space solid-ceometry, but with some important 
differences—the development of the 4—space geometrio-figures with hidden-views will be 
taken up later in another portion of this chapter, and in the chapters that follow. 


3 CONFORMABLE—ORIENTATIGN—SENSE, INVARIANCE, Given 4 mutually perpendicular 
hyperplanes of ‘cubes’ intersecting at the point 0, such that any 2 hyperplanes of the 
cubes intersect in the plane of a square, that is, any 2 adjacent—cubes at the point 0 
will interseot in a common—face belonging to both of the adjacent—cubes. 

Sinoe there are defrees of perpendicularity as well at the point 0, we car ‘define! 
the dimension of a geometrio-fom by associating it with the maximm—derree of 
*perper.dicularity' that it can oontain at a given point—the differential-geometry of 
hypersurfaces would be an example of this for local-neighborhoods of hyperspace having 
dimensional-invariance, The perpendioularity=-principle is the root-asmmption for all 
our metrio-geometries—Pythagorean—-theorem would be such an example, 

We oall the canonical—hypercube a, geometrio-form having perpendioularity of the 4th 
depree, thereby, giving us the 4—space Euclidean—geometry and its derivatives, such as 
the Non—Buclidean—geometries—the Euclidean, we call statio-geometry, the Non-Euclidean, 
dynamio-geometry. 

Take the intersection of the hyperplane of the black—cube with 1 of the 3 intersecting 
hyperplanes of the red-—cubes that intersect in the perpendicular-line of the segment 00', 
gay the hyperplane of the red=cube OBHC-O'B'H'C', Then the hyperplane of the black-cube 
intersects the hyperplane of the red=cube OBHC=O'B'H'C’ in the plane of the black-square 
OBHC. Now in the hyperplane of the black-cube the plane of the black-square OBHC lies 
obliquely to our left, The side of the plane of the black-square OBEC that we see lies 
towards the 3-space interior of the black-oube,. In the hyperplane of the red-—oube 
OBHC=O'B'H'C*, the side of the plane of the same black-square OBHC that we see lies 
towards the outside of the red—hyperplane—cube OBHO-O'B'H'C', i.e. we still see the 
gume-side of the plane of the black-square OBHC. In the hyperplane of the red-cube 
OBHC—O*°3B'H'C* we gust then have the plane of the red=-square OO'C'C lie obliquely towards 
our right. For suppose the plane of the red-square 00'C'C were to lie obliquely towards 
our left, i.e. somewhat upwards and passing by us on the left somewhat distant. Then we 
would see the other-side of the plane of the black-square OBH, with this other-side 
pointing in the direction towards the interior of the red—cube OBHC=O'B'H'C’, But this 
2nd orientation—sense of the plane of the red—-square OO'C'C belonging to the hyperplane 
of the red—cube OBHO-O'B'H'C® would alter the orientation-sense of the hyperplane of 
the black—cube, for now we would see the opposite-side of the plane of the black-square 
OBHC slant—obliquely towards us on our right, thus changing the front and backviews of 
the hyperplane of the black-cube; the front-view BHFE of the black—cube would now become 
the back-view OCGA, and the back-view OCGA would become the front—view BHFE. 


a 


¢ 
This ‘domino=-effect' spreads to the hyperplanes of the other 2 red<cubes oScAq0'froras 
and OAEB-O'A'E'B*, Since we are given that the hyperplane of the red-oube OCGA-O'C'G!A! 
intersects the hyperplane of the red—cube OBHO=0'B'H'C' in the plane of the red-square 
O00"C'C which contains the line of the segeent 00’. Then in the hyperplane of the red-cube 
OCGA=0'C°G*A? ch also intersects the hyperplane of the black-cube in the plane of the 
black=-square OFGA, we would then have the plane of the red—square 00'C'C lie towards us 
on our left, making the front- and back-views of the red-cube OCGA-O'C'G'A' interchange 
positions, thus altering the orientation-sense of the hyperplane of this red-cube, 
Similar results ocour as well with the hyperplane of the red-cube OAEB-O'A'E'5B! 
intersecting the hyperplane of the red-cube OBHC-O'B'H'C’ in the plane of the red-square 
BB'O"O, Therefore the plane of the red-square OO'C'C pontaining the positive-portion of 
the we-axis lies towards us on our left. 

The conformmable-orientation-sense of the hyperplane of 1 cube induces the same— 
conformable-oriemtation-sense for all the adjacent—hyperplanes of the cubes constructed 
on the faces of the cubes lying in the different hyperplanes that have been made 
conformable to the hyperplane of the original oube, 

The invariance of the conformable-orientation=sense for a network of hyperplanes of 
the cubes can be put into a theorem as follows: 


Given the conformable-orientation—-sense for the hyperplane of 1 cube induces a 
confomnable-orientation-sense for all the other hyperplanes of the oubes constructed 
about the hyperplane of the given cube, 


The principle of the confommability of orientation—sense for hyperplanes of the cubes 
makes it possible for us -to have hidden-views in the double-oblique-projection of the 
canonicalehypercube as well as eliminating optical-illusion effects. 

Something like the conformable—orientation=sense would occur if we were to ‘'tranemit! 
the decomposed ‘electromagnetio-units' of the molecular=-structure of ‘matter’, that is, 
for a certain unimown—wave-band in the matter-spectrum; the stamped-letters on an 
ash—tray would read-out backwards if we disregarded the conformable—orientation-sense 
of molecular=networks, 





Ia. 4=—SPACE INSIGHTS 


4. THE MATRIX—GRID OF POINTS, In order to view a ‘true’ 4-space geometrio-figure 
having the minimum of space-distortion we must be able to see from outside of the 
3—space hypersurface, which with our limited outer-eye we can not do because its 
structural-boundaries are 2<dimensional. But there is a partial-way out of this dilemma, 
We can use our inner-eye as a lens—type of focusing-apparatus from which to view the 
graphio-form of the canonical-hypercube. We can consider this possibility: suppose we 
let the dimension of color represent the points in hyperspace outside of our 3space 
*oell' together w. with the the double-oblique—projection graphio=-principle. Then, we can, 
within our capabilities, see with the aide of the inner-eye through 2nd-level foousing, 
a very close-approximation of the ‘ideal-hyperoube',. Let us see if our inner-logic 
is valid? 

If our ‘viewpoint’ was that of the flatlander, i.e. in 2=space, then we would have 
insufficient—space to form a 2=—space matrix-erid of points. In flatland we would have 

a true-line on which to represent 1 of the edges of a square as a true-edge, whereas, 
the ob Oblique-line representation in the flatlander’s 2=space does NOl-exist; the reason, 
for this non-existence of an oblique-line ‘in the flatlander’s 1-line—graphic 
representation is obvious: only 1 line can be draw perpendicular to a given line 
through a given point of the given line, but in the flatlander’s 1-line—grephic we have 
no perpendicularlines that oan lie on the same-line, However, the flatlander does have 
a a partial-way—out of this i—space constraint. H He can represent 2=space ‘perceptios’ on 
his 1-line-grephic as degrees of foreshortening of line-segments. In flatland then, we 
have actually, on the i-line-graphic, relations amongst sets of points classified into 
various size segment-lengths that on the 1-line-graphio overlap; overlapping-points 
*ooded’ in such-a-way as to give the flatlander his ‘illusion’ of depth as seen on the 
leline—graphio—2 sides of the square will have 1 true and 1 foreshortened—edge, 1eee 
the 3 points forming the segnents which represent 2 of the squares boundaries, and the 


@th point which represents a hiddem—point of 1 cormer of the square will overlap on the 
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j-line graphic and coincide with 1 ef the points of the interior of the segment 
representing the true-edge; we can code this ovelapped-point to represent a hidden=point 
as well as a visible-point on the 1—line-graphic,. Circles will ‘appear’ to the flatlander 
as always heaving the same-length projections on the i=-line-graphic, other geometric-forms 
could be coded by possible color-shadings and color-intensities using a complex—color 
scheme. 

In the 3epace graphio-representation of a cube we have 2 true-lines and 1 oblique- 
line. The matriz-grid of points ‘appears’ for the first—time in 3-space as we view the 
2—space matrix-crid of points outside of the plane of the paper. The remarkable feature 
of the matrix-grid is that we oan represent hidden-views in our grephio-foms of 
geometrio-figures as well as the conformable-orientation-sense, 

In viewing a geometrio-figure as—a-whole requires that we have a matrix-grid of points 
that can be formed into ‘classes' of points and represented graphically as geometrio- 
figures made-up of combinations of these olasses of points, in other words, different 
geometrio-gestalt—formations, by this we mean, different orders of geometrio-gestalt— 
units integrated as—a-whole to form the 3-space geometrio-figures, Hidden-views in the 
graphio-forms ogn only occur if we have a matrix-grid of points, tims, allowing us to use 
certain sets of free dummy-points occupying other portions of the c=space matrix-grid, 

Our limitations in the dspace perceptics pertains to the c-space matrizx-grid of points 
in the plane of the paper having certain space-oonstraints, 1.8. we can graphically 
represent at any point O on the plane of the paper, 2 lines that intersect in a right 
angle, being such, that any other line through the point 0 of this intersection must be 
an oblique-line, These results follow from the intrinsio—geometry on the plane of the 
paper, i.e. that in the 2—space Euclidean—geometry only 1 line can be drawn perpendicular 
to a given line at a given point of the given line—as on the flat—surface of this paper. 

In the 4-space perceptics, the hyperspacelander will make use of a 3=space matrizx-grid 
of points, and viewed by him from outside of the 3—space hypersurface, thus, enabling hin 
to use only 1 oblique-line and 3 true-lines in his graphio-forms, In the 4-space 
pereeptios we make use of a 2-space matrix-grid of points, and viewed by us from 
*outside' of the 2—space surface, thus enabling us to use 2-oblique-lines and 2 true 
lines in our graphio-fomns. 

In the graphio-construction of the ideal—cube which ‘approximates’ well with the 3} 
space perceptios of the observer, we then have the following situation: all 6 faces of 
the cube are represented as ‘parallelograms' in the 3=—space graphics, i.e. in the plane 
of the paper 2 faces of the cube will be represented as having its boundaries as true=- 
squares and the remaining 4 faces of the cube will be represented as having its 
boundaries as parallelograms—this will then be our ideal-visualization of 3-space 
geometrio-forms in real 3-space; further, we have that any geometrio-figure such as a 
square or circle when not perpendicular to the observer’s ‘line of sight’ will appear 
as either a parallelogram for a square or an ellipse for a circle, the limit being that 
both of these geometrio-figures vanish when the plane on which the geometrio-figures are 
drawn lies ‘parallel’ to the ‘lime of sight’ of the observer at eye-level, that is, with 
1 dimension wanishing, we shall then see the edge-views of squares, circles, and other 
such edge-views of the 2-space geometrio-figures,. 

Now the hyperspscelander has 1 advantage in his 4—space perceptics that we do not have. 
He is able to form a 3-space matriz-grid of points making it possible for him to have 3 
true-lines in his 4-space graphio-representation of geometrio-figures upon a 3-space 
hypersurface, i.e. being outside of our 3-space cell he oan actually see all-at-once the 
3 Grue—perpendicular-lines intersecting at a point in his 3=-space hypersurface on which 
he makes a graphio-construction of his ideal=—hyperoube as seen by him in his 4=-space 
exact—perceptios, Further, the hyperspacelander being actually in 4-space with 4-space 

. "perceptors' makes it possible for him to use but 1 ebitqusciine for 1 of his 4-epace 
axes, i.e. the y-axis being the oblique-line in his 4—space graphio-forms, further, this 
oblique-line of the y-axis is actually graphically-constructed on his 3-space 
hypersurface. 

We in 3-space oan not do this amasing feat of the 4-space single—-oblique-projection of 
4—-space geometrio-figures. The best that we oan do is vis-a-vis double-oblique- 
projection of the 4—-space graphio-forms of geometric-figures. 

Let us compare the viewpoint differences between the hyperspacelander’s single- 
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oblique=projection of the canonival—hyperoube and our double-oblique=-projection of it, 
We shall assume that the hyperspacelander’s oblique=line OY lying in his 3-~space 
hypersurface on which his 4-space graphio-drevings are made corresponds to our oblique=- 
line OY lying in our 2-space Reece ce Neos eee Grepecn Ear er rer oEt Ere Baaey 
such as the canonical-hyperoube given on plate-I, 

The hyperspacelamder would view the 2 red—cubes oSes-orFrcras and BHFE-B'H'F'E' as 
true-oubes without any space—distortions whatsoever, whereas, we have precacdintectinns 
created by using the 1 oblique-line of the w-axis, The hyperspacelander’s 'peroeptics' 
of the 2 true-cubes as seen by him from his 4-space viewpoint outside of the 3space 
hypersurface, would be to us, as our perceptics are of the 2 true-squares and EHFE 
@s seen by us from our 3—space viewpoint outside of the 2—space surface, In the hyper 
space of the hyperspacelander, the 2 true-cubes of the iésal—hyperoube will be seen by 
him as having true-squares on all 6 of the faces for each of these true-cubes, whereas, 
we see the skuares on 4 of the faces of either 1 of these true-cubes ‘appearing' as 
‘parallelograms' in our graphio-drawings. Further, 6 of the hyperspacelander’s ‘cubes! 
will ‘appear’ somewhat-similar to our black-oube, NOT the same-as, but much like our 
3—space black-cube appears to us in the single-oblique=projection, Since the 
hyperspacelander has 3 true-lines, or equivalently, 3 ocoordinate—axes as true- 
perpendicular-axes representation, then with only a single oblique=aris, he will have 6 
cubes similar-in—appearance to our black-oube as he views these ‘oubes' from his 
viewpoint in hyperspace outside of the 3-space hypersurfaces he sees these 6 cubes having 
the ‘appearance’ of parallelopipeds, We see something ‘similar’, but also different: 6 
of the oubes of the hypercube will be seen by us also as parallelopipeds as—we-view the 
hyperoube of our double-oblique=projection from outside of the 2—space surface of the 
paper. We will see the appearance of the 2 red-—cubes OCGA-O'C'G'A' and BHFE-B'H'P'E® as 
parallelopipeds somewhat—like the appearance of our black=-cubes the 2 red-cubes OBHC- 
O'B'H'C® and ABPG=A'E'F'G' will have the appearance of parallelopipeds somewhat—mo 
distorted than the appearance of our black—oubes the remaining 2 red—cubes OAEB-O'E'E'B! 
and CGFH-C'G'F'E' will have the appearance of payallelopipeds also somewhat-sore— 
distorted due to the double-oblique-Lineesef:the double=-oblique=projection. 

In summary then, our hyperspacelander has 1 oblique=-line and 3 true=-lines in his 
4-epace graphio-—oonstruction ef the ideal—hyperoube on his 3-space hypersurface; whereas, 
we have 2 oblique—lines and 2 true-lines in our graphio-construction of the quasi-ideal- 
hyperoube on our 2=space surface, such as, the plane of the paper, 

This isibtill a very-close—approximation for us in using the double-oblique-projection 
of the quasi-ideal—hyperoube in studying 4-space geometrio-formms, though, with 
sonewhat—distorted imer-space=-perception, 


5. SCALE-DISTORTION-TAHLES, Let us compare the soale—distortions between the ideal- 
hypercube graphio-representation and our quasi-ideal<—hyperoube grephio-representation: 


Soale-Distortion Effects 


Single-Obd1lique=Line Double=-Oblique=Lines 

2 true—cubes—each having 6 true-squares; 4 partial-true—cubes—each having 2 

true—sequares} 

6 3—space ‘cubes’ represented as 4 non-true-cubes with 0 true-squares 
parallelopipeds and somewhat-similar to for each of the faces of these cubes 
our black—cubes » all represented as parallelopipeds; 

4 hidden-views in the graphio-form; 4 hidden-views in the graphio-fom 


x seetional-views oan be a x sectional-views can be showns 


1 scale—distortion—factor, 2 scale—distortion-factor. 


On the next-page we give 2 distortion-tables and the resulting 4—space graphio- 
distortion as rehating to our qmasi-ideal—hyperoube,. 
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Assign the mmerical-value of 1 to a coordinate-aris, if the ‘line’ on which the 
coordinate-axis lies is a true-line, and assign the mumerical-value of 0, if the ‘line!’ 
on which the coordinate-axis lies is an oblique—line, I+ should be understood that these 
numerical-values are scale-values assigned to the graphio-coordinates of the 
canonical-hypercube, 





DOP SOP 
zyz 101 2 zyz i101 2 
zyw 100 1 zyw 107 2 
yew O10 1 yzw O11 2 
zgwzx 101 2 So vex 111 3 

Table-I Table-II 


The scale-distortion—index is defined as the ratio between the sum of the 0’s in 
Table-I for the single-oblique=projection to the sum of the 0°s in Table-II for the 
double-oblique=projection, i.e. 


the sum of the 0°%s in Table-I 
the sum of the 0’s in Table-II 


In the scale-distortions shown in Table-II, i.e. the 0°s present in this table, 
shows us that in the 4-space geometrio-figures represented by the 3—space hypersurface— 
graphics, we still have some scale—distortions, so we ‘define' the scale—distortion- 
factor for the hypersurface-graphics as the sum of these 0°s divided by the same-mm 
of 0°s, which gives us the scale—distortion—factor of 1. 

In the last-row of Table-II, we have no 0°s, and the mm of the 1°s is 3, so that 
the soale—distortion-factor in this hyperplane of the cube will be 0. 

From the above comparison—tests for the scale—distortion ‘effects', we saw that the 
scale—distortion-factor was the principle item in our list that was essentially different 
from the viewpoints of the hyperspacelander’s grephio-forms of geometrio-figures,. 
Therefore our original assumptions are valid. 

The student of this treatise can supply many of his own variations of some of the 
developments of the above hyperspace—-perceptics, i.e. letting 1 of the coordinate—ares 
vanish, and then viewing the hyperplane of the remaining cube, and so fourth. 

In the application of the hyperspace=perceptics to 4=-space hypersolid-analytio- 
geometry, allowances must be made for the scale—distortions in the metrico—geometry 
when making graphio-forms of the double-oblique-projection. 

We shall abbreviate the 'single-oblique=projection’ as SOP, and the ‘double-oblique- 
projection’ as DOP—this will save us a great deal of time in the repetition of these 
phrases, 

Before leaving this section, let us briefly discuss some of the additional geoaetrio- 
properties between the SOP- and DOP-graphics as show in the scale—distortion-tables, 
Close-observation between relationships in both of the above tables shows us that in 
a true—cube the distortion-factor vanishes in real 4-space, i.e. 1 and only 1 of the 
hyperplanes of the cubes at the point O in the SOP-graphiocs will be in non-oblique- 
projection without any space-distortion, this corresponds to the red-—cube OCGA-O'C'G'A' 
in the DOP-graphics, This is truely a remarkable principle relating the space- 
G@istortion of objects seen in the same-space of the observer, In the DOP- and S0P-tables 
we seem to have a scale—distortion-identity in the xyz-hyperplane, i.e, the scale- 
distortions are equal, but we kmow that in the 4-space SOP-graphics, that the cube 
represented in this hyperplane will be perceived differently when viewed in the DOP- 
eraphics of the hypercube—similar, but not identical, as the oblique—direction of the 
y-axis in the S@P-graphios will will lie somewhat—differently due to the 3-space hypersurface 
on which the 4-space graphio-forms of geometrio-figures are made. The ‘narrative’ form 
used for the remaining 2 sections of this chapter on further developments of the 
hyperspace-perceptics should be of interest to the general reader of this treatise. The 
last—seotion of this chapter should prove interesting to the 'neophyte—ceometer'. 


Index of scale=<distortion = 2. 





Iaa, THE FLATLANDER’S PROJECTION eas as 8 
INTO THE 3rd DIMENSICN 


6. OBLIQUB-SYMMETRY. HIDIEN-VIEWS. Suppose we in 3-space considered the flatlander’s 
geometrio-interpretation of the black-square QAEB, We would rightly ‘infer’ from the 
flatlander’s viewpoint that the edges AE and EB of the black-square OAEB would .be 
visible-views, whereas, the edges OA and OB would be invisible—views; the points A and 
B of the edges OA and OB of the same black-square would likewise be visible to the 
flatlander, Hidden-views of the edges OA and OB of the same black-square he can not 
represent on his 1-line-graphic due to the insufficiency of ‘space-points' in his 
flatland. The flatiander knows from his 2=space experience that on his 1-line-graphic 
representation of the black-square OAEB, the point 0 together with the interiors of the 
segments OA and OB are invisible-views, The black-square OAEB as seen from the 
flatlander’s viewpoint in flatland will be viewed by him in the following way: $part 
of the blaock=-square OAEB 1B being d-visible and }part of the same black-square being 
-invisible, 

We shall call the 3space ‘oblique=projection' of a geometrio-figure having #=part 
visible and part invisible as being in standard—oblique-fom, i.e. in the single 
oblique=projection as we view the black-cube from our position in 3=space, that is, like 
we see the black-cube in the figure of the canoniocal—hyperoube given on plate-I, This 
remarkable property of space-viewpoints extends to all the higher-spaces. We define the 
space=-viewpoint for standard-oblique-formms as oblique-symmetry, such that, #-part of the 
boundaries of a geometrio-figure are visible and the other >and of the boundaries 
are invisible, 

Let us project our flatlander into the spacelander’s dimension giving him the latent- 
powers of depth—perception together with a 3-space energy-form enabling him to ‘manifest’ 
in physical-form 3-space symbol-objeets, and further, enabling him to generate mental- 
forms of these symbol-objects in his 3-space graphics. Further, the trans formed- 
flatlander having the abilities of 3=-space perceptics oan ‘create’ on a flat-sheet of 
paper his geometrio-representations of 3=space solids, We assume that the transfomed- 
flatlander’s synesthesio-reasoning abilities have been extended in order to study and 
develop the geometry of 3-space ideal—solids, He immediately relates many of his 2=space 
‘experiences’ as having parallels in the spacelander’s dimension—refinements of his 

synesthesio-sense will occur later as he develops his stereometrio—perception. 

Suppose we let our transformed—flatlander lie in the hyperplane of the black-cube and 
at a little distance from above the point F—equivalently as being in our space—position 
ag we view the hyperplane of the black-cube in the canonical-hypercube as shown on 
plate-I, A spectacular-change ocours in the transformed-flatlander’s new founded 
synesthesio—-sense. Our transformmed-flatlander sees the point F as he did with a similar 
point in the 2=<space black—square OAEB, For now he sees that what before was a mere point 
E in the 2=space black-square OAEB, has now traced—out a line-segment EF in 3-space. The 
edges EA and EB of the black-square OAEB now become part of the boundaries of the black- 
squares FEAG and FPEBH, Our transfomed-flatlander disoovers another new remarkable 
relationship: a 3rd plane parallel to his 2=-space plane of flatland passes through the 
point FP and intersecting the planes of the other 2 black-squares FEAG and FEBH in the 
edges FG and FH. The 3 black=-squares FEAG, FEBH, and FHCG are mutually-perpendicular and 
intersect in the péint Fs the plane parallel to the plane of the black-square OAEB and 
passing through the point F contains the black-square FHCG, He sees for the first-time 
his 2<space interior, i.e. what was the interior of his 2=space black=-square OAEB now 
becomes the boundary of a ‘higher-figure' in }-space called a ‘solid’, He now sees for 
the first-time both of the 2<space boundaries of the black—squares FEAC and FEEH as well 
as their interiors. The 3rd plane of the black-square FHC intersecting at the point F 
the other 2 planes of the black-squares at this point, is also visible to him as well as 
the interior of the black-square FHCG,. 

The transformed-flatlander discovers one of the most unique-properties of the 3-space 
geometry, it is the concept of the matriz—grid of points to represent his 3-space 
eraphics on a flat-sheet of paper, tims, making it possible for him for the first-time to 
represent hidden—views in all his 3space graphics; the 2—space matrix-grid of points 
being such that sufficient—space-points exist for drawing lines that owerlap at the 
minimm within a given ‘patch’ of the 2—space drawing on a flat-sheet 
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of paper, i.e. in the black-square OCGA the overlapping line-segments are FG, FE, and 
FH, it being understood that the geometric-gestalt of points of the blaak-square OCGA 
as—e-whole is left intact when viewed by the ‘observer’ using his inner-eye, The 
transformed-flatlander manifest the 3 3j—space geometrio-forms in physical- and graphio- 
form via the use of his inner and cuter-senses, or as we say, he uses his imer and 
outer-eye to bring into mental-focus the geometrio-gestalts of the geometrio-forms, 
The ‘isomorphism’ of gecometric-forms of 3-space then correspond to the projected 
thought—forms of inner=space of the transformed-flatlander. 

Bow the remarkable property of hidden-views in the 3-space graphics occurs because of 
the fundamental-principle that segments with points lying én different face-boundaries 
of the black-cube as depicted in the graphio-form can be used to represent hidden-wiews; 
the same principle holds true for the boundaries of the black-squares that dings to 
the black-oube, but in this case, the 2 points of a segment must not lie in the plane 
of a face of any 1 of the black-squares—like say, the segment OF representing 1 of the 
diagonals of the black-cube, then all the interior-points of this principal-diagonal can 
be represented as dashed—-lines denoting that the ‘interior’ of the segment OF lies 
within the interior of the blaok-cube, 

Qne more basic=propesty is required for our transformed-flatlander to view 3=space 
geometrio—formms, i.e, depth=-perception ‘projected’ within the 2=space graphio—drawings 
on a flat-sheet of paper depicting the 3-space geometrio-foms, Our transfommed- 
flatlander ‘knows' from using his new-synesthesio-sense that j-space geometric-forms 
have 4dgpth', this depth—perception ‘ability’ he has developed with the aide of hts 
imer-eye to mentally-focus, in such-a-way, that he psychologically-sees and forms the 
depth-gestalts within his inner~self, which he then projects within the 2=space matriz- 
exid of points those geometrio-graphio-forms lying on a flat-sheet of paper. The seeing 
is NOT in the 2=space grephio-representation, but lies instead within his so called }- 
space inner~self, As we would say in spacelands: ‘he imagines the depth in the 2—space 
@raphio-representation with his inner-eye', This inner-space-perveption of outer=space 
solids is created by the imer-self to adjust for the camouflage or distortion inherent 
in the limits of the euter-sense-orgahs of sight. 

Bat as the transformed—flatlander saw in his former 2=space ‘experience’ the boundary= 
points A and B of the hidden—edges OA and OB of the blaok-square OAEB, Then in 3=space 
he sees for the first-time in each of the 3 4-visible black-squares about the point 0, 
that is, the visible-edges of the 3 black—squares that meet at the point 0 as depicted 
in the 3-space graphic of the black-cube on plate-I, the following situation: in the 
hidden—view of the face of the black-square OBHC he sees the 2 visible-edges CH and HB 
bounding a portion of the face of this black-squares; in the hidden-view of the face of 
the black-—square OCGA he sees the 2 visible—edges CGCand GA bounding a portion of the 
face of this black—square; in the hidden-view of the black-square OAEB he sees the 
visible-edges BE and EA bounding a portion of the face of this black-equare. If we 
delete the 3 black-squares about the point F as well as their faces together with all 
the interior-points of the blaek-oube, then our transformed-flatlander will see fhe 3 
former hidden-views of the faces of the black-squares about the point O as well as the 
edges of these black-squares about the point 0, i.e. all the daces and boundaries of 
the black-squares that meet at the point 0 will now be visible, The positive—portions 
of the coordinate—azes lying om the coordinate-planes of the 3 black-squares about the 
point O are now visible, 

Just as the flatlander’s 2—space experience of the 2 invisible-portions of the 
positive—coordinate-ares, i.e, the y- and x-ares, so in 3}-space too, the 3 positive- 
portions of the x-, y-, and s—ares about the point O are hidden-views of the black-oube. 

As our transformed-flatlander explores this new dimension he will discover many 
remarkable new-relationships that have no-existence in his flatland-geometry; many 
similarities will be found as well as the differences, 

Without going into repetition again, we conclude this section by stating that our 
transformed-flatlander will discover the principle of the single-oblique-projection in 
the 3-sepace perveptios, noting the differemmoes and similarities to his 2-space 
planimetry. He will find to his amsement that the scale-distortion-factor becomes 0 


when viewing 1 of the 2-space squares, like the plane on which the black-square OCGA 
lies, also ineluding of course the black-square BHFE, and with the eblique-views of 
Z-egpace graphics and 
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Iab. THE SPACELANDER’S PROJECTION 10 


INTO THE 4th DIMENSION 


7. OBLIQUE=SYMMETRY. HIDDEN-VIEWS IN THE HYPERSPACE=GRAPHICS. As we had projected our 
flatlander into the spacelander’s 3-space. Let us now take the spacelander and project 
him into the hyperspacelander’s 4-space giving him the powers of double—depth-perception 
» what we in spaceland would call ‘hyperstereometry' of the 4—-space geometry. Further, 
we assume that the transformed-spacelander has been endowed with a 4-space ‘energy-fom' 
enabling him to actualize in 4=space the double-objects or supre-symabol-objects, which 
we in spaceland call hypersolids. The transformed-spacelander using his new founded 
multidimensional inner—eye can manipulate d=-space mental-images into geometric-forms and 
project his 4—space ideas into graphic-forms using the 3-space flat-hypersurface to 
represent the ideal—hypersolids of the 4-space geometry. In the 4-space ‘graphics', the 
transformed-spacelander will use the single-oblique-projection graphio—representation, 
We assume that the transformed-spacelander’s synesthesio-reasoning abilities have been 
extended in order to study and develop the geometry of 4—space ideal-hypersolids, Using 
his inner-eye on a 2nd-level of focusing, then what was to him formerly a single 3=space 
viewpoint of a cube, semn as—a-whole, now becomes in 4=-space 1 of the 3=space boundaries 
of a hypercube, 

As a last point of consideration before we discuss the transformed-spacelander’s new 
4-space ‘experiences', we can consider that the transformed=-spaselander has actualized 
the single-oblique=-projection of the hyperspace-graphics, whereas, we in 3=space using 
the double-oblique=-projection of the hyperspace=graphios have quasi-actualized the 
4-space ‘'perceptics' with a high degree of certitude. The student should bear this in 
mind when he considers the SOP and DOP aspects of the 4=—space graphics. 

Using the figure of the canonical=-hypercube as shown on plate-I, suppose our 
transformed-spacelander were to lie in the hyperspace of the canonical-hypercube and 
‘obliquely’ at a little distance from above the point F', that is, the oblique-symmetric 
-viewpoint of the canonical-hypercube as shown on plate-I. A subtle-change occurs in the 
transformed-spacelander’s new found synesthesio-sense. He sees the point F' as he did 
with a similar point F in the 3-space black-oube, for now he sees that whereas before 
was the line-segment EF, that the 2=space point E had traced-out in moving through a 
distance of 1-unit perpendicular to the flatlander’s plane OAE, has now become the 
‘red-square’ FF'E'E in the motion of the line-segment at FE to its position at F'E', 
that is, has moved perpendicular to the hyperplane of the black-cube through a distance 
of 1-<unit in hyperspace, The red-square FF'E'E has 1 black-edge of its boundary lying in 
the hyperplane of the black-cube—this red-square has all of its interior-points lying 





outside of the hyperplane of the black-cube, and intersects the black-cube in the line- 


segment FE, The point F has moved to its position at F* in hyperspace. The red<-edge FF' 
of the red-square FF'E'E is perpendicular to the hyperplane of the black-cube at the 
point F as well as being perpendicular to the black—cube at the point F, the point F is 
the anly point of the line-segment FF' lying in the hyperplane of the black-oube, 

The 3 faces of the black-squares of the black-—oube which meet at the point F, now 
beoome part of the boundary of the red-oubes in the hyperplanes F'FEA, F'FEB, and PFGE, 
that is, for the 3 red-cubes that meet at the point F*', each will oontain a face of a 
black-square, The transformmed-spacelander now discovers a remarkable relationship: a 4th 
hyperplane parallel to the hyperplane of the black-—oube and passing through the point F' 
intersects the 3 hyperplanes of the red=—cubes at the point F’ in the 3 red-faces of the 
red-squares belonging to the red—cubes that meet at the point FP’. At the point 0° 
containing the intersection of the parallel-hyperplanes with the 3 hyperplanes of the 
red-cubes that meet at this point, will intersect the hyperplane of these 3 red-oubes in 
the faces of the red—squares that meet at the point 0', In the 4th hyperplane parallel 
to the hyperplane of the black-oube, we will then have the 4th red—cube that meets the 
other 3 red—cubes at the point F', i.e. 4 red-cubes that meet at the point F' only in 
this single-point—the 4th red=-cube being O'C'G'A'=B'R'F'E', 

The transformed—spacelander sees for the first-time the 4 visible—cubes about the 
point F*, The transformed—spacelander sees for the first-time the 3-space interiors of 
each of the 4 red-cubes about the point F', i.e. what was the ‘interior’ of his 3-space 
black—cube now becomes the boundary of a higher-figure in 4-space, He sees the 3-space 
boundaries of the 4 red-cubes about the point FP’, that is, all vertices, edges, faces, 
and interiors of these 4 red—cubes about the point Pt, 
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He finds that the new barrier that is impenetrable are the 3=-space boundaries of the 
hypercube, Our transformed-spacelander discovers the 3-space ‘parallel’ between his 
spaceland—experience of ‘seeing’ and the new 4=-space perception. He sees the 4 visible 
red-oubes about the point F' and the 4 invisible—oubes about the point O in the SOR- 
erephic of the canonical—hypercube, We have at the point 0 4 invisible cubes that meet 
in this 1 point, i.e. 3 invisible red—cubes and 1 invisible black—cube, By letting our 
transformed-spacelander go around the real<hypercube to view the different viewpoints of 
the cells of this hypercube, shows how valid his ‘logic’ was in the SOP-graphio- 
representation of the ideal-hypercube, He‘sees that the 4 invisible-cubes at the comer 
of the hypercube at the point 0, now become the new 4 vwisible=—cubes of the hypercube from 
his new position in hyperspace in wiewing the real—hypercube. The transfomed- 
spacelander discovers that the principle of oblique—symmetry holds valid in the SOP- 
graphics, 

The transformmed—spacelander discovers another remarkable relationship that holds valid 
in his new 4-space experience. His old ‘definition'.that the interior-points of certain 
segments can be used to represent hidden=points in the interior of the hypercube, ths 
making it possible to represent hidden-views for the interiorpoints of certain segments 
» that is, in the 4-space SOP-graphics. Our transformed-spacelander reasons that a 
similar process oceurs in 4=-space: take any 2 distinct points lying in the 3=space cells 
of the hypercube, such that no 2 of these points will lie in the same cell, i.e. each of 
the 2 points of a segment lying 1 in each of any 2 of the 8 cells of the hypercube, then 
the resulting segment will have all of its interior-points lie within the hypercube; 
likewise, any 2 distinct points of a segment whether at the vertices, edges, or faces of 
the hypercube, will have all of its interior-points lie within the hypercube, providing 
that these 2 distinct points do not all lie in 1 hyperplane, 

Just as ‘portions’ of the boundaries of the invisible black-squares of the black-—cube 
at the point O can be visibly seen, that is, in the hyperplane of the black-cube, then 
4 of the boundaries in each of the 3 invisible black-squares about the point O are 
visible, as we had already seen from a study of this in a previous section. So in 
hyperspace we should have a similar relationship. 

Our transformed=spacelander will disoover that of the 4 cubes at the point O that are 
invisible in the graphio—drawing, 4 of the boundaries of each of the 4 cubes will be 
visible, i.e. in the black-cube the 3 visible—boundaries are the faces of the black- 
squares AEFG, BHFE, and CGFH together with the black-squares themselves; in the red-cube 
OBEA-O'B'E'A' the 3 wisible-boundartes are the faces of the red-squares AEE'A', BB'E'E, 
and O'A'E'B' together with the red-squares themselves—this includes of course the black 
-edges that belong to these red-squaress; for the remaining other 2 red=cubes about the 
point O the results are similar, 

The transformed=-spacelander will disoover that if he deletes the 4 visible red-cubes 
about the point F’ as well as the interior-points of the hypercube, then he will see 
all of the 4 cubes lying in the coordinate-hyperplanes about the point 0, ive. the 4 
invisible—cubes about the point 0 will now become wisible, that is, not only their 2- 
space boundaries but also all the interior-points in each of the 4 cubes about the point 
O3 for example, in the black-cube we would see from our 4-space viewpoint all of its 
interiorpoints as well as all of the 6 faces of this black-cube—we use 2nd-level inner 
eye focusing here, something like multiple lens-focusing in ‘optics’, We oould call this 
inner-eye focusing-process 2F for 4-space perceptios and 1F for }-space perceptics, We 
could also, somewhat crudely, oall the inner-eye multiple-focusing-process, gestalt— 
resolvents within the SOP- and DOPegraphiocs, 

Since our transformmed-spacelander can now ‘visualize’ the hypercube with ease and with 
his inner-senses ‘feel’ as well its 3~space boundaries, he decides to cut-apart the 
hypercube in various ways, then putting it together again to obtain new-imowledge of this 
strange new 4th-dimension, Later on, ,his ultre-technological—discoveries will astonish 
him, for he now is a growing-child hyperspacelander, He might even infer that all matter 
astates lie within given energy-bands of electromagnetio—energy-fields, that is, 
something like fields within ‘fields’ within "fields" within ... A matter-spectrum of 
Eunits would correspond to the different energy—bands for the materializations of the 
Gifferent density-levels of ‘matter’, Our transformed—spacelander oould not infer the 
above statements until he had ‘actually’ created the possible theught-forms with the 
aide of his inner-eye and inner-senses, then and only then, could he create the supra- 
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symbol-objeots of hyperspace, thus making the 3-space symbol-objects a mere 'shadow- 
world' of shadow-objects no longer considered as being ‘solid’ from the higher-space 
viewpoint. er 

The student of this treatise could go on giving many illustrations of other 
properties of the double-oblique=projection of the canonical-hyperoube which are not 
covered in this treatise, The general-method of the DOP-graphics has applications in 
other branches of mathematics, Those interested in the theory of 2 complex-variables 
and quadratic-hypersurfaces will find much to be developed with the aide of the DOP- 
graphics of the canonicalehypercube, Those in the field of oombinatorial-analysis could 
for the first-time represent the hypersolid-forms of the 4-space partitions, that is, 
the 4-space graphs of the partitions of the natural-mmbers. Applications are almost 
infinite, 

In the chapters that follow we will develop the 4-space DOP=graphics. In this treatis 
we will make a few applications of the visual-hypersolid-geometry to the 4=space 
hypersolid—analytic-geometry, 3-space Non—-Euclidean-geometry, and an illustration of 
the methods of the calculus as applied to the DOP-graphics, 





Plate-I 
CANONICAL—HYPERCUHE 
Seale and Angle-Codes: 
OA = 1.15" 
OC = 1.75" 
OB = 1,25" 
OO's 1,50" 


angle COO0* = 30° 
angle COB = 140 - 






CHAPTER II 13 
e HYPERPLANES IN HYPERSPACE 
L, DETERMINATION OF A Clear iam A hyperplane consists of the points  _ 


“that we get if we take 4 points, not points of 1 plane, all points collinear with any 





2 of them, and all points collinear with any 2 obtained by this process, Given 4 non 
coplanar points, A, B, C, and D, the HYPERPLANE ABCD is the hyperplane obtained when 
we take these points and carry out the process described in the definition. 


Theorem 1. If 2 points of a line lie in a given hyperplane, the line lies entirely 
in the hyperplane; and if 3 non-collinear points of a plane lie in a given hyperplane, 
the plane lies entirely in the hyperplane. 


For the line or plane oan be obtained frem these points by the process used in 
obtaining the hyperplane. 

It follows that a plane having 2 points in a given hyperplane, but not lying entirely 
in it, will intersect the hyperplane in the line which contains these 2 points. 


Theorem 2, From the points of the figure given in each of the following cases we can 
obtain just the points of a hyperplane if we take all points collinear with any 2 of 
them and all points collinear with any 2 obtained by this process: 

(1) A plane and a point not in it, or a plane and a line that intersects it but does 
not lie in its : 

2) 2 lines not in 1 plane; ty Pate 
3) 3 lines through 1 point but not in 1 planes C7 2 § WAS 
4) 2 planes intersecting in a line, 

We oan speak of a line or a plane as one of the things with whioh we start in the 
process of obtaining a hyperplane. 

It follows from (1) that a line or a plane which do not lie in a hyperplane do not 
intersect at all, and from (4) that 2 planes which do not lie in a hyperplane cannot 
have more than 1 point in common, 

Given any 4 non-coplanar points of a hyperplane we ¢han have the following theorem. 


Theorem 3. If A*, Bt, C*, and D* are 4 non-coplanar points of the hyperplane ABCD, 
then the hyperplane A'B'C'D' is the same as the hyperplane ABCD. 


In hyperpspace of the hypersolid-geometry, a given configuration may contain portions 
of many distinct hyperplanes. The 4 conditions listed above in Th. .2 can be used to 
speoify or determine the distinct hyperplanes of such a hyperspace-oonfiguration. 

To stress again the importance of theorem 2 we oan now say that the hyperplane 
obtained in each case is the only hyperplane that contains the given figures. 

3 nonm—collinear points can be points of 2 different hyperplanes. The intersection of 
the hyperplanes will then be the plane of the 3 potmts (see Art. 4 Th. 2). 

Actually we get all the points of ordinary=space by taking 4 non-coplanar points, all 
points collinear with any 2 of them, and all points oollinear with any 2 obtained by 
this process, The space of our experience will therefore be regarded as a hyperplane. 

Although hyperplanes are wlimited in extent, we will represent them as 
parallelopipeds, 

ITI. SPACE OF 4 DIMENSIONS 


2. HESTRICTION TO 4 DIMENSIONS, A SPACE OF 4 DIMENSIONS consists of the points that 
we get, if we take 5 points not points of 1 hyperplane, all points collinear with any 
2 of them, and all points collinear with any 2 obtained by this process. 

The preceding theorem can be put into a more precise-form as follows: 


Theorem 4, We get all points if we take any 5 points not points of 1 hyperplane, all 
points collinear with any 2 of them, and all points collinear with any 2 obtadned by 
this process, 


In this treatise all geometrical-relationships are asmmed to lie in 4-space, 


3 PENTAHEDROIDS—Interior. THE COLLINEAR-RELATION, INTERSECTION WITH A PLANE, A 
PENTAHEDROID consists of 5 points not points of 1 hyperplane, and the edges, faces, and 
wig of the 5 tetrahedrons whose vertices are these points taken 4 at—a-tine. 
The 5 points are the VERTICES, the edges and faces of the tetrahedrons are EDGES and 
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FACES of the pentahedroid, and the interiors of the tetrahedrons are its CELLS. Any 5 

points, not points of 1 hyperplane, are the vertices of a pentahedroid, 

~~ ..... -.-~At_times we shall speak of the vertices, edges, and faces of a cell, but it should be 
understood that a cell of the pentahedroid is the interior of a tetrahedron and does 

> not include the tetrahedron itself, 

The INTERIOR of a PENTAHEDROID consists of the interiors of all segments whose points 

are points of the pentahedroid, except of those segments whose interiors also lie in 

the pentahedroid, 

‘ A point is said to be COLLINEAR with a pentahedroid when it is collinear with any 2 
points of the pentahedroid., The collinear-relation holds true for all the interior 
points of the pentahedroid,. 


| 








3a. GRAPHIC=CONSTRUCTION of the PENTAHEDROID—Fig. 1. In the figure of the canonical- 
hypercube given on plate-I, take in’ the hyperplane of the blackecube that portion made- 
up of the 4 non-coplanar points 0, A, B, and C, then form the coordinate-tetrahedron 
OABCs; in the hyperplane of the red—cube OAEB-O'A'E'B' take that portion made-up of the 
4 non-coplanar points 0, A, B, and O', then form a 2nd coordinate—tetrahedron OABO', 
these 2 coordinate-tetrahedrons will intersect in the common—base OAB; now draw a line— 
segment from the point 0' to the point C, 

In the unit—coordinate=pentahedroid as constructed, we have 4 red-tetrahedral-cells 
and 1 black-tetrahedral-cells the 4 red-cells being OACO', OBCO', OABO*, and O'ABCs 
the single black-cell being OABC, 

Assume, for a moment, that the positive-portion of the w-axis vanishes, Then we shall 
have only the 3space ooordinate-tetrahedron OABC, which in the graphic-fom, has 3 
hidden-faces and 1 visible-face ABC together with all of the hidden—points in the 
interior of this tetrahedron. In OABC, the visible-edges are AB, BC, and CA belonging 

‘ to the 3 hidden-faces OAB, OBC, OCA, respectively; these 3 visible edge—boundaries also 
form a triangle ABC belonging to the visible-face ABC, 

A similar result occurs also for the ooortinate-pentahedroid as-a=-whole: 4 hidden- 

‘ views of the cells OACO', OBCO', OABO', and OABC, with 1 visible-view being in the 
hyperplane of the tetrahedral—cell O'ABC, Likewise, in the pentahedroid, we have 4 
visible-faces ABC, ABO', BCO', and CAO’, with 1 of each of these belonging to 1 of each 
of the 4 hidden—cells of the pentahedroids in the hidden-views for each of the 
tetrahedrons, excepting the black-tetrahedron OABC, we have in each, 3 hidden-faces and 
1 hidden—cell—the only visible-cell being that of the tetrahedron O'ABC together with 
its 4 visible-faces. 

In the graphio-forms, when we do not use a rectangular-coordinate-system, we shall 
speak of the ocoordinate-tetrahedron OABC, in 1 of 3-ways, i.e. ‘the tetrahedron OABC', 





15 
or ‘a tetrahedron OABC', or ‘any tetrahedron OABC', depending on the sense it is used 
in a given contexts; similarly, the coordinate-pentahedroid O'OABC, will be spoken of in 
1 of 3-ways, i.e, ‘the pentahedroid O'QABC, or ‘a pentahedroid O'OABC', or ‘a 
- pentahedroid O'OABC', depending upon the sense it is used in a given oontert, 

Hereafter, all 4-space geometrio-figures as constructed, will be made-up from the 
points of the coordinate=hyperplanes and the hyperplanes that are parallel to these 
ooordinate-hyperplanes., The extended geometrio-figures will be discussed in another 
chapter, 

Now, in the 4-space viewpoint, you must use your inner-eye, in such-a-way, that you 
mentally see as-a-whple all of the interior-points of the tetrahedral—cell O'ABC, and 
further, with your inner-eye imagine that all the interiormpoints of tetrahedral-cells 
with hidden-views are invisible—points. It will take a little while to get a real-mental- 
feel of the inner~sensing-processes used here to 'visualize' as—a-whole the 4-space 
geometrio-cgestalt—-forms, Then as you develop the ability to express the geometrio- 
relationships pictorially, the theorems and proofs of the 4-space geometry will beceme 
intuitiveky-understood with extreme-clarity. 

Theorem 1, The plane of 3 non—collinear points of a pentahedroid, if it does not 
itself lie in the hyperplane of 1 of the oells, intersects the pentahedroid ina 
convex-polygon. (Fig. 2.) 





We shall prove the theorem for the case when the plane of 3 non=collinear points of 
the pentahedroid, intersects the pentahedroid in a triangle, For the case when the plane 
of 3 non-collinear points of the pentahedroid, intersects the pentahedroid in a 
quadrilateral, then use a proof similar to that given for the triangle. 


Given: The pentahedroid OABCD, and any 3 non-—collinear points L, M, and N of the 
pentahedroid not in the hyperplane of 1 cell, 


To Proves The plane of IMN intersects the pentahedroid in a triangle, 


Proof: At any point R in the interior of the segment OD near the point 0, construct a 
plane passing through R and intersecting the red-tetrahedron OABD in the triangle PQR, 
then take the wertex-point C with this triangle and form the pyramid #PQR; CP, CQ, and 
CR are the lateral-edges of this pyramid, 

Take any point L in the face CPR, this face lies in the cell OACD, and the point L 
lies in the interior of this tetrahedron; take any point M in the face CPQ, this face 
lies in the cell DABC, and the point M lies in the interior of this tetrahedron; take 
any point HW in the face CQR, this face lies in the oell OBCD, and the point N lies in 
the interior of this tetrahedron. 

let the projections of the points L, M, and N from the point C meet in the edges of 
the red=-pyramid B-PQR in the points L', M’, MN’, respectively, i.e. the point L' in EP, 
M’ in PQ, and N* in QR, 

Wow C is a vertex not in the plane of the given points L, M, and N. L being a point of 
the tetrahedral—cell OACD, and being in the face of the triangle CPE which lies in the 
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interior of this tetrahedron, then the $line CL meets the hyperplane of the .opposite- 
oell QABD in the face OAD at the point L’ which is the projection of L from % L* is a 
point of the tetrahedron OAD (Th, 1, and Th. 2 of RSG-II)*, The projections of the other 
2 lines CM and CN follows in the same manner as that given for L, it being understood 
from the construction given in Fig. 2. Mow the projections of the 3 given points L, HM, 
and WN from C are the points L’, M*, and N', These last 5 points are not collinear; for, 
if they were, the plane determined by their comman-line and C would be the plane 
containing the 3 given points and the vertex C, They are not all in the plane of any one 
face of the tetrahedron 3 for, if they were, L, M, and N would lie emtirely in the 
hyperplane determined by this face and C, and the given plane would.lie entirely in this 
hyperplane. Therefore the plane L'H'N' intersects the tetrahedyp in a triangle PQR 
(Th. 3 of RSG-II). This triangle PQR is the base of a pyranid with the vertex at C 
whieh lies entirely in the hyperplane CPQR, and is the intersection of the hyperplane 
CPQR the pantahedroid (see Art. 7, Th, 1). The points L, M, and N are points of the 
pyramid SPOR, and the plane IMN lies entirely in the hyperplane of this pyramid, The 
intersection of the plane and the pentahedroid is the same as the intersection of the 
plane and this pyramids it is a triangle (Th, 4 of RSG-II), Therefore the plane LMN 
intersects the pentahedroid in a triangle. (Q.E.D.) 


The reader shoul te, for example, that the plane of IMN passing through the point M 
of the red-pyramid &PQR interseots the face CPQ of this d in a line-segment, and 
sinoe the triangle CPQ lies also in the tetrahedral-cell AABC, the plane of IMN 
intersects this cell in the same line-segment, 

Sinoe the pentahedroid has only 5 cells, the intersection oan only be a triangle, a 
quadrilateral, or a pentagon, 


Theorem 2. Any line intersecting a cell of a pentahedroid will intersect the 
pentahedroid at least in a 2nd point, and any +line draw from a point 0 of the 
interior of the pentahedroid will intersect the pentahedroid, 


Theorem 3, Any plane intersecting a oell of a pentahedroid, if it does not itself 
lie in the hyperplane of this cell, or any plane containing a point O of the interior 
of the pentahedroid, will interseot the pentahedroid in a oonvex—polygon. 


*Note: The star-asterisk above refers to the review-section of solid-geometry given 
at the begirming of this treatise. Whenever a theorem from the solid-—geometry is used as 
part of the proof for a theorem of the hypersolid-geometry, we will simply refer to the 
review-eection listing the theorems needed from the solid—ceometry, The review-listings 
of the theorems needed will be grouped by ehapter-headings to facilitate easy reference. 


4. INTERSECTION OF A PLANE AND A HYPERPLANE AND OF 2 HYPERPLANES. 


Theorem 1, If a plane and a hyperplane have a point 0 in common, they have in 
common a line through 0, 


Proof: We construct a pentahedroid with a cell lying in the given hyperplane and 
containing the point 0. The given plane intersects the pentahedroid in a convez-polygon 
and the given hyperplane in the line which contains one side of the polygon. 


Theorem 2. If 2 hyperplanes have a point O in common, they have in common a plane 
through oO. " ‘ 

Given. The 2 hyperplanes OABC and OBCO® with the point 0 in common. . 

To Prove: The plane OBC through 0 is common to the 2 given hyperplanes. 


Proof: Use the figure of the canonical—hyperoube on plate-] for the graphic- 
representation of this theorem, that is, a part of this figure. 

Any plane OAC through 0 in the hyperplane OABC intersects the hyperplane OBCO' in the 
line o#“through 0 by Th. 15 a 2nd plane OAB in the hyperplane OABC intersects the 
hyperplane OBCO' in the line OB through O by Th, 13 the 2 es OC and OB through 0 are 
common to the 2 given hyperplanes, and these 2 lines det e the plane OBC, Therefore 
the hyperplanes intersect in a plane (see Art. 1), (Q.E.D.) 

3 hyperplanes having a point in common have in common at least 1 line, a line lying 
in 1 hyperplane and in the plane of intersection of the other 2, 3 hyperplanes may also 
have a plane in common. 





4a, THE LINEAR-ELE*ENTS OF 2 PLANES. 17 
Theorem 3, 2 planes which do not lie in 1 hyperplane oontain a set of lines, 1 and 
only 1 through eagzh point of either plane which is not a point of the other Pe and 
any 2 of these lines coplanar, Se eee =e 


Oteuns The planes FEA and F'H'C’ which ¥e not lite in 1 byperplane. 


fo Proves Any 2 lines FG and F'G* are ooplanar and that each line passes through a 
point of 1 and only 1 of the given planes, 


Proof: Use part of the figure of the canonical-hypercube on plate-I for the graphio- 
representation of this theoren, 

Let G be a point of FEA which is not a point of F'H'C', and let G' be any point of 
P*'H'C’ which is not a point of FEA. The hyperplane F'H'C'G* determined by F'H'C® and G 
intersects FEA in the line FC, and the rplane FEAG’ determined by FEA and G! 
intersects FP'H*C' in the line F'G' (Th. 1). The lines FC and P'G', each lying in both 
hyperplanes lie in the plane F'FG which is the plane of intersection of the hyperplanes 
FEAG' and F'H'C'G, Further, no 2 lines lying in 1 of the given planes and coplanar with 
lines in the other can intersect in a point which is not common to the 2 given planes: 
for, if they did, both of them and the entire plane in which they lie would lie in the 
hyperplane determined by their point of intersection and the other given plane. Therefore 
the lines FG and F'G’ are coplanar and each line passes through a point of 1 and only 1 
of the 2 given planes. (Q.E.D.) 


The planes FSA and F'H'C' are oovered with these lines, and can be oonsidered to be 
made-up of these lines. We shall call them the LINEAR-ELEMENTS of the 2 planes, When 
the 2 planes have a point in common, the linear-elements all pass through this point. 
If any plane intersects the 2 planes in lines, these lines are linear-elements, 


5 OPPOSITE-SIDES OF A HYPERPLANE. $=HYPERSPACES. In the figure of the canonioal- 
hyperaube on plate-I, suppose we take the hyperplane of the black—cube. We can then say 
that a hyperplane divides the rest of hyperspace, just as a plane in a hyperplane divides 
the rest of the hyperplane (see Th. 5 of BSG-II). We can speak of the OPPOSITE=SIDES OF 
A HYPERPLANE, and of a #-HYPERSPACE. We may have, for example, the #=HYPERSPACE OABO=0! 
lying on one-side of the hyperplane OABC, that is, on that side of the #line at 0 of 
00" produced, The other-side of the hyperplane OABC will be the #hyperspace lying on 
that side of the negative wearis. The hyperplame QABC does not belong to either of the 
d-hyperspaces, it separates the opposite 4-hyperspaces of this hyperplane. 

If 2 hyperplanes intersect, the opposite hyperplanes of each which have the plane 
of interseotion for a common—face lie on opposite-sides of the other, 

Given a pentahedroid, each of the 5 tetrahedrons determines the cell of a 4-hyperspace 
which contains the opposite vertex and all points of the interiors and, conversely, if 
a point lies in all of these #hyperspaces it will lie in the interior of the 
pentahedroid, Every point of hyperspace is a point of at least 1 of these +hyperspaces, 

We shall at times speak of a pentahedroid as a HYPERSURFACE (see Art.93), and of its 
interior as a HYPERSOLDD. A pentahedroid divides the rest of hyperspace into 2 portions, 
interior and exterior to the pentahedroid, 

In hyperspace a hyperplane divides the hyperspace into 2 partss whereas, a plane 
divides a hyperplane into 2 parts, but not hyperspaces whereas, a line divides a plane 
into 2 parts, but not a hyperplane. 


II1. HYPERPYRAMIDS AND HYPERCONES 


6. HYPERPYRAMID., INTERIOR OF A HYPERPYRAMID, Pigures in hyperspace which correspond 
to the polyhedrons of geometry of 3 dimensions are called POLYHEDROIDS. We shall not 
Gefine this term, except to say that a polyhedroid consists of VERTICES, EDGES, FACES, 
and CELLS, The cells being the interiors of certain hyperplane=polyhedrons joined to one 
another by their faces so as to enclose a portion of hyperspace, the INTERIOR OF THE 
POLYHEDROID., We shall apply the tem ‘polyhedroid' only to certain simple-figures which 
we shall define individually, sg pentahedroid is the simplest polyhedroid, 


A HYPEERPYRAMID consists of a hyperplane=polyhedron enclosing a portion of its 
hyperplane, and a point not a point of this hyperplane, together with the interior of 
the polyhedron and the interior of the segments formed by taking the given point with 
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the points of the polyhedron. The point is the VERTEX, and the interior of the 
polyhedron is the BASE, The meaning of other terms used in connection with the 
hyperpyramid may be readily inferred from the definitions of Art. 3 and from the 
definitions of pyramids used in the solid-geometry, 

The INTERIOR OF A HYPERPYRAMID can be defined as consisting of the interiors of the 
segments formed by taking the vertex with the points of the base, but in the case of a 
convex-hyperpyramid the interior of any segment whose points are poists of the 
hyperpyramid will lie entirely in the interior of the hyperpyremid unless it lies 
entirely in the hyperpyramid itself, No line can intersect a convez-hyperpyramid in 
more than 2 points unless it lies in the hyperplane of 1 of the cells, and any #=line 
drawn from a point O of the interior will intersect the hyperpyramid in 1 and only 1 
point, 

In Fig. 1, we have a hyperplane-tetrahedron O4BC enclosing a portion of its hyperplane 
together with the interior of this tetrahedron. Take the point 0', not a point of this 
hyperplane, with the points of the tetrahedron OABC. The point O° is the vertex, and 
the interior of the tetrahedron OABC is the base. The interior of this convex- 
hyperpyramid is defined as consisting of the interiors of the segments formed by taking 
the vertex O* with the points of the base OAKC, 

To make crystal-clear the way in which we visualize ‘segments with interior-points 
lying in the interior of the hyperpyramid', and in the hyperpyramid, refer to Fig. 6b 
of Art. 8. For example, the segment DP has all its interior-points lying in the interior 
of the hyperpyramid D-OABC; whereas, the segment DR has all its interior-points lying 
in the hyperplane of the cell DOAB, and therefore these interiormpoints lie in the 
hyperpyramid, 

Take any point Q in the interior of the triangle CDR, this point lies in the interior 
of the hyperpyramid D-OABC (see Art. J43 take the line of DQ produced from the point Q 
» then hieg tebe will intersect the hyperpyramid in the point P lying in the hyperplane 
of the cell OABC, and only in the point P of this cells the point P lies in the 
hyperpyramid=-base, The segment CR lying in the hyperplane of the base OABC has all its 
interiormpoints lying in this base, and therefore all the interior-points of this 
segment lie in the hyperpyramid, 


7e HYPERPLANE=SECTIONS OF A HYPERPYRAMID. A hyperpyramid or any polyhedroid oan be 
cut by a hyperplane in a SECTION which divides the rest of the polyhedroid into 2 parts 
lying on opposite=-sides of the hyperplane (Art. 5). 

The sections of a polyhedroid are polyhedrons whose faces are the seotions of the cells 
of the polyhedroid made by the planes in which the hyperplane intersects the hyperplane 
of the cells, The group of theorems given in this section for the hyperplane-sections of 
a hyperpyramid or pentahedroid are proved by considering the plane-seoctions of their 
cells, 


Theorem 1, A section of a convez-hyperpyramid made by a hyperplane containing the 
vertex, is a convex-pyramid whose base is the oorresponding plane-section of the base of 
the hyperpyramid, In the case of a pentahedroid this applies to any vertex, When 1 vertex 
of a pentahedroid lies in a hyperplane and 2 vertices of the opposite-cell lie on each 
aide of the hyperplane, the section will be a quadrilateral—pyramid, In all other cases 
the section of a pentahedroid by a hyperplane containing 1 vertex and not containing 
@ oell will be a tetrahedron. 


We shall give 2 graphio-forms for this theorem for the oase when the convexz- 
hyperpyramid is a pentahedroid. The student can make-up his own graphio-fom when the 
base of a convex-hyperpyramid is a convex-pyramid other than the tetrahedral-type— 
these will be very similar to the graphio-forms given in this text. We shall separate 
the theorem into 2 parts as follows: 


Theorem 1a, When the vertex of a pentahedroid lies in a hyperplane and 2 vertoes of 
the opposibe-ocell lie on each side of the hyperplane, the section will be a 
quadrilateral-pyramiad, (Fig. 3a) 

In the graphic-construction of Th, ja, the hyperplane-section is the hyperplane of a 
quadrilateral—pyramid D-KIMN, The vertex D lies in this hyperplane, and the opposite- 
ee The 2 vertices 0 and A lie on opposite-sides of the hyperplane of 
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quadrilateral-pyramid in the point N, and the point A lies on one-side of each of the 
3 faces of the quadrilateral-pyramid that meet at the point N, whereas, the point O lies 
on the other-side of each of these 3 faces that meet at the point N, This can be readily 
seen by ‘observing’ the 3 faces of the quadrilateral=-pyramid that meet at the point N 
and which lie in different cells of the pentahedroid, the points O and A of the line- 
segment OA will then lie on opposite-sides of each of these faces; and, the opposite-= 
sides of a face can only be determined when we are given the hyperplane in which it lies. 
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Theorem lb, In all other cases the section of a pentahedroid by a hyperplane 
containing 1 vertex an not containing a cell will be a tetrahedron. (Fig. 3d.) 





In Fig. 3b, the hyper: '«'s-section is a hyperplane-tetrahedron DERG. 
The student should the resemblance to the corresponding theorem in the 3=space 
sol: di=-geometry, th - » in the hyperplane of the black-tetrahedron OABC—the 


: correrp-Gence ir . vbvious, that we need not discuss it here. However, the student 
wnouid compa.: .~- 4—epace visualization of the pentahedroid to the corresponding 
visvalizatioy .. the 3-space black-tetrahedron, that is, the visible— and hidden-views 


of the boun’. -es and interiors of the 3— and 4=space graphic-forms of these respective 
geometric-.: ures. 


Theore ~. A hyperplane passing between 1 vertex of a pentahedroid and the 
opposit.. .etrahedron will intersect the pentahedroid in a tetrahedron. (Fig. 4) 


Let «1 h. perplane pass between a vertex D and the opposite-tetrahedron OABC. | 
Then the .yperplane will intersect the pentahedroid OABCD a tetrahe 
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Compare the result of this theorem with the corresponding theorem in the 3—space 
solid-geometry, that is, for the individual tetrahedrons of the pentahedroid. For 
example, in the tetrahedron OA3D, the vertex D lies opposite to the face QAB of this 
tetrahedron, and a plane passing between the vertex D and the opposite-face OAB will 
intersect the tetrahedron in a triangle EFC. 

A section of a figure in hyperspace is all that we can see in a hyperplane. For, 
suppose we were in the hyperplane of the red-cell OABD, then we would, see, in our 
graphic-formm, only the hidden-view representation of the base EFG of the red-tetrahedron 
EFGH; we would see the visible-edge FG, and the 2 vertices G and F, but the edges EF and 
GE will be hidden-views as well as the vertex E, If we were in the hyperplane of the 

% red-tetrahedron EFGH, then we would see all of the graphic-representation of this 
tetrahedron, i.e. the visible- and hidden-views. 

If we were to take the limit of the sum of all the right-cross-sections of the 
x-tetrahedrons cut out from hyperplanes passing through all the points of the line- 
segment OD, i.e. from the O=tetrahedron at D to the opposite-tetrahedron at 0, then the 
limit of the sum of all these x-tetrahedrons would form a pentahedroid—this makes it 
possible for us to use the calculus with the graphio-forms given here, this will be 
shown in a later chapter, 


Theorem 3, If 2 vertices of a pentahedroid lie on one=side of a hyperplane and 3 on 
the opposite-side, the section will be a polyhedron in which their are 2 triangles 
separated by 3 quadrilaterals. (Fig. 5) 
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Given: A pentahedroid OABCD, C and D on one-side of a hyperplane E'A'B'P, with 
O, A, and B on the opposite-side. 


To Prove: A hyperplane E'A'B'P intersects the pentahedroid OABCD in a polyhedron 
E'A'B*=E"A"B" in which the 2 triangles E‘A'B’ and E"A"B" are separated by the 3 
quadrilaterals E*E"A"A', E'B'B"E", B'B"A"A*, 


Proof: The hyperplanes of the tetrahedrons OABC and OABD are cut by E'A'B'P in planes 
which pass between the triangle OAB and the points C and D (Art. 5), and which therefore 
cut these tetrahedrons in triangles. The hyperplanes of the other 3 tetrahedrons. are cut 
by E'a'B'P in planes which pass between their common-edge CD and the opposite-edges OA, 
AB, and BO, and which therefore cut these tetrahedrons in quadrilaterals,. Let the 
triangles be E‘A'B* and E"A"B", the quadrilaterals will be E'E"A"A', E'B'B"E", and 
B'BVAPA®, and the section of the pentahedroid will be E'A'B'-E*"A"B", 

If E'A'B'P intersects the line CD in a point P, the 3 lines E‘E", A‘'A", and B'B® will 
pass through P, and the section will be a truncated-tetrahedron. In any case the 
section will be a figure of this type (see Art.70 ). (Q.E.D.) 


8. DOUBLE—PYRAMIDS. A hyperpyramid whose base is the interior of a pyramid may be 
reguarded in 2-ways as a hyperpyramid of this kind, the vertex of the base in one=case 
being the vertex of the hyperpyramid in the other—case,. 

Thus there are 2 pyramids having themselves a common-base, and we can say that the 
hyperpyramid is determined by a polygon and 2 points neither of which is in the 
hyperplane containing the polygon and the other point. Perceived in-this-way the 
hyperpyramid is called a DOUBLE=PYRAMID. 

A double=pyramid consists of the following classes of points: 

(1) the points of a convex-polygon, or of any plane=polygon which has an interior, 
and the points of its interior; 

(2) 2 points not in a hyperplane with the polygon, the interior of the segment formed 
of these 2 points, and the interiors of the segments formed by taking each of these 
points with the points of the polygon; 

(3) the interiors of the triangles formed by taking each point of the polygon with 
the 2 given points; 

(4) the interiors of 2 pyramids each formed by taking the polygon-interior with 1 of 
the 2 given points. 2 : 

The interior of the segment of the.2 given points is called the VERTEX-EDCE of the 
double=pyramid, and the interior of the polygon is the BASE. The interiors of the 
triangles (3) are called ELEMENTS, and in particular, those elements whose planes contain 
a vertex of the polygon are LATERAI—FACE=ELEMENTS or LATERAL-FACES of the double=pyramid, 
The 2 pyramids (4) are called the END-PYRAMIDS. 

The vertex-—edge and the sides of the base are opposite-edges of a set of tetrahedrons, 
These tetrahedrons are in a definite cyclical-order corresponding to the sides of the 
polygon, and are joined each to the next, by the faces which are adjacent to the vertez- 
edge, They are joined to the end=-pyramids by the faces which are adjacent to the sides 
of the base, The interiors of these tetrahedrons are the LATERAI-CELLS, and these and 
the interiors of the end=-pyramids are the CELLS of the double=pyramid. The pentahedroid 
is the simplest double-pyramid, 

In Pig. 1, we have the graphic-construction of a double=pyramid CO'=OAB, The interior 
of the segment of the 2 given points C and O' is called the vertex-edge of the double- 
pyramid, and the interior of the polygon OAB is the base. The interiors of the triangles 
formed by taking each point of the polygon OAB with the 2 given points C and 0° are the 
@lements. The lateral-faces of the double-pyramid are those plane-elements which contain 
a@ vertex of the polygon, i.e. the faces CO'O, CO'A, and CO'B are the lateral-faces 
of the double=pyramid. The 2 end=pyramids are C-OAB and 0'—OsAB, 

The vertex—edge CO’ and the sides OA, AB, and BO of the base OAB are opposite—edges 
of a set of tetrahedrons, i.e. the tetrahedrons OACO', OBCO', and ABCO'. These 
tetrahedrons are in a definite cyclical-order corresponding to the sides of the polygon 
QAB, and are joined each to the next by the faces which are adjacent to the vertex—edge; 
for example, the 2 tetrahedrons OACO’ and OBCO® are joined by the face OCO'. These 
tetrahedrons are joined to the end-pyramids by the faces which are adjacent to the sides 
of the base OAB; for example, the face OAC is adjacent to the side of the base OAB, and 
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the end-pyramid C=OAB and tetrahedron OACO’ are joined by this faces the face OAO' is 
also adjacent to the side of the base, and the end=pyramid OABO' is joined to the 
tetrahedron OACO' by this faces like results follow for the other 2 tetrahedrons and 
the 2 end-pyramids, ia 

The latersl-cells are OACO', OBCO', and ABCO', and these and the interiors of the 
end=-pyramids are the cells of the double=-pyramid. 


The intersection of double=pyramids by planes and hyperplanes are given in the 
following theorems: 


Theorem 1, A plane containing a point of the vertex-edge and intersecting the base 
in the interior of a segment, or a plane containing the vertex—edge and a point of the 
base, will intersect the double-pyramid in a triangle. (Fig. 6a. and Fig. 6b.) 


B 


In Fig. 6a, take a plane passing through a point K of the vertex-edze CD and 
intersecting the base OA3 in the interior of a segment LN, then the plane KLM will 
intersect the double=pyramid CD-OAB in the triangle KIM. 

In Fig. 6b, take a plane containing the vertex-edge CD and a point R of the base OAR, 
then the plane CDR will intersect the double=pyramid CD-OAB in the triangle CDR. In this 
case, the 2 sides CR and DR of the triangle CDR are in the interiors of the end- 
pyramids, i.e. CR in C—OAB and DR in D-OAB. The interior of the triangle CDR lies 
entirely in the interior of the double-pyramid—likewise for the triangle KIM in Fig. 6a. 


Theorem 2, A hyperplane containing the base and a point of the vertex-edge will 
intersect the double=pyramid in a pyramid. (Fig. 7) 
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In Pig. 7, take a hyperplane containing the base OAB and a point F of the vertex-edge 
CD, then the hyperplane FOAB will intersect the double=pyramid CD-OAB in the pyramid 
BOAB, The interior of the pyramid F-OAB lies entirely in the interior of the double 
pyramid CD-OAB, 
Theorem 3, A hyperplane oontaining the vertex-edge and intersecting the base will 
intersect the double-pyramid in a pyramid, (Fig. 8.) 


In Fig. 8, take a hyperplane oontaining the vertex-edge CD and interwecting the base 
QAB in the interior of a segment EF, then the hyperplane CDEF will intersect the double- 
pyramid CD-OAB in the tetrahedron CDEF, The 2 faces and £ZIEFof the tetrahedron CIEF 
are seotions of the interiors of the end-pyramids C-OAB and D-OAB, respectively, The 
interior of the tetrahedron CIEF lies entirely in the interior of the double-pyramid 
CD-OAB. 

The student will find it to his advantage to study thoroughly this section on the 
hyperpyramids—oompare the piotorial-relationships between the 3= and 4-space graphio- 
forms, that is, between the single- and double-pyramids. 

We shall take up one more important point of the 4—-space graphics pertaining to the 
visualization=—process. In the graphio-foms of the hypersolid-geometry, you must see the 
perceptio-differences when the hyperplane of a cell is viewed from outside of its 
hyperplane, 

For example, if we delete from the pentahedroid OABCD, the red-tetrahedral-cell D-ABC 
and the interior of the pentahedroid, then we shall see 4 visible-cells in the cut-away- 
view of the pentahedroid, i.e. the cells OACD, OBCD, OABC, and OABD; the faces, edges, 
and vertices of these 4 cells are also visible-views. 

Suppose we were in the hyperplane of the black-tetrahedron, and deleted the face ABC 
and the interior of the tetrahedron, then we would see 3 visible-faces in the cut-away- 
wiew of the tetrahedron, i.e. the faces OAC, OBC, and OAB; the edges and vertices of 
these 3 faces are also visible—views. 


9. HYPERCONICAL—-HYPERSURFACES—Undefined-Terms. HYPERCONES—Definitions. 
HYPERSURFACE is the term applied to a figure in hyperspace which corresponds to the 
surfaces of geometry of 3 dimensions. The term "hypersurface' is left undefined, We 
Shall use the word only in connection with certain sare ere which we shall define 
individually, The hyperplane is the simplest hypersurface, 

A HYPERCONICAL=HYPERSURFACE consists of the lines determined by the points of a 
hyperplane-surfase and a point not in the hyperplane of this surface. The point is the 
VERTEX, the surface is the DIRECTING-SURFACE, and the lines are the ELEMENTS, The 
hypereonical—hypersurface has 2 nappes. 

The only hyperconical-hypersurfaces which we shall consider at present are those in 
which the directing-surface is a plane, a sphere, a oircular-conical—surface, or a part 
or combination of parts of such surfaces, When the directing-surface is a plane, the 
hypersurface is a hyperplane or a portion of a hyperplane. 

4 HYPERCONE consists of a hyperplane-surface, or portions of hyperplane-surfaces, 
forming a closed-hyperplane=figure, and a point not a point of the hyperplane of this 
figure, together with the interior of the latter and the interiors of the segments formed 
by taking the given point with the points of the hyperplane-figure, The point is the 
VERTEX, the interiors of the segments are camspiasiicin and the interior of the hyperplane— 
figure is the base, 

The hyperpyramid may be reguarded as a part feulan-oee’ of the hypercone. The only 
other cases which we shall consider at present are those in which the base is the 
interior of a sphere or of a circular-oone, 

A plane oontaining the vertex of a hyperoone and intersecting the base in the interior 
of a segnent, will intersect the hypercone in a triangle; and a hyperplane containing 
the vertex and intersecting the base, will intersect the hypercone in a cone. 

fhe INTERIOR OF A HYPERCONE consists ef the interiors of the segments formed by taking 
the vertex with the points of the base, but in the case of a oonvex-hyperoone the 
interior of any segment whose points are points of the hyperoone will lie entirely in 
the interior of the hypercone unless it lies entirely in the hypercone itself, lo line 
can intersect a oonvez—hypercone in more than 2 points if it passes through a point of 
the interior, and any half-line draw from a point 0 of the interior will intersect the 

x 
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Fig. 96 Fig. 10. 


In Fig. 9, we have the graphic=-construction of a hypercone. We shall designate the 
hypercone as FeB(ABC), The 3 capital-letters ABC enclosed in parentheses shall designate 
a 'closed=plane-curve', and a bar placed over the 3 capitaleletters shall designate an 
‘are of a closed=-plane-curve', 

Take a closed-hyperplane-figure such as a cone E-(ABC) and a point F not in the 
hyperplane of this cone, together with the interior of this cone and the interiors of all 
segments formed by taking the point F with the points of the given hyperplane-cone,. The 
point F is called the vertex, the interiors of the segments FE, FA, FB, FCyee. are called 
the elements of the hypercone F-E(ABC), and the interiors of the hyperplane—cone E-(ABC) 
is the base, 

The interior of the hypercone F-E(ABC) consists of the interiors of the segments formed 
by taking the vertex F with the points of the base E-(ABC). 

- The visible— and hidden-views of the hypercone correspond to the ordinary=cone of the 
3—epace solid—geometry,. 

In another chapter we shall take up the study of hyperspace-rotations, that is, a 
rotation around a plane in hyperspace, and a rotation around a plane lying in a given 
hyperplane—this information on hyperspace-rotations makes it possible for us to 
represent visible- and hidden-views of curved-hypersurfaces, the visible— and hidden- 
views of closed=-curved-hypersurfaces will be taken up later, 

In the hypercone F=E(ABC), we then have the following visible- and hidden-views: 
hypersurface of the #hypercone F-E(ABC) will be a visible-view in the graphio-drawing; 
the other #=hypersurface of the hypercone F=E(ABC) will be the #=hypercone F-E(CDA) 
which represents a hidden-view in the graphio=-drawing, 

A hypercone, or the hypersolid which we call the interior of the hypercone, can be 
somewhat described as cut from 1 nappe of a hyperconical-hypersurface by the hyperplane 
of the directing-surface,. 


Theorem 1, A hyperplane containing the vertex and intersecting the base will 
intersect the hypercone in a cone. (Fig. 10.) 


In Fig. 10, take a hyperplane containing the vertex F and intersecting the base E-(A3C) 
in the plane of a closed-curve a then the hyperplane FCHI will intersect the 
= hypercone F-E(ABC) in a cone P-(GIZ). 


Theorem 2. A hyperplane passing between the vertex of a hypercone and the base will 
intersect the hypercone in a cone, (Fig. 11.) 


In Fig. 11, take a hyperplane PKIM passing between the vertex F of a hypercone F-E(ABC) 
and the base E-(ABC), then the hyperplane PKIM will intersect the hypercone F-E(ABC) 
in a cone P-(KiM). 


9. DOUBLE-CONES—Definitions. A hyperoone whose base is the interior of a cone may 
be reguarded in 2—ways as a hypercone of this kind, the vertex of the base in one-case 
being the vertex of the hypercone in the othercase, 

Tims their are 2 cones having themselves a common-base, and we can say that the 
hypercone is determined by a closed-plane-curve and 2 points neither of which is in the 
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Fig. Ls Fige 12, 


is called a DOUBLE-CONE. 

A DOUBLE-CONE consists of the following classes of points: 

‘3 the points of a closed=plane-curve and the points of its interior; 

2) 2 points not in a hyperplane with the curve, the interior of the segment formed 
of these 2 points, and the interiors of the segments formed by taking each of these 
points with the points of the curve; 

(3) the interiors of the triangles formed by taking each point of the curve with the 
2 given points; 

(4) the interiors of 2 cones each formed by taking the interior of the closed-plane- 
curve with 1 of the 2 given points, 

The interior of the segment of the 2 given points is the VERTEX-EDCE of the double- 
cone; and the interior of the curve is the BASE, The interiors of the triangles (3) are 
the ELEMENTS, and the 2 cones (4) are the END-CONES. 

Certain cases of intersection of double-cones are given by the following theorems: 


Theorem 1. A hyperplane containing the base and a point of the vertex-edge will 
intersect the double=cone in a cone. (Fig. 12.) 


In Fig. 12, take a hyperplane containing the base (ABC) and a point K of the vertex- 
edge EF, then the hyperplane KABC will intersect the double-cone EF=(ABC) in the 
cone K=(ABC). 


Theorem 2. A hyperplane containing the vertex-edge and intersecting the base will 
intersect the double-cone in a tetrahedron, (Fig. 9.) 


In Fic. 9, take a hyperplane containing the vertex—edge EF and intersecting the base 
(ABC) in the interior of a segment BD, then the hyperplane EFBD will intersect the 
double-cone EF=(.i\3C) in the tetrahedron EFBD. This tetrahedron will have 2 faces EBD and 
FBD lying in the end-cones E-(ABC) and F=(ABC), respectively; the other 2 faces EFB 
and EFD of this thetrahedron will lie in the hyperconical-hypersurface of the double- 
cone—the interior of this tetrahedron lies entirely in the interior of the double—cone, 


Theorem 3. A plane containing a point of the vertex-edge and intersecting the base in 
the interior of a segment, or a plane containing the vertex-edge and a point of the base 
» will intersect the double-cone in a triangle. (Fig. 12.) 


In Fig. 12, take a plane containing a point K of the vertex-edge EF and intersecting 
the base (ABC) in the interior of a segment BD, then the plane KSD will intersect the 
double-cone EF-(ABC) in the triangle KBD; and a plane containing the vertex-edge EF and 
a point O of the base (ABC) will intersect the double-oone EF-(ABC) in the triangle EFO. 
The interiors of the triangles KBD and EFO lie entirely in the interior of the 
double-qone EF-(ABC). 


10. PLANO-CONI CAL=HYPERSURFACES——De fini tions. A PLANO=CONICAL=HYPERSURFACE 
consists of the planes determined by the points of a plane-curve and a line not in the 
hyperplane with the curve, 
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‘4 and the planes are the 
The line is the VERTEX-EDGE, the curve is the DIRECTING-CURVE, 
ELEMENTS. Each element meets the plane of the directing-carve in only 1 point, the point 
where it meets the directing-curve itself, Their are 2 nappes to the hypersurface, 
es For the present, we shall consider only the case in which the directing-curve is a 
circle, 

° “heorem. A hyperplane which contains the directing-ourve of a plano—conical— 
hypersurface and a point of the verter-edge intersects the hypersurface in a 
oonical-—surface, 

The line containing the vertex-edge of a double-cone, and the curve whose interior 
in the base, are the vertex-edge and directing-curve of a plano-conical-hypersurface. 
(See Figs 9, the hypersurface of a double—cone ER-(ABC) is a restricted-portion of a 

lano—conical-hypersurface, ) 

. A double-cone, or the hypersolid which we call the interior of a double-cone, can be 
pomewkat described as cut from 1 nappe of a plano—conical-hypersurface by 2 hyperplames 
each of which contains the directing-curve and a point of the vertex-edge. 

(See Pig. 9, let the cutting-hyperplanes be that of the hyperplanes of the end-cones 
E-(ABC) and B-(ABC). 
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CHAPTER III aA 
I. LINES PERPENDICULAR TO A HYPERPLANE 
11. EXISTENCE OF PERPENDICULAR LINES AND HYPERPLANES. 
Notation: The symbol for perpendicular is / 3 for perpendiculars, _/s . 


Theorem 1, The lines perpendicular to a line at a given point do not all lie in 
1 plane, 


Proof: Every point in hyperspace lies in a plane with the given line, and in every 
plane which contains the line there is a i to the line at the given point. Now if 
these _/s were all in 1 plane, that plane and the given line would determine a hyperplane 
containing all the planes which contain the line (Art. 1, Th. 1), and so all points of 
hyperspace, But the points of hyperspace do not all lie in 1 hyperplane. 


Theorem 2, A line perpendicular at a point to each of 3 non-coplanar lines, is 
perpendicular to every line through this point in the hyperplane which the 3 lines 
determine, (Fig. 13.) 

Given: A line m os at a poirt O to each of 3 non-coplanar lines a, b, and c. 


To Prove: The line m is if to every line through O in the hyperplane which the 3 
lines a, b, and c determine. 


Proof: Let d be any other line through O in the hyperplane determined by these 3 lines. 
The plane of cd will intersect the plane of ab in a line h (RSG-III, Th. 1). The line n, 
being ai to a and b, is _/ to h lying in the plane of ab; and then, being _/ to c and h, 
it is to d lying in the plane of ch.* Therefore the line m is mi to every line 
through 0 in the hyperplane which the 3 lines a, b, and c determine. (Q.E.D) 





Fig. 13. : Fig. 14. 


# A line m through a point 0, _/ to each of 2 lines intersecting at 0, is _/ to every 
line through 0 in the plane which the 2 lines determine, This is always true, for the 
plane and the line m lie in 1 hyperplane. 

Theorem 3, All lines _/ to a given line at a given point lie in 1 hyperplane. 

(Fig. 14.) 
Given: A line m and a point 0 of m, 
To Prove: All lines _/ to the line m at a point O lie in 1 hyperplane. 


Proof: 3 non-coplanar lines a, b, and c =. to m at O determine a hyperplane of abc 


such that m is / to every line in the hyperplane of abc through 0 (Th. 2). Now let 
. = the lane of abc in a 
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line e (Art. 4, The 1), also _/ to m at O. In the plane of dm, then, we have a line m 
and the 2 lines d and e _/ to m at 0. For this reason d must coincide with e and lie 
in the hyperplane of abc. Therefore all lines _/ to the line m at a point 0 lie in 

1 hyperplane. (Q.E.D) 

A line intersecting a hyperplane at a point O is PERPENDICULAR TO THE HYPERPLANE when 
it is perpendicular to all lines of the hyperplane which pass through 0; the hyperplane 
is also said to be PERPENDICULAR TO THE LINE. The point O is called the FOOT of the 
perpendicular, 


12, 1 HYPERPLANE THROUGH ANY POINT PERPENDICULAR TO A GIVEN LINE, PLANES IN A 
PERPENDICULAR=HYPERPLANE, 


Theorem 1, At any point of a line there is 1 and only 1 hyperplane perpendicular 
to the line. 


This follows from the theorems of the preceding article. 


Theorem 2, Through any point outside of a line passes 1 and only 1 hyperplane 
perpendicular to the line, 


Theorem 3, A line perpendicular to a hyperplane is perpendicular to every plane of 
the hyperplane passing through the foot of the lines and every plane perpendicular to 
a line at a point lies in the hyperplane perpendicular to the line at this point. 


Theorem 4, If a line and a plane intersect, a line perpendicular to both at their 
point of intersection is perpendicular to the hyperplane determined by them; or if 2 
planes intersect in a line, a line perpendicular to both at any point of their 
intersection is perpendicular to the hyperplane determined by then. 


13. LINES PERPENDICULAR TO A GIVEN HYPERPLANE. 


Theorem 1, At a given point in a hyperplane there is 1 and only 1 line perpendicular 
to the hyperplane, (Fig. 15.) 


Given: A hyperplane OABC and a point O in the hyperplane. 


To Prove: A line m_/ to the hyperplane OABC at the point 0, is the only line _/ 
to the hyperplane, 
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Proof: Consider 3 non-coplanar lines a, b, and c lying in the hyperplane and 
passing through the point 0. The 3 hyperplanes OABD, OBCD, and OCAD _/ to g, ¥, and ¢ at 
the point 0, respectively, have in common at least a line m (Art 4, Th. 2 and remark), 
and any such line m must be _/ to the hyperplane OABC because _/ to the 3 lines a, b, 
and c,. 

If there were 2 lines m and m' _/ to the hyperplane OABC at the point 0, they would 
both be _[ to a line k in which their plane of mm' intersects the hyperplane OABC. We 
should have in the plane of mm' 2 lines m and m' / to a 3rd line k at the same point 
O, which is impossible. For this reason m' coincides with m. Therefore a line m Zl to 
the hyperplane OABC at the point 0, is the only line _/ to the hyperplane. (Q.E.D) 


7, » 
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Fig. £16. an Fig. $8.17. 


Theorem 2, 2 lines perpendicular to a hyperplane lie in a plane. (Fig. VY.) 
Given: 2 lines a and b - to a hyperplane OABC at points E and F respectively. 
To Prove: The 2 lines a and b lie in the plane of aF, 


Proof: Construct a hyperplane containing the 2 lines a and b. Now any 2 lines lie in 
a hyperplane (Art. 1, Th. 2 (2)), and a hyperplane containing the 2 lines a and b, 
intersects the hyperplane OABC in a plane to which the lines a and b are both _/ 
(Art. 12, Th. 3). For this reason as proved in the solid-ceometry, the lines a and b 
lie in the plane aF, (Q.E.D) 


Theorem 3, Through any point outside ofa hyperplane passes 1 and only 1 line 
perpendicular to the hyperplane. (Fig. °) 


Given: Any point P outside of a hyperplane OABC,. 
To Prove: 1 and only 1 line passing through P can be _/ to the hyperplane OABC, 


Proof: Construct a line a / to the hyperplane OABC. If a does not pass through P, 
a and P determine a plane, the plane of aP intersects the hyperplane OABC in a line c 
and in the plane of aP there is a line b through P / to c, intersecting c at a point Q. 
Let b* be the line / to the hyperplane at Q. a and b' lie in a plane (Th. 2), which 
is the plane of aQ containing a and the point Q. But the plane determined by a and P 
passes through Q,.Therefore b' lies in the plane determined by a and P, and in the plane 
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of aP is ee to c at Q. But we then have, b* coinciding with b, and b mst be = to the 
hyperplane OABC. 

If there were 2 lines through P -j to the hyperplane OABC, we should have 2 lines 
through P _/ to the line which passes through their feet, and this is impossible, 
Therefore 1 and only 1 line passing through P can be _/ to the hyperplane OABC, (Q.E.D) 


13APROJECTIONS—Definitions, The orthogonal-PROJECTICGN OF A POINT UPON A HYPERPLANE 
is the foot of the perpendicular from the point to the hyperplane, The perpendicular 
ean also be called the projecting-line, 


Theorem 1.* The distance from any point outside of a hyperplane to its projection 
upon the hyperplane is less than the distance from the point to any other point of the 


hyperplane. 
The DISTANCE BETWEEN A HYPERPLANE AND A POINT OUTSIDE OF THE HYPERPLANE is the 


distance between the point and its projection upon the hyperplane, 
Corollary. If the distance between 2 points is less than the distance of 1 of them 
from a hyperplane, they lie on the same-side of the hyperplane in hyperspace. 


Theorem 2. Given any point P outside of a hyperplane, and 0 its projection upon the 
hyperplane, then any 2 points of the hyperplane equally-distant from P will be equally- 
distant from 0, and any 2 points equally—distant from O will be equally—distant from P; 
and if 2 points of the hyperplane are wmequally—distant from either P or 0, that point 
which is nearer to 1 of them will be nearer to the other. (Fig. 18.) 


Given: Any point P outside of a hyperplane OABC, and O its projection upon the 
hyperplane, 
To Prove: Any 2 points A and B of the hyperplane OABC equally-distant fror P will be 
equally-distant from 0, and conversely, any 2 points A and B equally-distant from 0 will 
Pp be equally-distant from F3 and if 2 points A and D of the hyperplane OABC are unequally- — 
distant from either P or 0, that point which is nearer to 1 of them will be nearer to 
the other, 
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Fig. 18. Fige 19. 


Proof: The _/ PO, and the lines through P and any 2 points A and B of the hyperplane 
OABC, lie in a 2nd hyperplane POAB which interseots the given hyperplane OABC in a plane 
. OAB, The _/ PO is _/ to OAB, and the 3 lines Fh’, PA, and PB intersect the plane OAB 
lying in the hyperplane OABC in the points 0, A, and B, respectively, The theorem is 
therefore a theorem in the solid-geometry of the 2nd hyperplane POAB. 

In the plane OAB lying in POAB, construct AP = BP, then AO = BO, and conversely, if 
AO = BO, then AP = BP, In the plane OAB lying in POAB, construct DO greater than AO, 
then DIP is greater than AP, and conversely, if DP is greater than AP, then DO is 
greater than AO. Therefore the theorem is proved. (Q.E.D) 


*The theorems of this article are true at least when the distances referred to are 
*restricted’. 
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14. PROJECTION OF A LINE UPON A RHYPERPLANE, ANGLE OF A $-LINE AND HYPERPLANE, The 
projection of any figure upon a hyperplane consists of the projections of its points, 


Theorem 1, When a line and a hyperplane are not perpendicular, the projection of 
th 
line upon the hyperplane is a line or a part of a line. (Fig. 19.) : 
Corollary, When a #-line drawn from a point 0 of a hyperplane does not lie in the 
hyperplane and is not perpendicular to it, its projection upon the hyperplane is a d#-line 
drawn in the hyperplane from 0, or the interior of a segment which has 0 for 1 of its 


points. 
Given: A line m and a hyperplane OABC that are not _/. 


fo Prove: The projection of a line m upon the hyperplane OABC is a line c ora 
part of c. 


Proof: Let a be the / projecting some point p’dpon the hyperplane OABC in a point E, 
any other _/ b projecting a point Qvupon the hyperplane OABC in a point F, lies in a 
plane with a (Art. 127 Th. 2), and this plane containing 2 points of m, is the plane of 
ma determined by m and a, and the projection upon the hyperplane OABC is the same as its 
projection upon a line c in which the plane of ma intersects the hyperplane QABC, The 
line oc is then the line of EF, For this reason, the theorem is therefore a theorem in the 
plane-geometry of the plane ma. Therefore the projection of a line m upon the hyperplane 
OABC is a line c or a part of c. (Q.E.D) 


thule 2 
. When a line drawn from a point 0 of a hyperplane does not lie in the 


hyperplane and is not perpendicular to it, the angle which it makes with the line 
drawn from 0 oontaining its projection, is less than the angle which it makes with any 
other #line drawn in the hyperplane from 0. 


When a #line drawn from a point 0 of a hyperplane does not lie in the hyperplane and 
is not perpendicular to it, the angle which it makes with its projection is called the 
ANGLE OF THE 4-LINE AND HYPERPLANE, A d-line drew from a point O of a hyperplane 
perpendicular to the hyperplane is said to make a RIGHT=ANGLE with the hyperplane. 


II ABSOLUTELY-PERPENDICULAR PLANES 
15. EXISTENCE OF ABSOLUTELY=PERPENDICULAR PLANES. 
Notation: Fhe symbol for absolutely-perpendicular is Y. 


Theorem 1, A plane has more than 1 line perpendicular to it at a given point. 
(see Fig. 18.) 


Given: A plane OAB and a point 0 of this plane. 
To Prove: The plane OAB has more than 1 line / to it at a point 0. 


Proof: The plane OAB is the intersection of different hyperplanes. Let OABC and QAHP 
be 2 hyperplanes that intersect in the plane OAB, Now in a hyperplane, a plane has 1 and 
only 1 line / to it at a given point. In the hyperplanes OABC and OAHP, construct the 
lines Of and OP _/ to the plane OAB at the point 0, respectively (see Art. 1). We have, 
then, 2 lines O€ and OP ey i to the plane OAB at 0. Therefore the plane OAB has more than 
1 line / to it at the point 0. (Q.E.D) 


Theorem 2, 2 lines perpendicular to a plane at a given point determine a 2nd plane, 
and the 2 planes are so related that every line of one through the point is perpendicular 
to every line of the other through the point. (Fig. 20.) 


Given: A plane e and 2 lines p and q _/ to at a point 0, with a planegt’ determined 
by the lines p and q, and any line c of passing through the point 0, and any line r 
ofg' passing through the point 0. 


fo Prove: Any line o of ef passing through the point 0 is / to any line rof «&' 
passing through the point 0. 


Proofs ee ee oe a ee Oe et lines of e¢ 
which pass through the point 0 (Follows from a repeated use of a theorem of the solid- 
geometry, where a line to a plane at a point 0 is _/ to all lines of the plane which 
pass through the point 0.). Now o being / to p and q at 0, is / to every line through 
O in the plane g' which the 2 lines p and q determine (Same reference to a theorem of 
the solid—geometry as stated above,). Therefore c is to any line r ing’ passing 
through the point 0. But c is any line of ef passing through 0, Therefore any line c of & 
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passing through the point O is Bs to any line r ofgc' passing through the point 0. 
Theorem 3, All the lines perpendicular to a plane at a given point lie in a single 
plane. (Fig. 21.) 
Given: A plane e¢ and a point O ofe¢ , and any line a _/ toe{ at the point 0. 


To Prove: Any line a _/ tog¢ at a point O lies in a plane ge’ . 


Proof: 2 lines p and q _/ toe determine a planeeg' in which every line through 0 
is a line / toe¢ . Now a being any line / tow at the point 0. The hyperplane 
determined by a and & intersects#' in a line b (Art. 4, The 1), also / tow{at 0. But 
in a hyperplane containing e¢ only 1 line can be / toe€ at O, For this reason, a 
coincides with b and lies ing! . Therefore any line a _/ toe at a point 0 lies ina 
plane gc’ . (Q.E.D) 

2 planes having a point in common are ABSOLUTELY=PERPENDICULAR when every line of one 
through that point is perpendicular to every line of the other through that point, 


These planes have only the point in common, and do not intersect in a line, We can 
never see both planes in a single hyperplane like the space in which we live, The most 
that we could see would be 1 plane and a single line of the other. (see Fic. 21.) 

The black-line-renderings lie in the hyperplane of p@, we see the planee@, and only 
the line p of g' in the hyperplane of pq. 





Fig. 20. : Fig sels 
16, 1 PLANE THROUGH ANY POINT ABSOLUTELY=PERPENDICULAR TO A GIVEN PLANE. 
; Theorem 1. At any point of a plane there is 1 and only 1 plane absolutely-perpendicula 
to a given plane, 
Use the theorems of the preceding articie for the proof of this theorem. 
A plane and a point outside of a plane lie in 1 and only 1 hyperplane. Through any such’ 
point, therefore, by solid-geometry, passes 1 and only 1 line perpendicular to the planes 


and the PROJECTION OF THE POINT UPON THE PLANE, as in solid-geometry, is the foot of this 
perpendicular, A point that lies in a given plane is its own projection upon the plane. 








: Fig. 22. Fig. 23. 


Theorem 2, Through any point outside of a plane passes 1 and only 1 plane 
absolutely-perpendicular to the given plane. (Fic. 22.) 


Given: A point P outside of a plane gf. 
To Prove: A plane gc’ passing through the point P is the only plane Y tow. 


Proof: Let the projection of the point P on the plane e& be 0. The Y planeg,’ at 0 
will then contain the ae 4 line OP, and therefore P, Moreover, any Y plane containing P 
must contain a _/ line through P, and there is only 1 such line. Therefore a planeged 
passing through the point P is the only plane Y toa. (Q.£E.D) 


17. PLANES ABSOLUTELY-PERPEYDICULAR TO PLANES WHICH INTERSECT IN A LINE, 


Theorem 1, If 2 planes intersect in a line and so lie in a hyperplane, their 
absolutely-perpendicular planes at any point of their intersection intersect in 2 line 
and lie in a hyperplane. (Fig. 23.) 


Given: 2 planes e¢and@ intersecting in a line a, and the | planes ,! and ys of ot 
and g respectively, at a point 0 of a-of their intersection, 


To Prove: The planes gc’ andy’ V¥to ecand Wf respectively, at a point O of a of their 
intersection, intersect in a line b and lie in a hyperplane. 


Proof: @' and g' are both _/ to the line a at 0, and lie in a hyperplane / to a 
at O (Art. 12, Th. 3). Therefore ee! and intersect in a line b (see Th.1 of RSC-III). 
Therefore the planes o' andyf' Y to gc and p@frespectively, at a point 0 of a of their 
: intersection, intersect in a line b and lie in a hyperplane, (2.E.D) 


Theorem 2, If 3 planes have a line in common, their absolutely=perpendicular planes 
at any point of this line lie in a hyperplanes and if 3 planes lie in a hyperplane and 
have a point in common, their absolutely-perpendicular planes at this point have a 
line in common, 


The proof of this theorem follows from Theorem 5 of Art. 12, the line being 
perpendicular to the hyperplane. 
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Fig. 24. Figs 25.6 


Corollary. If 3 planes have a line in common and lie in a hyperplane, their 
absolutely=perpendicular planes at any point of this line have a line in common and 
lie in a hyperplane. 


18, PLANES ABSOLUTELY=PERPENDICULAR TO A PLANE AT DIFFERE‘T POINTS. 
Theorem. 2 planes absolutely-perpendicular to a 3rd lie in a hyperplane. (Fic. 24.) 
Given: 2 planes & and XX to a 3rd plane % at points O and O' respectively. 


To Prove: The planes g(iand ~ lie in the hyperplane determined by e{ and the line c 
ef O0', 


Proof: Let a and b be the lines _/ at 0 and O' to the hyperplane determined by & and 
c. a and b lie in a plane (Art. 13, Th. 2), and this plane is », for a being ton , 
must lie in Z , and only 1 plane can contain a and the point O', b is then tow 3 50 
that g@ lies withec in the hyperplane to which b is _/ (Art. 12, Th. 3), the hyperplane 
determined by e{ and c. Therefore the planes e& and a lie in the hyperplane determined by ec 
and the line c of 00', (Q,E.D) 


Corollary. All the planes absolutely-perpendicular to a plane at the points of any 
line of it lie in a hyperplane, ; 


The most that we could see in any 1 hyperplane would be the plane > and a line in each 
of the other 2 planes, or the 2 planes ec. and # and a single line o of % 


19, PROJECTION OF A LINE UPON A PLANE, As in other cases of projeotion, the projection 
of any figure upon a plane consists of the projections of its points.(art. 14). 


Theorem 1, The perpendiculars projecting the points of a line upon a plane do not lie 
in a single plane, unless the line itself lies in a hyperplane with the plane upon which 
it is projected. 


Proof: If any 2 of the _/s were in a plane, that plane, having 2 points in common with 
the given plane would intersect the latter in a line and lie with it in a hyperplane 
(art. 1, Th. 2 (4)). Therefore, the given line would lie in a hyperplane with the plane 


i 
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upon which it is projected. (See Fig. 25, and use the plane of mA' lying in the 
hyperplane ABA'B's complete the details of the graphic, then the results are quite 
obvious. 


When 2 planes are absolutely-perpendioular at a point 0, all the points of one project 
upon the other in a single point 0, We may regard projection upon a plane as made by 
planes absolutely-perpendicular to it, just as in solid-geometry we may regard projection 
upon a line as made by planes perpendicular to the line. We shall sometimes speak of 
PROJECTING=PLANES and think of a point as projected upon a plane in this way, 


Theorem 2, The projection of a line upon a plane is a line or a part of a line, unless 
the given line lies in a plane absolutely-perpendicular to the given plane. (Fig. 256) 


Given: A line m and a plane ?”, 
To Prove: The projection of the line m upon the plane } is a line c or a part of c, 


Proof: Let ef be the plane Y to % which projects some point A of m upon, Any other 
plane @ projecting a point B of m upon > lies in a hyperplane withe< (Art. 18, Th.) But 
this hyperplane containing 2 points of m, is the hyperplane determined by m ande< 3 and 
the projection of m upon % is the same as its projection upon the line c in which this 
hyperplane intersects ®. Therefore the projection of the line m upon the plane » is 
a line c or a part of c. (Q.E.D) 


The projecting-lines form a RULED=-SURFACE which contains the given line and its 
projection and lies in the hyperplane of these 2 lines, (See Fig. 25, the 2 lines 
m and c determine the ruled=surface in the hyperplane of mc.) 


III SIMPLY-PERPENDICULAR PLANES 


20. PLANES INTERSECTING IN A LINE 2 ABSOLUTELY-PERPENDICULAR PLANES. 2 planes are 
PERPENDICULAR, or SIMPLY-PERPENDICULAR, when they lie in 1 hyperplane and in this 
hyperplane form right-—dihedral-angles. Each contains a line in the other and lines 
perpendicular to the other. 

In one sense, 2 planes are perpendicular whenever one of them contains a line 
perpendicular to the other, such planes have also been called #perpendicular. 2 planes 
in a hyperplane forming a right-—dihedral-—angle can be decribed as PERPENDICULAR IN A 
HYPERPLANE. We shall use the sense of +perpendicular planes in a hyperplane, in the 
ordinary-sense as used in our solid-geometry, i.e. we shall call the #perpendicular 
planes in a hyperplane forming a right—dihedral-angle, simply, ‘perpendicular' planes 
in a hyperplane. 

Theorem 1, A plane perpendicular to 1 of 2 absolutely-perpendicular planes, and 
passing through the point where they meet, is perpendicular to the other, (Fig. 26.) 
Given: 2 ¥ planesed and q' that meet in a point 0, and # a plane passing through 0 

and _/ tog. 

To Prove: fis _/ tog' . 

Proof: 2 planes which are - i lie in a hyperplane, and by a theorem of solid-geometry, 
a line in one / to their intersection is / to the other, There is, then, a line d 
to & at 0, that is, a line d common toW@ and the Y planee¢' , so that @ intersects a’ 
in a line d and lies withee' in a hyperplarie. Now the line c in which  @# intersects & , 
like all the other lines of e through 0, is / to e<' 3 so in the hyperplane of wy and e¢’ 
we have a line c lying inyg#_/ tog’ . Thereforew is _/ tog’ . (Q.E.D) 

Theorem 2. A plane intersecting in a line each of 2 absolutely-perpendicular planes, 
is perpendicular to both. (see Fig. 26.) 

Given: 2 ¥ planes e{ and «’ that meet in a point 0, and w@ a plane intersecting of and et’ 
in lines c and 4 respectively. 

To Prove: @ is _/ to anda’ . 


Proof: The lines c and d, and @ pass through 03 otherwise the hyperplane determined 
by and 0 would contain both ef and g' , which is impossible. Now the line di in: which 4 





é 
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intersects oc is that line which is / toe@¢at 0 in the hyperplane determined by e¢and 
W . In the hyperplane of Mg , then, we have a line d lying in @and _/ toe, In the 
ome a or by Th. 1, we prove that @ is _/ tog’. Therefore @ is to egandeg' . 
Q.E.D 





Fig. 26. Fig. 21% 


Theorem 3, If 2 planes are perpendicular, their absolutely-perpendicular planes at 
any point of their intersection are perpendicular, (Fig. 23.) 


Given: 2 _/ planes eand that intersect in a line a, and ox' and @' their Y planes 
at a point O of their line of intersection a. 


To Prove: ec' and g' are at a point O of the line of intersection a of egand . 
é 


Proof: ag, being _/ to @ , is _/ tog'; and then@', being / tom, is _/ tog’ 
(Th. 1 of this article), Therefore@g' and g' are _/ at a point 0 of the line of 
intersection a of e{ and 4. (Q.E.D) 


21. 2 PAIRS OF ABSOLUTELY-PERPENDICULAR PLANES AT A POINT—Possible-Positions. Let 2 
pairs of absolutely=perpendicular planes have their intersection point O in common, Then 
1 of 3 possibilities may occur as follows: : 
1) they may have only the point O in common; 
2) each plane of 1 pair may intersect in a line 1 plane of the other pair} 
3) each plane of 1 pair may be perpendicular to both planes of the other pair. 
. In (3) the 4 lines of intersection are mitually-perpendicular, and, taken 2 at-a-time, 
determine also a 3rd pair of absolutely=perpendicular planes. The planes of each of the 
3 pairs are then perpendicular to all the planes of the other 2 pairs, 
= Actually, we have 4 mtually=perpendicular lines, such that, any 2 of them will 
determine a plane, and any 3 will determine a hyperplane. Each line is perpendicular to 
the hyperplane determined by the other 3, In each hyperplane are 3 of the 6 planes, 3 
mutually=perpendicular planes forming a trirectangular-trihedral-angle,. 
We shall call this figure a RECTANGULAR=-SYSTEM (see Art. 40). 


Note: In general, we shall use the word 'pair' in speaking of 2 planes only when we 
have in mind 2 planes absolutely-perpendicular to each other, Thus we shall speak 
in-this-way of a pair of planes perpendicular to a given plane, and of a pair of common- 
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perpendicular planes when we have 2 given planes. 
22. COMMON—PERPENDICULAR PLANES OF 2 PLANES INTERSECTING IN A LINE, 


Theorem, 2 planes which intersect in a line have at any point O of that line 1 and 
only 1 pair of common—-perpendicular planes. (Fig. 27.) 


Given: 2 planes e& and # which intersect in a line a. 


To Prove: e¢ and # have 1 and only 1 pair of common aS planes at any point O of their 
line of intersection a. 


Proofs Let ge’ and g' be the planes Y toet and @ at O. A plane which is / to efand lad 
at O is a plane which intersects these 4 planes in lines. The planes ef and @ intersect 
in a line a and lie in a hyperplane, and the planes g¢' and #' intersect in a line d and 
lie in a hyperplane (Art. 17, Th. 1). d is _/ to the hyperplane ofe¢ andg, and a is _/ 
to the hyperplane of #’ and g' (Art. 12, Th. 4). 

In a hyperplane 2 intersecting planes have a common m5 plane at any point of their 
intersection, _/ to the intersection, In the hyperplane of ef and@, let > be the common 
_/ plane toe¢ and # at a point O of their line of intersection a, _/ to a. } cannot 
contain the intersection ofe<' andf', for d, the intersection of g' andf@', is / to 
the hyperplane of a¢ andg. } must therefore intersect ac’ and ,' in separate lines b and 
c respectively, and lie in their hyperplane, That is to say, the common es plane with 
which we are familiar in the case of 2 intersecting planes, oy to their intersection at 
a point 0, is the plane of intersection of their hyperplane with the hyperplane of their 
X planes at O, : 

A 2nd common / plane y' is the plane XL to the plane > (Art.20, Th. 1). %' contains 
the lines a and d which are the lines of intersection e(and @ and of «' and A' 
respectively, and may be regarded as determined by them. 

We now prove that » and %' are the only planes 2 to am and # at 0, Any plane 
intersecting efand r-] in lines must pass through their line of intersection or lie in 
their hyperplane, and any plane intersecting gJ and @' in lines must pass through their 
line of intersection or lie entirely in their hyperplane (Art. 1, Th. 1). But, as we have 
seen, a plane lying entirely in the hyperplane of 2 of these planes carmot pass through 
the line of intersection of the other 2. Any common es plane, therefore, must lie in both 
hyperplanes or pass through both lines of intersection: that is, it must be 1 of the 2 
planes already found, and this plane is}. JP and J' are therefore the only planes which 
can be ff to @ and # at 0, Therefore ef and f have 1 and only 1 pair of common ws planes 
at any point O of their line of intersection a. (Q.E.D) 


Suppose the given planes # and B are hs then the 4 planese, P, a, and £' have all 
together the 4 lines of intersection, a, b, c, and d. We have 4 hyperplanes that meet in 
a point 0, and which oontain 2 of the 4 planes. These 4 planes can be associated in 2= 
ways so that 2 planes shall intersect in a line and the other 2 planes be their Y planes. 
But the plane determined by the 2 lines of intersection in one case is the plane of 
intersection of the 2 hyperplanes in the other case. Therefore we get only 2 planes Sf 
to the 2 given planes @ and - . 

Now, ife¢ and f# are _/, withet_/ tof' and #_/ toe', then the planez' determined 
by the line of intersection a of « and - and the line of intersection d of «' and f' is 
the plane of intersection %' of the hyperplane determined by ef and f' and the hyperplane 
determined by gf' and£ ; and the plane # determined by the line of intersection b of e& 
and #' and the line of intersection o of g&" and # is the plane of intersection P of the 
hyperplane determined by a and ld and the hyperplane determined by gc’ and & ', Thus we have 
only 2 planes 7 and 3' intersecting in lines the 4 planes, and so © to the planes e¢ and 


The 4 planes, and the 2 common i planes in this case are the 6 planes of a 
rectangular-system (Art, 21). 

Corollary, If each of 2 planes having a common point O intersect in a line the plane 
absolutely-perpendioular to the other at 0, then these planes have 1 and only 1 pair of 
common—perpendicular planes. 
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23. PERPENDICULAR PLANES AND HYPERPLANES. THE PLANES PERPENDICULAR OR ABSOLUTELY= 
PERPENDICULAR TO PLANES LYING IN THE HYPERPLANE. A plane intersecting a hyperplane is 
PERPENDICULAR TO THE HYPERPLANE at a point of their intersection, if the plane absolutely 
-perpendicular to the given plane at this point lies in the hyperplane. The hyperplane is 
also said to be PERPENDICULAR TO THE PLANE. 


: Notation; We shall designate a hyperplane by the Greek capital-letter X, and we shall 

ai call X, 'Chi's; the symbol X designating a hyperplane, will be put near 1 of the corners 
of a 'parallelopiped' representing the hyperplane. From 1 to 3 hyperplanes, we shall use 
the last 3 capital-letters of the Greek-alphabet, i.e. X,Y, andfl, which are called 
respectively, 'Chi', 'Psi', and ‘Omega’, For more than 3 rplanes, we shall use 
different Greek capital-letters as the need arises, 


Theorem 1. If a plane is perpendicular to a hyperplane at 1 point of their line of 
intersection, it is perpendicular to the hyperplane. (Fig. 28.) 


Given: A plane #& and a hyperplane X intersecting in a line c, with oo / to X ata 
point O of their line of intersection c. 


To Prove: ef is a to the hyperplane X at all points of their line of intersection c,. 


Proof: Lety# be the plane V to@at 0, then the line of intersection c and the plan- i 
X toe at O determine the hyperplane X (Art. 1, Th. 2(1)), which, therefore, contains 
the planes Y to the planee< at all points of their line of intersection c (Art. 18, Th. 
and Cor.). Therefore & \° ff to the hyperplane X at all points of their line of 
intersection c. (QED) 


Fir. Fig. 29. 
Theorem 2. Ifa one is perpendicular to a hyperplane alonr a line c, any plane 
in the hyperplane perpendicular to c is absolutely=perpendicular to@e¢ , and any plane 


absolutely-perpendicular to e¢ throurh a sie of the hyperplane lies entirely in the 
: hyperplanc. (Fig. 29.) 
Case 1. Given: A plane oe / to a hyperplane X along a line c, and any plane & in the 
hyperplane X _/ to o.. 
To Prove: Bis Y tod. 
Proof: The planes Y toe¢ at the points of c lie in the hyperplane X, and in X there 
are planes os to the line c. Now in the hyperplane only 1 plane can be e's to a given 


line at a given point, Any plane @ in X, therefore, / to the line c, must be 1 of the 
planes Y to e& at the points of c, Therefore @is Y tom. (Q.E.D) 


Case 2, Given: A planeet_/ to a hyperplane X along a line c, and any planest!' X to 
through a point P of the hyperplane X. 
a 
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f Proof: In the hyperplane X, we can draw a plane # in X through the same point P = 
to c. p is then Y tom , and g&' must coincide with % and lie entirely in the hyperplane 
Xs; since we cannot have 2 planes through a point Y to a given plane (Art. 16, Ths.), 
Therefore g' lies entirely in X. (Q.E.D) 


* Theorem 3, If a plane e¢ is perpendicular to a hyperplane along a line c, any plane 
in the hyperplane passing through c is perpendicular toe¢ , and any plane perpendicular 
to@t passing throursh c, or through any line which lies in the hyperplane and is not 

> itself perpendicular to c, lies entirely in the hyperplane. (Fig. 30.) 





Fig. 30. Fir. 31. : 
Case 1, Given: A planeg¢ _/ to a hyperplane X along a line c, and any plane fin X 
passing throuch c. 


To Prove: Bis / tog. 


Proof: Let # be the plane Y to @ at a point 0 of c. Now # is Fiven as passing through 
c, and therefore intersects e& in the Tine cz and, lyine in X, it intersects ® in a line 
h which is _/ too at 0. It is therefore / toe. Therefore fis _/ tod. (Q.E.D) 


Case 2a, Given: A planeet_/ to a hyperplane X along a line c, and any plane Al 
to oe passing throuch c. 


To Prove: # lies entirely in X. 


Proof: Let be the plane Yat a point 0 of c. Now f is giver as TL to@€ and passing 
through c. # intersects % in a line h (Th. 2), It must therefore contain 2 lines c and 
h of the hyperplane X and lie entirely in it (Art. 1, Th. 1). Therefore # lies entirely 
inX. (Q.F.D) 


Case 2b, Givens: A plane ao _/ to a hyperplane X alonr a linc c, and any planc f 
passine throuch a line b which lies in X and is not itself / tec. (Fic. 31.) 


, To Prove: 3 lies entirely in X. : 


Proof: Let ® be the plane XX at a point 0 of c. Now & is given as passing throuzth a 
. line b which lies in X and is not itself / to c. Mintersects # in a line h (Th, 2). 
It must therefore contain 2 lines b and h of the hyperplane X and lie entirely in it 
(Act. 4, the 1), Therefore # lies entirely in X. (Q.E.D) 
Theorem 4,.. If 2 hyperplanes are perpendicular to a plane at a point C, they intersect 
in the absolutely-perpendicular plane at 0, 


For the absolutely-perpendicular plane lies in both hyperplanes, by hypothesis. 





f 
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24. LINES LYING IN THE PLANE AND PERPENDICULAR TO THE HYPERPLANE, OR IN THE 
HYPERPLANE AND PERPENDICULAR TO THE PLANE, 


—— .----.. ‘Theorem 1,..If a plane is perpendicular. to a hyperplane, any line in the plane. _—«w — 


« 

















perpendicular to their intersection is perpendicular to the hyperplane, and any line 
ay to the hyperplane through a point of the plane lies entirely in the plane, 
Fig. 32. 


Case 1, Givens A planeet_/ to a hyperplane X, #& intersecting X in a line c, and 
any line b inet _/ toc, 


To Prove: b is / to X. 


Proof: Let Q be the point at which the line b is / to c. Let 7 be the plane Y to c 
at Q. b, lying inet , is not only _/ to c, but also to the X plane & at the point Q 
where it meets c, The line b is therefore _/ to the hyperplane X (Art. 12, Th. 4). 
Therefore b is _/ toX. (Q.£.D) 


Case 2, Givens: A plane a _/ to a hyperplane X, ef intersecting X in a line c, and 
any line b _/ to X through a point P of#, (Fig. 33.) 


To Prove: b lies entirely ine, 


Proof: b is given as passing through a point P ofeé and es to the hyperplane X, we can 
draw a line b' in@ through the same point P to the intersection c, and the 2 lines 
b and b’ must coincide, since they are both cae X (Art. 13, Ths, 1 and 3), 

Therefore b lies entirely ine. (Q.E.D) 


x 
Fig. 32. Fie. 536 


Corollary, If 2 planes are perpendicular to a hyperplane at a point 0, they 
intersect in a line which is perpendicular to the hyperplane at 0. 


The corollary follows as an immediate consequence of the theorem, that is, the line 
perpendicular to the hyperplane at O lies in beth planes, 


Theorem 2, If a plane is perpendicular to a hyperplane, any line in the hyperplane 
perpendicular to their intersection is perpendicular to the plane, and any line 
perpendicular to the plane through a point of the hyperplane lies entirely in the 
hyperplane. (Pig. 34.) 


Case 1, Given: A plane e¢ _/ to a hyperplane X, witha intersecting X in a line c, 
and any line b in X _/ to their line of intersection c. 
To Prove: b is _/ to#, 


Proof: Let Q be the point at which the line b is / toc. Let? be the plane in X _/ 
to c at Q. b, lying in the hyperplane X and _/ to the line of intersection c, lies also 
in the plane? which in X is / to c at the same point Q, But} is X¥ to o 


f a 


(Art. 23, Th. 2), Therefore bis / tog. (Q.E.D) 


Case 2. Given a plane e_/ to a hyperplane X, with e¢ intersecting X in a line c, and 
any line b _/ to a through a point P of xX. - bq-35- 


To Prove: b lies entirely in X. 


Proof: Let ® be the plane Y toe and passing through P of X. Since b is given as 
passing through a point P of the hyperplane X and © i to@l , it lies in the Y plane 
~ which passes through the same point P, and therefore in X (Art. 23, Th. 2). Therefore b 
lies entirely in X. (Q.E.D) 





Fic. 34. Fig. 36 
25 THROUSH ANY LINE 1 PLANE PERPEDICULAR TO A GIVE: iNPERPLASE, OR 1 HYPERPLANE 
PERPE::DICULAR TO A GIVE! PLN. 
Theorem 1, If a line is perpendicular to a hyperplane, any plane passing through the 
line is perpendicular to the hyperplane. (see Fig. 32.) 
Given; A line b ef to a hyperplane x and any planee¢ passing through the line b. 
To Prove:eis / to X. 


Proof: Let Q be the point where the line b meets the hyperplane X. Let ® be the plane 
Y to@ at Q. Now the planed VY toe at the point Q where b meets X is es to the line b, 
and therefore lies in the hyperplane X (Art. 12, Th. 3). Therefore @ is pe to X. (Q.E.D) 


Theorem 2, Through a line not perpendicular to a hyperplane passes 1 and only 1 
plane perpendicular to the hyperplane. (Fig. 36.) 

Given: A line b not _/ to a hyperplane X. 

To Prove: 1 and only 1 plane passing through the line b can be f to X. 


Proof: Let of be the plane 2 to X along the projection of the line b upon X, then oe 
” contains the line b (Art. 24, Th. 1)3 and we cannot have 2 / planes containing the 
line b, for that would make the line itself es to X, which is contrary to hypothesis 
(same reference and cor.). Therefore 1 and only 1 plane passing through the line b can 
« be _ftoX, (Q.5.D) 


Theorem 7. Through a line not lying in a plane absolutely-perpendicular to a given 
plane, passes 1 and only 1 hyperplane perpendicular to the given plane. (Fig. 37.) 


Given: A line b not lying in a plane Y to a planea . 


To Prove: 1 and only 1 hyperplane passing through the line b can be _/ to. 


Proof: Let X be the hyperplane / to @ along the projection of the line b upon the 
plane of , then X contains the line b (Art. 24, Th. 2)3 and we.cannot have 2_/ 
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4 hyperplanes containing the line b, for that would put the line itself into a plane V 


to the planeg¢ , which is contrary to hypothesis (Art. 23, Th. 4). Therefore 1 and only 
1 hyperplane passing through the line b can be _/ tog. (QED) 





Figs 36. Rigs. 37 


266 PLANES WITH LINE Ne L ENTS ALL PERPENDICULAR "'O A HYPERPLAIF. 


Theoren, Civen 2? planes not in 1 hyperplanc, if any 2 of their linearelements have 
~ a common=-perpendicular linc, they all have a common-perpendicular hyperplane, to which 
the 2 civen planes arc 2lso perpendicular. (Fic. 38.) 


Given: 2 planes ef and not in 1 hyperplane, and any 2 linear-elements a and b in eo 
and & respectively, with 2 and b havin; 2 common “2 Line ¢. 


To Prove: 411 the lincarmelements of @ and -] have a common J hyperplane, to which 
the 2 planes @& and @ ere also _/. 


Proof: Let c be the common Sf line to a and b, with a meeting c at the point P, and b 
meeting c at the point ‘.. Let X be the hyperplane _/ to 1 of the lines a or by Sayy ay 
then X being _/ to &at P is _/ to the plane of a and b (Art. 25, Th. 1), and therefore 
_/ to b (Art. 24, Th. 1). X is also _/ to the planes efand #, as well as to every plane 
containing a or b (..rt. 25, Th. 1). Now any other linear-element h in@is the 
intersection of @ with 2 plane through b, and any other linear-element k in # is the 
intersection of A with a plane throuth a. The hyperplane X is therefore ei to all of 
these elements (rt. 24, Th. 1 and Cor.). 

If 2 elements in 1 of the given planes are given as having a common md line, then the 
es hyperplane X is = 4 to the plane in which they lie and to every plane containing either 
one of them: that is, if a and h are any 2 elements of & having a common af line d, then 
X is Fé to the plane & in which they lie and to every plane containing either a or h. But 
any element b of B is the intersection of 2 planes through the 2 elements a and h, and 
so is therefore, as bcfore, _/ to X. Thus X is’'_/ to elements in both planes and 50 

‘ to all elements and to the 2 planes # and 4) « Therefore all the linear-elements of ad 
and @ have a conmon _/ hyperplane, to which the 2 planes e& and # are also _/. (Q.E.D) 


Ve. HYPERPLANE-ANGLES 


27. DEFINITIO!, INT:RIOR. PLANE=ANGLES., A HYPERPLANE-ANGLE consists of 2 $-hyperplanes 
having a common-face but not themselves parts of the same hyperplane, together with 
the common-face, 

The common-face is the FACE OF THE HYPERPLANE=ANGLE, and the 2 #=-hyperplanes are the 
CELLS. 

The INTERIOR OF A HYPERPLANE=ANGLE consists of the interiors of all segments whose 
points are points of the hyperplane-angle, except those segments whose interiors also 
lie in the hyperplane=angle; that is, the interior of a hyperplane-angle consists of the 
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interiors of those segments which have a point in each cell. The hyperplane-anrle divides 
the rest of hyperspace into 2 regions, interior and exterior to the hyperplane-angle, 
Each cell of a hyperplane-angle lies on side of the hyperplane of the other cell; and the 
portion of hyperspace which lies on that side of the hyperplane of each cell on which 
lies the other cell, lies HETWEEN the 2 cells and constitutes the intcrior of the 
hyperplane-angle. 

2 #-lines drawn from a point O in the face of a hyperplane-cn-le, 1 in each cell, and 
each perpendicular to the face, are the sides of an angle which is called the PLAN=-ANGLE 
AT O OF THE HYPERPLANE=ANGLE. 


In Fig. 39, we have the representation of a hyperplanc-an';le. The hyperplane=an-le is 
designated by D-OBC=A. The #=-hyperplane cells of the hyperplane-anzle D-U3XC-A are 
designated as OBC-A and OBC=-D, and their common-face as ORC. The 2 felines OA and OD 
drawn from a point O in the face OBC of a hyperplane-anzle D-0%C-=.., with O1 in cell 
OBC=A, OD in cell OBC=D, and with OA and OD BS to the face OBC, are the sides of an angle 
AOD which is called the plane-angle at O of the hyperplane-anrle D-O°C-A, 


Theorem 1, The plane absolutely-perpendicular at a point 0 to the face of a hyperplane 
-angle, intersects the hyperplane=-angle in the plane-an-le at 0. 


Theorem 2, A hyperplane perpendicular to the face of 2 hyperplane-anrle intersects 
the hyperplane-angle in a dihedral-angle which at any point of its edge has the same 
plane-angle as the hyperplane-angle. (Fig. 40.) 


Givens A hyperplane X im to the face OBC of a hyperplanejan=le e021, with 7 
intersecting OBC in a line OC. S 


To Prove: X intersects D=OBC-A in a dihedraleangle D-OC=-A which at any point « of its 
edge OC has the same plane-angle AOD as D-OBC=A. 


Proof: The intersection consists of the 4=planes OC=A and OC=D with a common-edre (© 
lying in the face OBC of the hyperplane-angle D-OBC=-A. Tne *=plancs OCeA end (C=D with 
the common—efige OC form a dihedral<angle D-OC-A, The planeg@ V to the face OC ut any 
point 0 of the edge OC, lies in the / hyperplane X, and in X is / to OC (rt. 23, ‘The 
2). The plane ed intersects the dihedral-angle D-OC-A in the same angle in which it 
intersects D-OBC-A—-an angle AOD which is, therefore, the plane-angle at 0 of both. 
Therefore X intersects D-OBC-A in a dihedral-angle D-OC—A which at any point 0 of its 
edge OC has the same plane-angle AOD as D-OBC-A. (Q.E.D) 












Fig. 39. Fig. 40. 


Theorem 3, 2 hyperplane—angles are congruent if a plane-angle of one is equal to a 
plane-angle of the other. (Fig. 41a and Fig. 41a'.) 


Given: 2 hyperplanemangles D=OBC=-A and D'=O'B'C'=A', with the plane-angle AOD at the 
point O of D-OBC=A equal to the plane-angle A'O'D' at the point O° of D'=O'B'C'=A', 


To Prove: D-OBC=A is congruent to D'=jO'B'C'=sA', 


Proof: By superposition, i: 

Place plane-angle AOD on plane-angle A'O'D' so that side OA coincides with side O'A® and 
side OD coincides with side O'D', Then face OBC will coincide with face O'B'C', and OBC 
V to the plane & of the plane-angle AOD at the point O will coincide with O'B'C' Y to 
the plane@' of the plane-angle A'O'D' at the point O', Now OA in cell OBC=A coincides 
with O'A' in cell O'B'C'=A' and OD in cell OBC-D coincides with O'D' in cell O'B'C'=D', 
Therefore cell OBC-A will coincide with cell O'B'C'=A' and cell OBC=D will coincide with 
cell O'B'C'=D', and the 2 hyperplane=angles D-OBC=A and D'=O'B'C'=A' coincide throughout 
and are congruent (Art. 1, Th. 2(1) and Th. 3). Therefore D-OBC=A is congruent to 
B'-O'B'C'=a', (Q.E.D) 

If cell OBC-A coincides with cell O'B'C'=A', with the points O and O' coinciding; and 
cell OBC=D coinciding with cell O'B'C'=D', with the points D and D' coinciding. Then 
D=-OBC=A and D'=O'B'C'=A* will coincide throughout. We then have the plane O& coinciding 
with the plane ec’ and the face OBC coinciding with the face O'B'C' such thatet V to 
OBC at O will coincide withee' VY to O'B'C' at 0", and the plane-angle AOD will coincide 
with the plane-angle A'O'B’, with side OA coinciding with side O'A' and side OD 
coinciding with side O'D', 


Theorem 4, The plane-angle of a hyperplane-angle is the same at all points of the 
face, (Fig. 42.) 
Given: A plane-angle AOD at a point O of the face OBC of a hyperplane-angle D-OBC-A. 


To Proves The plane-angle AOD of the hyperplane—angle D-OBC-A is the same at all points 
of the face OBC of D-OBC-A. 


Proof: Let & be the plane Y to the face OBC at the point 0 which oontains the given 
Plane-angle AOD of the hyperplane-angle D-OBC-A. At any other point, say C, pass a plane 
V to OBC at C. The 2 planes @ and @ Y to the face OBC at points O and C respectively, 








“ Fig. 41a. Fig. 41a‘. 


lie ina i hyperplane (Art. 18, Th.), in which the corresponding angles are 2 plane- 

angles of the same dihedral-angle; that is, if @ is the plane of the plane-ancle ECF, 

and given the plane & of the plane-angle AOD, then these 2 plane-angles are the 

corresponding plane-angles of the same dihedral-angle A-OC-D, Therefore plane-angle ECF 

is = to plane-angle AOD. Therefore the plane-angle AOD of the hyperplane-angle D-ORBC=A 
is the same at all points of the face OBC of D-OBC-A. (Q.E.D) 















Fig. 42. 


j 


Corollary. 2 hyvperplane-angles which are congrnent in any position will always ae 


coincide as soon as they have a common-cell and the other cells lie on the same-side 
of the hyperplane of this common-cell,. 


28. THE HYPERPLANE=-ANGLE AS A MAGNITUDE. KINDS OF HYPERPLANE=ANGLES. 

SUPPLEMENTARY HYPERPLANE-ANGLES are those which can be placed so as to have 1 cell in 
common while their other cells are opposite #hyperplanes. Each of them is then the 
SUPPLEMENT of the other. A RIGHT HYPERPLANE=ANGLE is one which is congruent to its 
supplement. The hyperplanes of:the cells of a right-hyperplane-angle are said to be 
PERPENDICULAR. 

If 2 hyperplane-angles have a common-face and the cells of one lie in the interior of 
the other, or if they have 1 cell in common while 1 cell of one lies in the interior of 
the other, then the interior of one hyperplane-angle is a part of the interior of the 
other, We shall speak of one hyperplane-angle as a PART OF THE OTHER and as LESS IN 
MAGNITUDE. 

Let 2 hyperplane-angles be placed so as to have 1 cell in common while their other 
cells and their interiors lie on opposite-sides of the hyperplane of this common-cell, 
Then, if either hyperplane=angle is less than the supplement of the other, these 2 cells 
and the common-face will form a hyperplane=-angle which we can call the SUM CF THE GIVEN 
HYPERPLANE=ANGLES. 


Theorem 1. 2 supplementary=hyperplanejangles have supplementary=—plane-angles; a right- 
hyperplane=angle has a right=-plane-angle; the smaller of 2 unequal hyperplane-angles has 
the smaller plane-angle; and the plane=angle of the sum of 2 hyperplane=angles is the 
sum of their plane=-angles. 


Theorem 2. If we divide the plane=angle of a hyperplane-angle into any number of 
equal parts, the lines of division will determine additional cells by means of which the 
Given hyperplane-angle is divided into the same mumber of equal parts; in particular, 
ziven a hyperplane—angle @& , and other hyperplane-angle may be divided into a sufficient 
number of equal parts so that 1 of these parts shall be less than o¢. 


we can build-up a theory of the measurement of hyperplane-angles, taking any particular 
one as the unit of measure, 


29. HYPERPLANE~ANGLES MEASURED BY THEIR PLANE—ANGLES. 


Theorem. 2 hyperplane=—angles are in the same ratio as their plane-—angles, and the 
hyperplane-angle may be measured by ite plane—angle,. 


Proof: If we divide the plane-angle of a hyperplane-angle into some mumber of equal 
parts, the +lines of division, taken with the face of the hyperplane-angle, will 
determine *hyperplanes which divide the interior of the hyperplane-angle into the same 
mumber of equal parts. We can therefore prove in the usual way that hyperplane-angles 
are proportional to their plane-angles, ist when the plane-angles are commensurable, 2nd 
ahen the plane-angles are incommensurable using the method of limits or some equivalent 
method, 

Now a right-hyperplane-angle has a right-plane-angle (Art. 28, Th. 1). Therefore, the 
measure of the hyperplane-angle in terms of a right—hyperplane-angle is always the same 
as the measure of its plane-angle in terms of a right-angle. 


30. THE BISECTING 4 HYPERPLANE. 


Theorem 1, The 4hyperplane bisecting a hyperplane-angle is the locus of points in th 
interior of the hyperplane-angle equidistant from the hyperplanes of its cells. (Figs. v2 


Given: The hyperplane OBC-E bisecting a hyperplane—angle D-OBC-A. 


To Prove: The bisecting hyperplane OBC-E is the locus of points in the interior of 
the hyperplane—angle D-OBC=-A equidistant from the hyperplanes of its cells. 


Proof: Through any point G lying in the interior of the hyperplane-angle D-OBC=-A we 
can pass a plane Y to the face OBC of D-OBC=A (Art. 16, Th. 2). Let eCbe the plane 
passing through G and Y¥ to OBC at the point Q. The plane @ will intersect the cells of 
the hyperplane—angle D-OBC=A in the aides of a plane-angle and the bisecting #hyperplane 
OBC-E in the $line which bisects the plane-angle. Let the $line QR be the intersection 
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ofe€ with the cell OBC=-A and the line QT be the intersection of @{ with the cell 

OBC-D, then the lines QR and QT are the sides of a plane-angle RQI. let the #line QS 
which bisects the plane-angle RQP be the intersection ofo€with the bisecting hyperplane 
CBC-i:. Now @is _/ to the hyperplane of the cells OBC-A and OBC-D of the hyperplane=-angle 
D-OBC-A (Art. 23, Def.), and the distances of the point G from the hyperplanes of the 
cells are the distances of G from the sides QR and QT of the plane=angle RQT (Art. 24, 

Th. 1). If, then, the point G isxthe s-hyperplane OBC-E bisecting the hyperplane=angle 
D-OBC-A, it is in the #line QS bisecting the plane-angle RQT, and these distances are 
equal: that is, if M is the projection of G on QR, with GM = d', and P is the projection 
of G on QI, with GP = d, then d = d‘'. If d = d', the point GC is in the line Qs bisecting 
the plane-anzle RQT, and therefore in the 4hyperplane OBC-E bisecting the hyperplane- 
angle D-OBC-A. That is, the bisecting *hyperplane OBC-E is the locus of points in the 
interior of the hyperplane-anzle D-OBC=A equidistant from the hyperplanes of its cells, 
Therefore the statement above is proved. (Q.E.D) 


Theorem 2. The distances of a point in one cell of a hyperplane=-angle from the 
bisecting +hyperplane, is greater than 4 of the distance of the point from the plane of 
the other cell, 

The proof is like that of the preceding theorem, by passing a plane through the given 
point absolutely=perpendicular to the face of the hyperplane-angle,. 


31. PERPENDICULAR=HYPERPLANES. LINES LYING IN ONE AND PERPENDICULAR TO THE OTHER, 


Theorem 1, If 2 hyperplanes are perpendicular, any line in one perpendicular to 
their intersection is perpendicular to the other, and any line thyrourh a point of one 
perpendicular to the other lies entirely in the first. (Fig. 


Given: 2 hyperplanes X and # intersecting in a plane @ , with X oe to a and any 
line Qin x _/ to - (Case 1.) 


To Prove: Qis _/ toy. 

Proof: Let O be the point where the line a is a4 to@{. The line a lies along one side 
of a plane-angle of each of the 4 right-hyperplanejangles whose cells lie in the 2 
hyperplanes X and ,» and, since these planemangles are right-angles, the line a is i 
to that line of F along which lie their other sides. Let b be that line at O along which 
lie the other sides of the plane-anglte at O of these 4 right-hyperplane-angles. The line 
ais ff to the line b in as well as to@ in which X and Pf intersect, and therefore is 
_/ toy (Art. 12, Th. 4). Therefore ais / tof. (Q.E.D) 

Case 2. The proof of the 2nd part of this theorem is like the corresponding proofs 
Given in Art. 24, 

Theorem 2, If a line is perpendicular to a hyperplane, any hyperplane which contains 
the line is perpendicular to the hyperplane. 

Theorem 3, If 3 intersecting hyperplanes with only a line common to all 3 are 
perpendicular to a given hyperplane, the line of intersection is perpendicular to the 
given hyperplane. 

32. PLANES LYING IN ONE AND PERPENDICULAR TO THE OTHER OF 2 PERPENDICULAR=HYPERPLANLS, 

Theorem 1, If 2 hyperplanes are perpendicular, any plane in one, perpendicular to 
their intersection, is perpendicular to the other, and any plane through a line of one, 


perpendicular to the other, lies entirely in the first ess the line itself is 
perpendicular to the hyperplane of the second. (Fig. 447) 


Case 1. Given: 2 hyperplanes X and pr intersecting in a planee , with X St to# ° 
and any plane 8 in X, _/ tog. 


To Prove: Bis _/ toy. 
Proof: Draw a line b in the plane - J to @ at a point 0, and therefore 7 to 
(Th. 1). fis then _/ to # (art. 26, Thy 1) Therefore # is _f te ~- (Q.E.D) 
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Fige 456 
Case 2. Given: 2 hyperplanes X and Y intersecting in a plane #& , with X _f to a 
: and any plane # through a line b of X, /to@ . (Fir. 46.) 
To Prove: g lies entirely in X unless b itself is =f to y: 
Proof: Suppose b in X is not ae to VW » then we can draw a plane 9 through b in X e! 
to @& , and therefore f/f to » by the ist part of this theorem, But through a line not 
_/ to a hyperplane there passes 1 and only 1 plane _/ to the hyperplane (Art. 25, Th. 2). 
Therefore 8 must coincide with} and lie entirely in X. Therefore # lies entirely in 
X unless b itself is _/ toed. (Q.E.D) 


Theorem 2, If a plane is perpendicular to a hyperplane, anv hyperplane which contains 
the plane is perpendicular to the hyperplane. (use Fiz #Z5.) 


Given: A plane AL to a hyperplane y- 
To Prove: Any hyperplane X which contains # Sa Se y- 


Proof: In the plane f are lines which are = to the hyperplane vy. and any such 
hyperplane which contains the plane # must contain these lines, and must itself be _/ to 
(Art. 31, Th. 2). Therefore any hyperplane X which contains fis _f to y- (Q.E.D) 


Theorem 3, If 2 intersecting hyperplanes are perpendicular to a given hyperplane, 
their intersection is also perpendicular to the given hyperplane. 


33. PROJECTION OF A PLANE UPO! A HYPERPLANE. ANGLE OF A $=PLANE AND HYPERPLANE. 


Theorem 1. The projection of a plane upon a hyperplane is a plane or a part ofa 
Plane; it does not lie entirely in 1 line unless the given plane is perpendicular to 
the hyperplane. (Fig. 47.) 


Given: A planeeé and a hyperplane X. 


To Proves The projection of @ upon X is a plane f or a part of B gs it does not lie 
entirely in 1 line unless the plane e& is / to X. 


Proof: The plane & and any point 0 of its projection determine a hyperplane ¥ which 
is / to X (Art. 31, Th. 2). Let f# be the plane of intersection of X and Y. The lines 
which projectg the points of @ upon X are the same as the lines which project the points 
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Fig. 46. Fige ATs 
of the plane @& upon the plane B » the intersection of X and VM (art. 31, Th. 1, and Art. 

- 12, Th. 3). The projection upon X is therefore the same as the projection upon the plane 
of Pee . Now the planem is not / tof if it is not / to X (Art. 32, Th. 1). 
Therefore the projection is not a line, but is the plane of jntersection # itself, ora 

~ part of B . Therefore the projection of & upon X is a planePM or a part of B *: it does 
not lie entirely in 1 line unless the plane@ is / to X. (Q.E.D) 


*It is a single connected convex-part, any point lying between the projection of 2 
points being also the projection of a point upon the given plane. 


Corollary. When a #plane with its edge in a siven hyperplane does not lie in the 
hyperplane and is not perpendicular to it, its projection upon the hyperplane is a 
d-plane, or a portion of a 4#-plane, having the same edge. 


Theorem 2, When a #plane with its edze in a ziven hyperplane does not lie in the 
hyperplane and is not perpendicular to it, the dihedral-angle which it makes with the 
4-plane having the same edge and containing its projection is less than the dihedral- 
ne aa it makes with any other 4=plane of the hyperplane having the same edze. 

Fig. 48. 


Given: A plane @& with its edge e in a hyperplane X and which does not lie in X and 
is not ~ s to X, with the +plane f being the projection of efupon X and having the same 
*" edge e as @ , and any other plane > in X with edre e. 


To Prove: The dihedral-angle whiche{ makes with é is less than the dihedral-ancle 
« which it makes withP. 


Proof: Let # be the hyperplane mf to the common—edge e at a point C, Then Fwill 
intersect the 3 $-planes@, @, andy in 3 $-lines a, b, and c, respectively, and these 
d-lines taken 2 at-a-time, are the sides of plane-angles of the dihedral-angles whose 
faces are any 2 of the 3 ‘planes, 

Now the hyperplane ~ and the hyperplane of @ and f contain the 4-lines a and b, and 
are both o's to X (the former by Art. 31, Th. 2). Hence they intersect in a plane which 
contains a and b and is _/ to X (Art. 32, Th. 3), and therefore contains the projection 
of a upon X (Art. 24, Th. 1). In other words, the dline b is the #-line which contains 





Fig. 48, 


the projection of a upon X; and makes an angle with @ which is less than the ansle which 
it makes with c (Art. 14, Th. 2). Therefore the dihedral-angle which e¢ makes with B is 
less than the dihedral-angle which it makes withp. (Q.E.D) 


When a #plane with its edge in a given hyperplane doe not lie in the hyperplane and is 
not perpendicular to it, the plane-angle of the dihedraleangle which it makes with the 
4-plane having the same edge and,containing its projection is called THE ANGLE OF THE 
4=PLANE AND HYPERPLANE, When a $-JAne’ with its edge in a given hyperplane is 
perpendicular to the hyperplane, it is said to make a RIGHT=ANGLE WITIi THE HYPERPLANE. 





CHAPTER IV 31 
ANGLES OF 2 PLANES AND ANGLES OF HIGHER ORDER 


I. COMMON=PERPENDICULARS 


34. THE COMMON-PERPENDICULAR LINE OF A LINE AND PLANE AND THE COMMON-PERPENDICULAR 
PLANE OF 2 PLANES WHICH HAVE A COMMON-PERPENDICULAR HYPERPLANE. 


Theorem 1. Given a line a and a plane B not in the same hyperplane, there is a point 
of a whose distance from # is less than or equal to the distance from Mof any other 
point of a, and the line along which we measure this minimum—distance is perpendicular 
to both. (Fig. 49.) 


Givens: A line a and a plane £ not in the same hyperplane. 


To Prove: There is a point of a whose distance fron B is less than or equal to the 
distance from # of any other point of a, and the line along which we measure this 
minimumdistance is / to both. 


Proof: Let b be the line along which lies the projection of a upon a Let c be the 
line / to a and b at points P and Q respectively, then c will be _/ toMat Q Nowa 
and b lie in a hyperplane (Art. 19, Th. 1), and the distance of any point of a from its 
projection upon £ is less than its distance from any other point of B e Therefore, any 
point of a whose distance from b is less than or equal to the distance from b of any 
other point of a, will be a point whose distance fron # is less than or equal to the 
distance from s of any other point of a3 and the line along which we measure this minimum 
-distance will be / to a and #, being / to a and b. But c is this lines for, any line 
_/ to a and # will be _/ to b, and will be the projecting-line of a point of a, Therefore 
c being ff toa and £ at P and Q respectively, is the line along which we measure this 
minimumdistance and is PQ. (Q.E.D) 
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Theorem 2. If 2 planes not in 1 hyperplane have a commom—perpendicular hyperplane 
Art. os they have a ocommon—perpendicular line and a common-perpendicular plane. 
Fig. 50. 
Given: 2 planes & and # not in 1 hyperplane, with the hyperplane X being the common 
_/ hyperplane to af and @- 
To Proves # and # have a common _/ line and a common _/ plane. 


Proofs Let e and f be the lines of & and # respectively, in which the common / 
hyperplane X intersects & and é » The lines e and f do not lie in 1 plane (Art. 4, Th. 4), 
e and f have a common / line c. The linec is _/ to@and @ (Art. 24, Th. 2). Let 7 be 
the plane containing c and intersecting the linear-elements of @& and # in the elements 

a and b respectively, then > will be the plane _/ toa and #. Therefore & and # have a 
common _/ line and a common / plane. (Q.E.D) 


We shall give a group of theorems related to the Elliptio—Geometry of Hyperspace as 
follows: 


Theorem 1. If 2 lines not in the same plane have more than 1 common—perpendicular, 
they have an infinite-number of common—perpendiculars; along all of these perpendiculars 
the distance between them is the same, and any 2 of the perpendiculars cut-off the same 
distance on them, (Proof of this theorem can be found in Manning’s Geometry of Four 
Dimensions in Art. 62, p-108; we shall develop the graphics of the hypersphere in 
another Chap, which will represent the Double-Elliptic Ceometry of Hyperspace. ). 


Theorem 2. If a line and plane not in 1 hyperplane have more than 1 common- 
perpendicular line they have an infinite-mumber of these perpendiculars, 1 through every 
point of the lines along all of these perpendiculars the distance between thea is the 
game, and any 2 of the perpendiculars intersect the line and plane at the same distance 
from each other, 


Theorem 3. If 2 planes not in 1 hyperplane have a common-perpendicular and more than 1 
common—perpendicular plane, they have an infinite-mumber of common—-perpendicular planes, 
1 through each linear~element; and any 2 of these planes are equidistant along the 
intersection of the given planes with the given perpendicular—hyperplane or with all the 
perpendicular—hyperplanes if there can be more than 1, 


II POINT-—GEOMETRY 


35, A GEOMETRY WHOSE ELEMENTS ARE THE #=LINES DRAWN FROM A GIVEN POINT, We shal] make 
a study of the angles formed at a point O by the lines, planes, and hyperplanes which 
pass through 03 and to simplify the presentation of the subject, we shall omit all 
mention of this point, it being understood that the lines, planes, and hyperplanes which 
pass through O are the only ones considered. Since all lines, planes, and hyperplanes 
have O in common, ve can always say that 2 planes in a hyperplane intersect, and that 
any plane and hyperplane or any 2 hyperplanes intersects it being understood that in 
each particular case the intersection exist, 

We shall call the geometry of the various kinds of amgles which we may have at a point 
POINT=GHOMETEY. 

As O completely separates the 2 opposite d-lines drawn from it along any line, ve shall 
coneider the $line as one of the elements of the Point—Geometry, rather than the entire- 
line, To every d-line there is, then, 1 opposite; and a plane or hyperplane containing 
1 of 2 opposite lines contains the other. 2 planes in a hyperplane, or any plane and 
hyperplane, intersect in 2 opposite $-lines, Each hyperplane has 2 perpendicular $lines, 
one opposite the other, 

Point-—Geometry in space of 4-dimensions is a }-dimensional geometry, That is, we get 
nll the elements of the Point-Geometry if we take 4 elements not in 1 hyperplane, all 
elements ooplanar with any 2 of them, and all elements coplanar with any 2 obtained by 
this process. We can interpret the 2—-dimensional and 3<dimensional geometries given in 
the plane- and solid-geometries as Point—Ceometries, if we give a proper meaning to their 
undefined—terms and confine ourselves when necessary to a restricted angular-region. 


III THE ANGLES OF 2 PLANES 
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36. TEOREMS OF PERPENDICULAR PLANES STATED IN THE LANGUAGE OF POINT—GEOMETRY. In 
this section we use the language of Point-—Geometry, all planes and hyperplanes being 
assumed to pass through a given point 0, and all d-lines to be drawn from 0. 
For perpendicular—planes we have proved certain theorems which can be stated here 
as follows (Art. 16, 17, 20, and 22): 


Theorem 1. Each plane has 1 and only 1 absolutely-perpendicular plane, 
Theorem 2. If 2 planes intersect, their absolutely—perpendicular planes intersect, 


Theorem 3. A plane perpendicular to 1 of 2 absolutely-perpendicular planes is 
perpendicular to the other. (This theorem is included in Th. 4 that follows.) 


Theorem 4. Given 2 pairs of absolutely=-perpendicular planes, if either plane of 1 pair 
is perpendicular to 1 plane of the other pair, or if either plane of 1 pair intersects 
both planes of the other pair, then each plane of either pair intersects both planes of 
the other pair and is perpendicular to both planes of the other pair. 


Theorem 5. If 2 planes have a common=-perpendicular plane, the plane absolutely-— 
perpendicular to the latter is also a common-perpendicular plane to the 2 given planes. 


Theorem 6. 2 planes which intersect have 1 snd only 1 pair of common-perpendicular 
planes. 


37. EXISTENCE OF COMMON-PERPENDICULAR PLANES. 


Theorem, When 2 planes and 6 ac not intersect, the plane of the minimum=—angle which 
a tline of & makes with 6 is perpendicular to e¢ and @. 


It will be better to postpone the proof of this theorem until we have taken up a study 
of the Isocline-Planes of the Point-Geometry given in Chap. V (Art. 50 ),. 


We shall give a theorem of planee with an infinite=-number of common-perpendicular 
planes. 


Theorem, If 2 planes e and 6 cut-out equal angles on a pair of common-perpendicular 
planes, they have an infinite=-number of common=-perpendicular planes, the plane projecting 
any #=-line of either upon the other being perpendicular to both. On all of these common- 
perpendicular planes they cut-out equal angles; and ifoet and # are not absolutely- 
perpendicular, any 2 of these planes cut-out on B angles equal to the angles which they 
cut—out one. < 

Conversely, if @€ and é » not being absolutely-perpendicular, have more than 2 common- 
perpendicular planes, the acute-angles which they cut—out on any pair of these common- 
perpendicular planes are equal. (For proof of this theorem see Manning’s Geometry of 
Four Dimensions, Art. 69, prll9.) 


38. THE ANGLES BETWEEN 2 PLANES. ISOCLINE=PLANES. The acute-angles (or right-angles) 
g and ¢' which 2 planes cut-out on their common-perpendicular planes are called the 
angles between the 2 planes. When 1 of these angles is O the 2 planes intersect and lie 
in a hyperplane. The other angle is then the measure of the acute-dihedral-angles ( or 
right—dihedral-angles) whose faces lie in the 2 planes. When 1 angle is O and 1 a right- 
angle the planes are simply-perpendicular. When 1 angle is a right-angle the planes are 
sometimes said to be perpendicular even if the other angle is not 0, but we shall use 
the word ‘perpendicular’ alone as applied to planes only when the other angle is 0. 
When both angles are right-angles the planes are absolutely-perpendicular. 


In a study of the Point-Geometry (theorems and proofs) we shall make use of a 
LOGIC=DIAGRAM drawn to represent points at a given distance from 0, d-lines (draw from 
0) are represented in the diagram by points, and planes by lines. Angles in the diagram 
are represented by lengths of line-segnents, 

We shall use the logic—diagram (circuit) in 2 senses when it is associated with a 
graphio—form of the Point—Geometry: 1st, simply as #-lines (drawn from 0) of a 
rectangular-system, and the planes determined by these #-lines as well as the angles at 
Os 2nd, as points of the hypersphere itself, that is, any 2 #lines (drawn from 0) will 
determine a portion of a plane that intercepts the hypersphere in an are of a great- 
circle, and which is represented in the diagram by the length of a line-segment. However, 
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it must be understood that when we use the diagram in the ist-sense, the translation 
from the graphic-form back to the diagram implies that we consider only the points on 
the d=lines at a given distance from 0. The graphic and diagram relationships are in 
1=to=1 correspondence. The ‘concepts' of the Point-—Geometry will become crystal-clear 
when we take up a study of the hypersphere. 


In diagram 1, let a, b, c, and d be 4 mutually-perpendicular #lines of a rectangular 





logic-Diag. 1. 





Pig. 52. 


system, Suppose in the planes ba and cd we lay-off from b and c the angles ¢ and ¢'. The 
4-lines which terminate these angles determine a plane@ which makes with the vlane of be 
the angles ¢ and ¢', ba and cd being the pair of common=perpendicular planes 
perpendicular to & and to bc. 

Given any 2 planes « and 8 with their common-perpendicular planes Y and 5. «e us tke 
for be the plane # and for ba and cd the planes # and %', ad will be the play- g' 
absolutely-perpendioular to #, and the angles g and ¢' will be laid-off as above in 
the planes ba and cd. 

When we say that the plane @ makes with be the angles ¢ and ¢', we in.Jy a sense of 
rotation in @ corresponding to the order be. If p and q are the termins: #lines of these 
angles, then @ is the plane pq, with a sense of rotation which tar: p through 90 to 
the position of q. 

The angles & makes with the plane ad are the complements of ¢ -.:4 g’. We shall assume 
that a counter-clockwise-rotation (positive-direction) of the av ;!es g and ¢' occurs when 
the 4-lines (initial-side of the angles g and g') at b an¢ ar vs in the direction 
towards the liner <: + ons cy, curl is, the place & io the -..' gram slides towardr the 
position of its absolutely-perpendicular ,;lare at @'s in the ,raphic, then, +t! s-lines 
b and c rotate in a coynter-clockwise—dir.~iion about O in ft.e planes ba and cd 
respectively, and a 90 counter—clockwis’ -rotiation of bh » .d c in planes ba and cd 
respectively, will take # to its pos’ ..cn at @', 

In Mg. 52, the acute-angles 7 -:¢ ¢' whica 2 planes and @ cut-out on their common- 
perpendicular planes be and cd ~.:. eatlei the angles tesween the 2 planes e and ‘od e 

When ¢ ¢ O and ¢' = 0 the 2 -:anes & and @ intersec: in the line c and lie in the 
hyperplane O-abo, with tte ~Je g then being the meisure of the acute—dihedral-angle 
whose faces lie in the 2 7’ + set and # 3 like-resits ooour when g = 0 and ¢' # 0, but 
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with at and é in the hyperplane O=bed. 

When ¢ = 90 and ¢' = O the planeset and @ are then simply-peypendicular and lie in 
the hyperplane O-abc; like-results occur when g = 0 and g' = 90, in this case & and # 
lie in. the hyperplane O=-bded. 

When g = ¢' = 90 the planes a and é are then absolutely-perpendicular, that is, oe 
takes the position off' (coincides withg'). 

When ¢ = ¢', e is said to be ISOCLINE to the planes bc and adg and by giving different 
values to ¢ we have an infinite=mumber of planes isocline to be and ad and isocline to 
one another, Absolutely-perpendicular planes are always isocline to one another, 


The hyperplanes O-abc and O-acd intersect in the plane O-ac. In the hyperplane O=-abc, 
a counterclockwise-rotation of g in ba, with initial-side at b, moves in the direction 
around the point 0 in the plane be towards aj and in the hyperplane O-acd, a counter- 
clockwise-rotation of g' in ed, with initialeside at c, moves in the direction around 
the point O in the plane cd towards d. 


The student should note the resemblance of the Point—Geometry to Vector=Mechanics, 
that is, for ‘rotations’. In Vector-Mechanics, then, the rectanmulawsvstems in the 
hyperplanes O-abc and O-acd are RIGHT-HANDED; such a system derives its name gre the 
fact that, in the hyperplane O-abc, a right-threaded=-screw rotated through 90 from 0=b 
to Oma will advance in the positiye c-direction, and in the hyperplane O-acd, a right- 
threaded-screw rotated through 90 from O=c to O=<d will advance in the positive 
a-~direction, 


Theorem 1. The angles which a plane makes with 1 of 2 absolutely=perpendicular planes 
are the complements of the angles which it makes with the others and any 2 planes make 
the same ancles as their absolutely—perpendicular planes. 


Proof of this theorem given in Chapter v at the end of sectionzjfon Isocline—Planes,. 


Theorem 2. lf 2 lines in a plane @ make equal angles with a plane & » the line 
bisecting the angle between them and the 4-line bisecting the angle between their 
projections upon 8 wili lie in 1 of the planes perpendicular to e¢ and f e 


Corollary. If more than 2 pairs of opposite #=-lines in 1 of 2 planes makes any given 
angle with the other plane, the 2 planes are isocline,. 


IV. POLYHEDROIDAL—ANGLES 


39. POLYHEDROIDAL—ANGLES. INTERIOR OF A POLYHEDROIDAL—ANGLE. A POLYHEDROIDAL—ANGLE 
oonsists of the #-lines drawn through the points of a polyhedron from a given point not 
in the hyperplane of the polyhedron, together with this given point. The #=lines are 
called ELEMENTS, the polyhedron is the DIRECTING=POLYHEDRON, and the point is the VERTEX. 
The elements which pass through the vertices of the polyhedron are called EDCES, the | 
elements which pass through the points of any edge of the polyhedron lie in the interior 
of a FACE-ANGLE, and the elements which pass through the points of any face of the 
polyhedron lie within a POLYHEDRAI—ANGLE of the polyhedroidal-angle. The interiors of 
the polyhedral-angles are the CELLS. Adjacent polyhedral-angles are joined by their face 
“angles, these lying in the planes of intersection of their hyperplanes. A polyhedroidal 
“engle is CONVEX when each of these hyperplanes contains no element of the polyhedroidal 
“angle except those which belong to the polyhedral-angle of this hyperplane and to its 
interior, The polyhedroidal-angle is convex when the directing-polyhedron is convex. 
Only convez—polyhedroidal-angles will be considered in this treatise, 

The INTERIOR OF A POLYHEDROIDAL—ANGLE consists of the 4lines drawn from the vertex 
through the points of the interior of the directing-polyhedron. The interior of a convex 
-polyhedroidal-angle lies within any 1 of its hyperplane-angles; and a point lying 
within all of the hyperplane—angles lies in the interior of the polyhedroidal-angle. The 
polyhedroidal-angle separates the rest of hyperspace into 2 portions, interior and 
exterior to it, 

The polyhedroidal-angle whose elements are $-lines opposite to the elements of a given 
polyhedroidal-angle is VERTICAL to the latter. In 2 vertical-polyhedroidal-angles the 
face-angles, dihedral-angles, and polyhedral—angles of one are al] vertical to the 
corresponding parts of the other, and the face-angles and dihedral-angles of one are 
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equal to the corresponding face-angles and dihedral=-angles of the other, 
A polyhedroidaleangle taken together with its vertical-polyhedroidal-angle may be 
reguarded as a particular—case of a hyperconical-hypersurface,. 


40. THETRAHEDROIDAL=ANGLES, THE RECTANGULAR=SYSTEM,. The simplest polyhedroidaleangle 
is the TETRAHEDROIDAL-ANGLE, having a tetrahedron for directing=polyhedron. Any 4 
hyperplanes with a point but not a line common to them all are the hyperplanes of a 
tetrahedroidal-angle, and any 4 #-lines drawn from a point and not in 1 hyperplane are 
the edges of a tetrahedroidal-angle. The 4 hyperplanes, or the lines of the 4 4=lines, 
determine a set of 16 tetrahedroidal-angles filling completely the hyperspace about the 
point, and associated in 6 pairs of vertical-tetrahedroidal-angles,. In a tetrahedroidal- 
angle there are 6 planes, 3 pairs of opposites, the 2 planes of a pair meeting only at 
the vertex. Otherwise the 6 planes all intersect, 3 in each edge. We may also speak of 
each 4-line as opposite to the trihedral-angle formed by the other 3 4-lines. 

A point is in the interior of a tetrahedron if it is within any 3 of its dihedral- 
angles whose edges lie in 1 plane, or if it is within 2 dihedral-anfles whose edges 
contain a pair of opposite-edces of the tetrahedron, In the same way, a point is in the 
interior of a tetrahedroidaleangle if it is within any 3 of its hyperplane-angles whose 
faces lie in 1 hyperplane, or if it is within 2 hyperplane-angles whose faces are the 
planes of 2 opposite-angles. 

At each vertex of a pentahedroid is a tetrahedroidal-angle,. A special-case is the 
rectancular+system: 4 *=lines mutually=perpendicular, 6 face-angles which are right- 
angles lying in 3 pairs of absolutely-perpendicular planes, the rectanzulartrihedral- 
angles, the right-dihedraleanzles, and the 4 hyperplanes mutually=perpendicular. 


Cc 
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B Fig. 53. B Fig. 54. 


The tetrahedroidal-angle in Fig. 53 may be denoted by VeABCD. The vertex is V, and 
the directing-tetrahedron is ABCD. The elements V-A(#-lines), V-B, V-C, and V-D are the 
edres of the tetrahedroidal-ancle V-ABCD. The interiors of the trihedral-anrles V=ABD, 
V=BCD, V=ACD, and V-ABC are the cells of V-ABCD. 

Take any point P of the interior of the tetrahedron ARCD, then the element V-P lies in 
the interior of the tetrahedroidal-angle V-ABCD. 

If we consider the rectangular=system at a point 0, then the tetrahedroidal-angle in 
Fig. 54 way be denoted by O-ABCD. The 4 4-lines O-A, O-B, O-C, and O-D mtually- 
perpendicular, 6 face-angles about the point O which are right-angles lying in 3 pairs of 
absolutely=perpendicular planes; the rectangular-trihedral-angles about 0, the right- 
dihedral-angles about 0, and the 4 hyperplanes about O mutually-perpendicular. 

Other properties of the tetrahedroidaleangle can be immediately read-out fron the 
eraphic-forms of the tetrahedroidal-angles given in Figs. 53 or 54. For example, in 
Fig. 53, the planes VHD and VAC of V-ABCD are opposite to one another and which intersect 
only in the point V and are not absolutely-perpendicular to one anothers whereas, in 
Fig. 54, the planes OAB and OCD of O-ABCD are opposite to one another and which intersect 
only in the point O and are absolutely=-perpendicular to one another. 


a7 


A hyperpyramid, or the hypersolid which we call the interior of a hyperpyramid, may be 
described as cut from the interior of a polyhedroidal-angle by a hyperplane that cuts 
all of its elements and does not pass through its vertex. (See Pig. 53, for the case 
when the polyhedroidal-angle is a tetrahedroidal-angle, ) 


41. THEOREMS ON TETRAHEDROIDAL~ANGLES, 


Theorem 1, If each of the face-angles of a tetrahedroidal-angle is equal to the 
corresponding face-angles of a 2nd tetrahedroidal-angle, when the 4 edges of one are 
made to correspond in some order to the 4 edges of the other, then corresponding 
dihedral-angles and corresponding hyperplane-angles will all be equal. 


Theorem 2, The #hyperplanes bisecting the 6 hyperplane-angles of a tetrahedroidal- 
angle contain a line common to them all, the locus of points within the tetrahedroidal 


“angle equidistant from the 4 hyperplanes. 


The proofs of these 2 theorems can be found in Manning’s Geometry of Four Dimensions— 
Chap, III, Arts. 72 & 73. 


Ve PLANO-POLYHEDRAL—ANGLES 


42. PLANO=POLYHEDRAL=ANGLES. PLANO=TRIHEDRAL—ANGLES, A PLANO=POLYHEDRAI=—ANGLE consists 
of a finite-mumber of 4=planes with a common—-edge in which these planes are ina 
definite cyclical-order, together with their common—edge and the interiors of the 
dihedral-angles whose faces are consecutive 4=planes of this order. The #planes are the 
FACES, their common—edge is the VERTEX-EDGE, and the interiors of the dihedral-angles 
are the CELLS. Ife, oJ” seoe-are the faces in order, the cells are the interiors of 
the dihedral-anglesa g »f%,..,, and the plano-polyhedral-angle may be described as 
the plano=polyhedral-angledfy... . 

d=planes which lie within the cells and have the verter-edge for edge, and those which 
are the faces of the plano—polyhedraleangle, are all called ELEMENTS and are in cyclical 
order, 

A plano-polyhedral-angle is SIMPLE when no #=plane ocours twice as an element—we shall 
alaways asmume that it is simple. A simple plano—polyhedral-angle is CONVEX when the 
hyperplane of each cell contains no element except those of the cell itself and the 2 
faces of the cell. Each face of a comvex plano—polyhedral-angle is a #=plane lying in 
the common=face of 2 4=hyperplanes which contain 2 adjacent-cells. These 2 $hyperplanes 
are the cells of a hyperplane-angle, 1 of the HYPERPLANE=ANGLES OF THE PLANO=POLYHEDEAL= 
ANGLE, 

In a polyhedroid each edge lies in the vertex-edge of a plano=polyhedral-angle whose 
cells contain the adjacent—cells of the polyhedroid, and the edges of a polyhedroidal- 
angle lie in the vertex-edges of plano-polyhedral-angles which belong to the 
polyhedroidal-angle, 

The plano=polyhedral-angle whose elements are $-planes opposite to the elements of a 
given plano=polyhedral-angle is VERTICAL to the latter. In 2 vertical plano=polyhedral- 
angles the dihedral-angles and hyperplane=angles of one are all vertical to the 
corresponding parts of the other. 

A plano-polyhedral-angle with 3 faces is called a PLANO=TRIHEDRAL~ANGLE. Any 3 $-planes 
having a oommonedge but not lying in 1 hyperplane are the faces of a plano-trihedral- 
angle, Any 3 hyperplanes which intersect but have only a line common to all 3 are the 
hyperplanes of a plano-trihedral-angle. The planes of 3 such $planes, or 3 such 
hyperplanes, determine 6 plano-trihedral-angles completely filling the hyperspace about 
their line of intersection, and associated in 4 pairs of vertical plano-trihedral-angles, 

The plano—polyhedral-angles of a pentahedroid are all plano-trihedral-angles. 


In Fig, 54 the plano-trihedral-angle may be denoted by ED-ABO, The vertex—-edge is CD. 
The consecutive faces are CD-A, CD=B, and CD-O. The cells are the interiors of the 
dihedral-angles A-CD-B, B-CD-O, and O-CD-A, 


43. POLYHEDRAL=-SECTIONS OF A PLANO=POLYHEDRAL-ANGLE. HIGHT-SECTIONS. A hyperplane 
intersecting the edge of a plano-polyhedral-angle, but not containing the edge, 
intersects the faces in lines which are the edges of a polyhedral-angles and the 
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plano-polyhedral-angle may be considered as determined by-a polyhedral-angle and a #line 
throuzth its vertex not in its hyperplane. When either the plano—polyhedral-angle or the 
polyhedraleangle is convex the other is convex. 

A plano=polyhedral-angle might be regarded as a polyhedroidal-angle with a directing 
polyhedral-angle instead of a directing-polyhedron: that is, the 4-lines drawn through 
the points of a polyhedral-angle from a given point not in its hyperplane form a 
cetrain=-portion of a plano=polyhedraleangle, 


In Fis. 55, the hyperplane of the tetrahedron FGHO intersects the edge DE of the 
plano=trihedral-angle DixABC in the point 0, and the faces D:-A, Dk=B, and DE-C in the 
-lines 0-F, 0-5, and O-H respectively, and these #-lines which meet at O are the edges 
of a trihedral-anrle O=-!GH. We can consider the plano-trihedral-angle DO=FGH as 
determined by the trihedraleangle O-FGH and the #-line O-D through its vertex 0 not in 
its hyperplane. 


‘neorem, A hyperplane perpendicular at a point O to the vertex-edge of a plano- 
polivhedral-angle intersects the latter in a polyhedraleangle whose face-angles are the 
Planeangles at O of the dihedral-angles of the plano=polyhedral-angle, and whose 
dinedral-angles have at 0 the same plane-ancles as the hyperplane-angles of the plano- 
polyhedral-angle., (Fig. 56.) 


Fig. 56. 





The proof of this theorem will be given for the special-case of a plano-trihedral- 
angle, A slight-modification in this proof will make it hold for a plano=polyhedral-angle 
of an arbitrary number n of faces, 

Since the plano=polyhedral=angles of a pentahedroid are plano-trihedral-angles we 
shall make use of the graphic of a 'portion' of a pentahedroid in the proof of this 
theorem, ln Figs, 55 and 56, the cells ADBCE and ABCD are missing from the pentahedroid 
ABCD:. 


Given: A hyperplane FCHO / at a point O to the vertex-edge DE of a plano-trihedral- 
angle DE=ARC, 


To Prove: FCHO intersects DK~ABC in a trihedral-angle O-FGH whose face-angles / FOG, 
L GOH, and aa HOF are the plane-angles at © of the dihedraleangles A-IE=-B, B-Di-C, and 
C=Dk=A, respectively, and whose dihedral-angles have at O the same plane-angles as the 
hyperplane-angles of IE=AERC. 


Proof: The hyperplane FGHO, being _/ to the vertex-edge DE at 0, intersects the 
hyperplanes of the dihedral-angles A-Di=-B, B-DE-C, and C=-DE=A in the planes FOC, COH, 
and HOF, respectively, and which are _/ to the oommon—edge DE at 0, Therefore the 
face-angles / FOG, / GOH, and / HOF are the plane—angles of the dihedral-angles 
A-DE=B, B-DE-C, and C=IE=A, respectively, of DE-ABC. The hyperplane FCGHO is then _/ to 
the planes of the faces DE-A, IE=B, and IE-C of DE-ABC (Art. 25, Th. 1). The planes of 
the faces DE-A, DE=B, and IE-C are the faces of the hyperplane-angles B-ADE-C, A-BIE-C, 
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and A-CDE-B, respectively, of DE-ABC; therefore the dihedral-angles A-DE-B, B-DE-C, 
and C-DE-A of DE-ABC have at O the same plane-angles as the hyperplane—angles of DE=ABC 
(Art. 27, Th. 2). Therefore the theorem is proved, (Q.E.D) 


The polyhedral-angle in which the plano-polyhedral-angle is cut by a hyperplane 
perpendicular to the edge is a RIGHT-SECTION of the plano=polyhedral-angle. 


In Pig. 56, the trihedral-angle O-FGH is a right-section of the plano=polyhedral-angle 
DE-ABC. 


44. THEOREMS ON PLANO=POLYHEDRAL= AND PLANO=TRIHEDRAI—ANGLES. 


Theorem 1, The sum of 2 dihedral-angles of a plano-trihedral-angle is greater than 
the 3rd. 


Theorem 2. The sum of the dihedral-angles of a convex plano=polyhedral-angle is less 
than the sum of 4 right—dihedral-angles. 


Theorem 3. If 2 plano-trihedral-angles have the 3 dihedral-angles of one equal 
respectively to the 3 dihedraleangles of the other, their homologus hyperplane-angles 
are equal; and if 2 plano-trihedral-angles have 2 dihedral-angles and the included 
hyperplane-angle of one equal respectively to 2 dihedral-angles and the included 
hyperplanej-angle of the other, the remaining parts of one are equal to the remanining 
parts of the other, 


The above theorems can be proved by means of a right=section. 


45. THE DIRECTING-POLYGON AND 4=PLANE ELEMENTS OF A PLANO=POLYHEDRAL=ANGLE. A convex 
plano=polyhedral-angle may be considered as determined by a convex=polygon and a line 
not in the hyperplane with the plane of the polygon. The elements of the plano=polyhedral 
“angle are then #=planes havinz= the given line for common-edge and containing each a point 
of the polygon. The polygon is called the DIRECTING=POLYCON, and each side of the polygon 
lies in the interior of a cell of the plano—polyhedral-angle, 

2 vertical plano=polyhedral-anrles taken together may be regarded as a special-case 


of a plano-conical—hypersurface, P 


In Fig. 53, we can consider the plano—trihedral-angle CV-AED as determined by a 
triangle ABD and a line CV not in the hyperplane ABCD with the plane of the triangle ARD. 
The elements of CV-AHBD are then 4-planes having the line CV for common-edge and 
containing each a point of ABD. The triangle ARD is the directing-triangle of the 
plano-trihedrel-angle CV-ASD, and each side of the triangle ABD lies in the interior 
of a cell. 


A double=pyramid, or the hyperpyramid which we call the interior of a double-pyramid 
may be described as cut from the interior of a plano=-polyhedral-angle by 2 hyperplanes 
which contain the directing-polygon and each a point of the vertex-edge. 


In Fig. 53, the double—pyramid CV-ABD ig cut from the interior of a plano—trihedral- 
angle 'CV=-ARD' by 2 hyperplanes CABD and gABD which contain the directing-triangle ABD, 
with CABD containing a point C of the vertex—edge CV and VAHD containing a point V of 
the vertex-edre CV, 


46. THE INTERIOR OF A CONVEX PLANO=POLYHEDRAL=ANGLE. A convex plano=polyhedral-angle 
divides the rest of hyperspace into 2 parts, INTERIOR and EXTERIOR, The interior contains 
the interiors of all segments whose points are points of the plano—polyhedral-angle 
except those wheee interiors also lie in it. The interior belongs to the interior of 
each of its hyperplane-ancles; and any point which is in the interior of each of the 
hyperplane-angles of a convex plano—polyhedral-angle is in the interior of the latter. 

In the case of a plano-trihedraleangle, if a point is in the interior of 2 of the 
hyperplane-angles it is in the interior of the plano-trihedral-angle. 


Theorem, ‘The 3 4-hyperplanes which bisect the hyperplane=-angles of a plano-trihedral- 
angle intersect in a 4=plane, the locus of points in the interior of the plano-trihedral 
eangle equidistant from the hyperplanes of its cells. 





CHAPTER V 60 


I. ROTATION 


47. ROTATION IN HYPERSPACE, THE AXIS=PLANE, DOUBLE=ROTATION. In space of 4=dimensions 

1 of 2 absolutely-perpendicular planes rotating on itself around the point where the 2 

° planes meet always remains absolutely=-perpendicular to the other. We can say, then, that 
the rotating plane rotates around the other plane, and we can call the other plane an 

A AXIS=-PLANE. 2 planes absolutely=perpendicular to a given plane at points O and O' lie in 

: a hyperplane in which they are perpendicular to the line 00’ (Art. 18, Th.). Thus we can 
compare the rotations of 2 planes absolutely=perpendicular to the exis=plane bv 
considering them as rotations in a hyperplane around an axis-plane,. 


| In order to prove that anv firure in hyperspace can rotate around 2 plane, we shill 
make use of a theorem from the 3=dimensional fzeometry. 


Theorem, When all the planes perpendicular to a line in a hyperplane rotate around 
the line in the same-direction and throush the samemanele or at the eame-ratc, ficures 
in the hyperplane remain invariable, any 2 points being always at the same=distance from 
each other. (See Fig. 57, and use the hyperplane of the black-linemrenderinrs,. ) 













Fir. 57.6 


The proof of this theorem becomes equivalent to provinz that any 2 points ina 
hyperplane have the same distance from each other after a rotation throurh a given anrle. 


Given: Any 2 distinct points A and B and their projections 0 and 0' upon the axis-linc 
c, and A’ and B' their positions after a rotation throuch an anrle ¢. 


To Prove: A'B' = AB, 
Proof: The 4=plane 00'=B rotates in the same-direction and through the same-dihedral- 


; angle ¢ as the #=plane O0'=A, That is, A-O0'=A' = B-OO'=B', and therefore A-00'-B = 
: A't=00'=B', 
Let @ and # be the planes in which A and B rotate around the axis-line c, with e and - 


being _/ to c, and let C and C' be the projections of A and A' upon #. Then the angles 
CO'B and C'O'B’ are the plane-anzles of A-00'-§ and A-O0O'-B' respectively, and anrle 
CO'B = angle C'O'B', Thus we prove that trianzle CO'R = triangle C'O'B', and then that 
the right-angle ACB = the righteanrle A!C®3', Therefore A'RB' = AB, (Q.E.D) 


Thus we have proved that any figure in a hyperplane can rotate around.a line, .and we 
can think of the entire hyperplane as rotating on itself around 1 of its planes. 
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Theorem 1, When all the planes absolutely-perpendicular to a given plane rotate 
around the given plane as axis-plane in the same-direction and through the same-angle or 
at the same-rate, all figures remain invariable, any 2 points being always at the 
same-distance from each other. (Fig. 57.) 


Givens Any 2 distinct points A and B, with the planes @& and £ X to a plane 9 and 
passing through them, and O and O° their projections upon the axis-plane 7, and A' and 
B' their positions after a rotation through an angle ¢. 


Proof: The points A and B, with the planes @& and @ through them M to the plane & at 
points O and O', lie a hyperplane in which the rotation takes place around a line c 
a to ad and 8 (Art. , The). Therefore by the preceding theorem, the distance AB between 
the 2 points A and B remains unchanged. Therefore A'B' = AB. (Q.E.D) 


Theorem 2. Rotations around 2 absolutely=perpendicular planes are commutative; after 
2 such rotations all points of hyperspace take the same positions, whichever rotation 
cones first. 


We shall call a combination of rotations around 2 absolutely-perpendicular planes a 
DOUBLE=ROTATION. 


II. SYMMETRY 


48, SYMMETRICAL-POSITIONS. SYMMETRY IN A HYPERPLANE. 2 points are SYMMETRICALLY=-SITUATED 
WITH RESPECT TO PHE POINT which lies midway between them. The point midway is called 
their CENTER OF SYMMETRY. 2 points are SYMIMETRICALLY=SITUATED WITH RESPECT TO A LINE, 
PLANE, OR HYPERPLANE which is perpendicular to the line of the 2 points at their center 
of symmetry. Such a line, plane, or hyperplane is called the LINE, PLANE, OR HYPERPLANE 
OF SYMMETRY. 





Fig. 58. 


Theorem. When a hyperplane-figure is rotated in hyperspace through 180° around some 
plane of its hyperplane (Art. 47), it comes again into the same hyperplane to a position 
which is symmetrical to its 1st=-position with respect to the plane; and so 2 figures in 
a hyperplane symmetrically-situated with respect tg a plane of the hyperplane can be made 
to coincide by a rotation of 1 of them through 180 around the plane of symmetry. 

(Pig. 58. )—special—case. 


In Fig. 58, let the trihedral-angle O-ABC at the vertex-point 0 of the tetrahedron 
OBCA be a rectangular-trihedral-angle, then the edge 40 will be ms to the face OBC. Let 
m be the line / to the hyperplane of the tetrahedron OBCA at 0, Letet be the plane 
containing mand intersecting the hyperplane of the tetrahedron OBCA in the line c 
containing the edge AO of this tetrahedron, then a plane # Sf to c at O will contain the 
face OBC and will be L tow at O (Art. 23, Th. 2). Now if we rotate the vertex-point A 
lying in ad (the plane of mc) through 180 around the plane # (the plane of OBC) as axis- 
plane, the point A will again come into the hyperplane of the tetrahedron OBCA to a 
position opposite to the position of the point As that is, A will ocoupy the position 
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of A‘, with A' and A symmetrically-situated with respect to the point O in the plane of 
symmetry # . Therefore, the tetrahedron OBCA rotated around its face OBC through 180° 

will occupy a symmetrical-position OBCA' with respect to its 1st-position at OBCA, and 
OBCA' and OBCA will be symmetrically=situated with respect to the plane of symmetry pf ° 


If we considered the tetrahedron OBCA as a pyramid OBCe-A, then a 90° rotation of the 
vertex=-point A to its position at A® will take the pyramid OBC=-A to its 2nd=position at 
OBC=A", and a 2nd 90 rotation of A at A" to its finaleposition at A‘ will take the 
pyramid OBC-A at OBC-A" to its final—position at OBC=A'. 


49. THEOREMS ON SYMMETRY WITH RESPECT TO A POINT, LINE, OR HYPERPLANE. 


Theorem 1. Any 2 figures symmetrically-situated with respect to_a plane can be made 
to coincide point for point by a rotation of 1 of them through 180 around this plane 
as axis-plane. 


Theorem 2. 2 figures symmetrically-situated with respect to a point can be made to 
coincide by a rotation of 1 of them through 180 around each of 2 absolutely-perpendicular 
planes through the point. 


Theorem 3, 2 figures symmetrically-situated with respect to a line c can be put into 
positions of symmetry with respect to any hyperplane containing c by a rotation of 1 of 
them throuch 160° around the plane perpendicular to this hyperplane along c. 


Theorem 4. 2 figures symmetrically-situated with respect to a hyperplane will not lose 
this relation of symmetry, if they are rotated around any plane of the hyperplane through 
the same angle in opposite-—directions. 


Theorem 5. If 2 fisures are symmetrically-situated with respect to a hyperplane we 
can bring any 4 non-coplanar points of one into coincidence with the corresponding points 
of the other, in the hyperplane of symmetry, without disturbing this relation of symmetry. 


Theorem 6, If 2 figures are symmetrically-situated with respect to a point, line, 
plane, or hyperplane, any segment of one is of the same—lencth as the corresponding 
secment of the other, and any 2? corresponding angles, dihedral-—angles, or hyperplane- 
angles are equal, 


Reference for the proofs of these theorems can be found in Manning’s Geometry of 
Four Dimensions, Arts. 83-87, pp. 146-153. 


III. ISOCLINE=-PLANES 


50. RBCTANGULAR=SYSfHIS USED I! STUDYING THE ANGLES OF 2 PLANES. In this section, as in 
=he 3rd-section of Chap. IV (Art. 38), we shall use the language of Point—Geometry, all 
“ines, planes, and hyperplanes being assumed to pass through a given point 0. 

This section will be a continuation of the study of the isocline-planes of the 
Yoint=-Geometry. 


When 2 planes @ and B are isocline to one another, the an;les ¢ and g' which e¢ and ld 
cut-out on their common-perpendicular planes can be any anrles whatever, positive or 
negative, 

With a particular plane e& (of order pq) each of the angles g and ¢* can be changed 
“r any multiples of 2/7, or both at the same-time by multiples of 77. 

When ¢* = g, @ is isocline to the planes be and ads and by giving different values to 
¢ we have an infinite-number of planes isocline to be and ad, and to one another. These 
T.anes are all perpendicular to ba and cd, and constitute what is called'a SERIES OF 
> OCLINF=PLANES. (see Fig. 52, and logio=diag. 1) 


51. THE COMMON-PERPENDICULAR PLANES OF AN ISOCLINE=SERIES. CONJUGATE-SERIES. When the 
Plane @Cis isocline to bc, these 2 planes have an infinite-number of common-perpendicular 
, Lanes on Which they cut-out the same-angle g, and any 2 of the common-perpendicular 
rlanes cut-out the same—angle on ef as on be (Art. 38). 

As an example of this (refer to logic-diagram 2), suppose in the planes be anded we 
lay-off an angle a from b and p, the terminal 4lines r and u of these angles will 
themselves form an angle ¢ and will determine a plane ® perpendicular to the plane bc 





| 
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logic-Diag. 2. 





AS 


be—and—te-8 p—it should be understood that the length of a line-segment in the logic- 
diagram represents an angle; for example, the line-segment br represents the angle 1a 
and the #-line b is called the initial-side of F and the #-line r is called the 
terminaleside of the angle 

Now , being perpendicular to bc, is perpendicular to its absolutely-perpendicular 
plane ad, and therefore is 1 of the cOmmon-perpendicular planes of @& and ad. The 
terminal 4-lines r and u of the angles hr forming in # an angle g, determine in? a 
sense of rotation corresponding to bcy and the d-line s of 7 , making an angle of +90 
with the terminal 4#-line r which lies in bc, will be a terminal #-line s of ad, making 
with a the angle ¥ in the same way that this angle was formed in the planes bc ande¢. 
The plane? may, then, be regarded as determined by the angles equal to F laid-off on 
the planes bc and ad. But this construction is independent of the angle ¢ and the 
position of &. The plane is therefore perpendicular to all the planes of tre isocline- 
series obtained by giving different values to f and laying-off these angles in ba and cd 
from b and c. : 

' By giving different values toy we have an infinite=-number of planes 7 perpendicular 
to all the planes eC of the isocline-series. Starting with ba, we construct these planes 
in the same way that the gf-series was constructed, and so they themselves form an 
isocline=-series with the planer of the e¢-series for their common-perpendicular planes, 
each plane & perpendicular to all of then. 

Thus we have associated with a rectangular-system, 2 series of isocline-planes, each 
plane of either series perpendicular to all the planes of the other sertes. We shall 
call them CONJUGATE-SERIES OF ISOCLINE=PLANES,. 

The planes ef are not the only planes (through 0) which are isocline to be. We can 
rotate the rectangular-system around be as an axis-plane, the #=lines a and d rotating 
in ad through any angle to new positions, and in the new rectangular=system we can 
construct a new-series of planes isocline to be and ad, with a new-series of common- 
perpendicular planes, perpendicular to all of them but not perpendicular to any plane of 
the ist-series except to be and to ad themselves. 


Pig- 59 is the graphic-form associated with logic-diac,. 2. 


° 
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In the planes be and ad lay-off an angle#, the terminal #-lines r and s of these angles 
will determine a plane perpendicular to be and ad and to all the planes of the e¢- 
series..In the plane pq lay-off an angle, and let the terminal #-line of this angle be 
u, then the angle determined by the terminal $-lines r and u will be an angle g, with 
u being the terminal 4-line of this angle. The terminal d-line u lies in the intersection 

- of the planes pq and rs.( 


@ 
It should be noted that the angles A in the graphic are generated im a clockwise- 
- direction around the point 0 in the planes be and ad, and in the planee¢ from the line 
p in the direction towards the #-line q. The angles g are generated in a counterclockwise 
-direction around 0 in the planes ba and cd, and in the plane ” from the 4-line r in the 
direction towards the #line s. 


In the graphio-fom of the isocline-planes of the Point—Geometry, we could consider 
that portion of the planes formed by any 2 of the 4 mutually-perpendicular #-lines at a 
point O of a rectangular-system as QUADRANTAL=PLANES; that is, for the positive-portion 
of a rectangularesystem O=-abcd. 

When we make a study of the hypersphere, we shall see that the logic—diagram associated 
with it represents 1/16 of a hypersphere; that is, the positive-portion of the 
hypersphere for a given rectangular-system at a point O of the Point—Geometry associated 
with the hypersphere. The positive=portion of the rectangular~system is called the 
principle HEXADEKANT, thus, we would have an exact 1=-to-1 correspondence between the 
graphic-form of the Point—Geometry and the logic-diagram. We could then work directly 
with the graphic-form for other portions of the quadrantal=-planes about the point 0. In 
fact, since the logio-—diagram represents that portion of the hypersphere lying in 1 
hexadekant, we would need 16 logio=—diagrams to completely represent the entire hypershere; 
that is, 16 hexadekants, and in each hexadekant a portion of the hypersphere, or 1/16- 

-  hypersphere, 
52. THE 2 SENSES IN WHICH PLANES CAN BE ISOCLINE. CONJUGATE~SERIES ISOCLINE IN THE 
OPPOSITE=SENSE. There are 2 senses in which a plane can be isocline to a given plane 
* corresponding to the 2 possible arrangements of a rectangular-system. With a given 
rectangular~system, using the construction of Art. 38, we can say that the plane & is 
5 a to be in one-sense when we make ¢' = g, and in the opposite-sense when we make 

's S 

Starting with a plane # and a pair of absolutely-perpendicular planes } and > . 
perpendicular tof, let b and c be +lines common to M and to # and y' respectively. If 
we lay-off 2 angles in the same—direction from b in the plane » and in the same-direction 
fremc.in }', or if we lay-off 2 angles in opposite-directions from b in % and in the 
opposite-direction from c in }', we shall have 2 planes isocline to @ in the same-sense, 
But if we take the same-—direction in 1 of the 2 perpendicular planes and opposite— 
directions in the other, we shall get 2 planes isocline to # in the opposite-senses, 

When 2 planes are isocline to a given plane in opposite-senses we can speak of one as 
POSITIVELY-ISOCLINE and the other as NEGATIVELY-ISOCLINE. 

If of is the plane pq of Art. 38, and is isocline to bc, we can determine the sense in 
which it is isocline by considering the order of 4 d-lines b, c, p, and q. Now in this 
determination we can take in each plane, instead of the 2 given #lines, any 2 non- 
opposite d-lines, determinining their order by a positive-rotation of less than 180°. That 
is, if p* and q' are 2 4-lines in the plane pq such that a positive-rotation of less than 

- 180° turns p' to the position of q', we shall have order bep'q’ = order bepqs for p and q 
can be tumed to the positions of p' and q' without becoming opposite, and so without 
changing this order (By a theorem of the 3dimensional geometry, which states that order 

« in a hyperplane is unchanged by any motion in the hyperplane.). In the same-way we can 

. take for b and c any 2 non-opposite 4=-lines in the plane be such that a positive-rotation 
of less than 180° will tum the ist to the position of the 2nd. Conversely, we can 
ce*ermine the.order of 4 non-coplanar d=lines drawn from 0 with reference to the order 

“£ 2 isocline-planes or any 2 planes which have only the point O in common. 


Theorem 1, If a is isocline to # , @ will be isocline to@ in the same-sense. 
Theorem 2, 2 conjugate-series of isocline-planes are isocline in opposite-senses. 


t 
: 
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2 absolutely—perpendicular planes are isocline in both senses, but in only 1 sense 
when we distinguish in each a particular direction of rotation. Thus the rectangular 
system ad and da are isocline to be in opposite-senses, 


53. PLANES THROUGH ANY LINE ISOCLINE TO A GIVEN PLANE. PLANES TO WHICH INTERSECTING 
- PLANES ARE ISOCLINE, 


Theorem 1, Through any #line not in a given plane nor perpendicular to it 2 planes 
can be passed isocline, one positively and the other negatively, to the given plane. 
- (Pig. 60, and Logic-Diag. 3) 


Givens A line p not ina plane 8 now ff to 2%, 
To Prove: 2 planes can be passed isocline, one positively and the other negatively, to 


B. 

Proof: If we pass a plane through p an tof » we can determine a rectangular-system 
with 4 mutually-perpendicular #-lines, a, b, c, and d, and so taken that @is the plane 
be and p a *=line in the interior of the angle ba. Then we can take ¢ equal to the angle 
bp in the plane ba, and lay-off ¢ and -¢ from c in the plane cd. In the plane cd, let cq 
and ca' be the angles formed by the #-lines q and q' with c, such that the angle cq equals 
g and the angle cq' equals -¢, The terminal #-lines q and q' of these angles determine 
with p 2 planes pq and pq', isocline top in the 2 senses; that is, the plane pq is 
positively-isocline and the plane pq' is negatively-isocline. Therefore 2 planes can be 
passed isocline, one positively and the other negatively, to B ~ £G.E.D) 





logic-Diag. Lie 





Theorem 2, 2 intersecting planes determine a pair of planes (absolutely-perpendioular 
to each other) to which they are isocline in one-way in the 2 senses respectively, and 
anotner pair to which they are isocline in the other-way in the 2 senses respectively. 
(Fig. 61, and Logic=-Diag. 4) 

Given: 2 planes & and 8 which intersect in a line PP', 

To Prove: ef and ld determine a pair of planes (Y¥ to each other) to which they are 
isocline in one-way in the 2 senses respectively, and another pair to which they are 
isocline in the other-way in the 2 senses respectively, 


eae a Fas Se = meee et 











logic-Diag. 4. 





Fig. 61. 
- Proof: Let p be 1 of the opposite #-lines in which the given planes @ and é intersect 
: ( 1 of the opposite #lines of PP' at O will be OP, which we shall call] p.), and let 


and Z" be their common jf planes, } passing through the 4-line p, and 3 the plane of the 
plane-angles of the dihedral-ancles which they form, Let q and q' be the #=lines which 
form 1 of these plane-angles, and let c be the 4-line bisecting the angle qq'; then the 
plane pq determined by the #-lines p and q will be the planee&t , the plane pq' determined 
by the 4lines p and q' will be the plane A, and the plane pe determined by the ?-lines 
p and c will bisect the dihedral-angled-p-g formed of the planese@ and #. 

In » and ' we establish directions of positive-rotation. Then in >! the s-lines q and 
q' form with c angles which may be called ¢ and <g, If now in we take a #-line b so 
that the angle bp shall be equal to g, we shall have the plane bc to which ecand # are 
isocline in the 2 senses, as also to its Y plane ad. 

If, on the other hand, we take b so that the angle bp shall be equal to -¢, we shall 
have another plane be to which the given planes @and ld are isocline in the 2 senses, as 
also to its Y plane ad. Therefore the theorem is proved. (Q.E.D) 


Purther developments of the theory of the isocline-planes of the Point-—Geometry can 
be found in Manning’s Geometry of Four Dimensions—=Section VI, Arts. 108-112, pp. 188-198. 


The graphic-forms for some of the more ‘complex-theorems' of the isocline-plancs is 
. quite=involved and will not be given in this small-treatise, The most interesting theorems 
are those on ‘Poles and Polar-Series, and Isocline-Rotation in hyperspace’. 














We shall now give the graphic-forms and proofs of the theorem of Art. 37 and theorem 1 
of Art. 38. 


Theorem (of Art. 37). When 2 planesofé and f do not intersect, the plane of the 
minimum-angle which a d-line of & makes with @is perpendicular tomand@. (Fig. 62, 
and Logio=Diag. 5.) 


Given: 2 planes a and # that do not intersect, 


To Proves The plane of the minimumangle which a #-line of & makes with # is 7 
to and g * 
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Llogic-Diag. 5. 


Fig. 62. 


To resolve-out this theorem with a graphic-solution we shall make use of a portion of 

Logic-Diag. 5 and of Fig. 62. We construct a plane km perpendicular to @¢ and B vhich is 

also perpefdicular to & at m3 that is, the plane km is perpendicular toe¢ along a 
4-line m. 


Proof: (Reductio ad absurdum.) Let m be a $line of e¢ which makes with @ an angle ¢, 
less than or equal to the angle made with B by any other 4-line ofet , and let n be the 
projection of m upon J » so that the plane m is ef to A along n. If the plane m is not 
_[ tod, the projection of n upon & will be a line ofe{ which makes with 1 }line of f, 
and therefore contains with B » an angle less than g, But this is contrary to hypothesis; 
and the plane m must therefore be a common Zs plane to ed and e Therefore the plane of 
the minimumangle which a $line ofe( makes with Ais /tomand#. (Q.E.D) 


The plane m (the common _/ plane of the above theorem) intersects ef and B in 2 pairs 
of opposite +lines, and in the plane m we have 2 pairs of vertical-angles, 1 pair of 
acute-angles equal to g, and 1 pair of obtuse-angles (unless ef and # are Y). 

The plane Y to the plane m is also / tof and rd (Art. 36, Th. 5). Let g' be 1 of the 
acute-angles (or right-angles) lying in the intersection of this plane withe< and &. We 
may let m' and n' be the #lines forming the angle ¢', m' in & and n' inf .nandn' 
(when ¢' is not a right-angle) are the projections of m and m' upon B , and that portion 
of e€ which lies within a right-angle mm' will be projected upon that portion of 8 which 
lies within the right-angle m'. : 


Theorem 1 (Art. 38). The angles which a plane makes with 1 of 2 absolutely- 
perpendicular planea are the complements of the angles which it makes with the other; 
and any 2 planes make the same angles as their absolutely-perpendicular planes. 

(Fig. 63, and Logio-Diag. 6.) 

Case 1.. Given: 2 Y planes ef and@', and the angles g and ¢' that a plane # makes with 
ae 

To Prove: The angles ¢ and g' which a plane # makes with @ are the complements of the 
angles that it makes with @'. 


Proof: In a rectangular-system O-abod, we can take for @ the plane bc, mm’ the plane ad, 









logic=-Diag. 6. 


and for the common oe 3 planes of ef and é » the planes ba and cd. The angles ¢ and ¢" are 
laid-off in ba and cd respectively, and the terminal 4-lines p and q of these angles 
determine the plane # . Now in the common _/ plane cd, the angle ¢' is formed by the 
#-lines c and q, and the angle that & makes withed’ is formed by the #lines q and d. But 
cd is a right-angle, and therefore the sum of the angles cq and qd such that cq + qd = 
90°, with qd = 90 “<4 = 90 -¢', Therefore the angle ¢' is the complement of the angle qd. 
In the same way, then, the angles bp and pa formed in the other common ae plane ba are 
the complements of each others that is, ¢ is the complement of the angle pa that # makes 
with g{'. Therefore the angles ¢ and é' which a plane # makes with ef are the complements 
of the angles that it makes withe{'. (Q.E.D) 


Case 2. Given: 2 planes & and f ana their ¥ planes «&' and B', and the angles ¢ and ¢' 
that # makes witha . (Use O-abcd as given in case 1.) 


To Proves The angles ¢ and ¢' that £ makes with @ are the same as the angles that #' 
wakes with @'. 


Proof: In the common / plane cd, rotate the line q of 90° (counterclockwise) around 
the point 0 to the position of q', and in the other common _/ plane ba, rotate the $line 
p of f 90° to the position p', then the #-lines p' and q' will determine the plane r-) : 
X to é: Now ba and cd are also the common _/ planes toed’ and é:, and the angles between 
o' * are formed in the same way that the angles ¢ and ¢' were formed between ot 
and @ 3 t is, in ba, the angle ap’ will be 1 of the angles betweena' andB', and this 
angle must be the same as g, for the angle pp' being a right-angle, we can form the sum 
of the angles pa and ap’, with pa + ap'o= 90°, and the right—angle ba becomes the sum of 
the angles bp and pa, with bp + pa = 903 and therefore pa + ap’ = bp + pa, and 
cancelling pa on both sides of this equation leads to bp = ap’, or ¢ = ap’. In the same 
way, then, we form the angle ¢' betweenel' and #’ in the other common _/ plane cd, and 
therefore, angle cq = dq', or g* = dq’. Therefore the angles ¢ and ¢' that @ makes with 
e{ are the same as the angles that g' makes withel'. (Q.E.D) 





69 
f Referring to Logic-Diag. 6, the student should note that the absolutely-perpendicular 
planes and @' also form a rectangularsystem O-pqp'q'. The dashed-opened-partition 
forms a partial-block for another rectangular-system O-ad..3 that is, the plane 
absolutely-perpendicular togi' will beet, but in fact, the logjo-diagram represents ' 
quadrantal-planes, and so the quadrantal-plane ad if rotated 90 to the position -(bc), 
: or b'c' (opposite lines of b and c) will aeaém be absolutely-perpendicular to et’, 
and therefore absolutely-perpendicular to its quadrantal-plane «(&d), 
In logio=-diag. -7, the planes pq and p'q’ are isocline to each other, since the angles 
= that they cut-out on their common-perpendicular planes ba and od are equal, and in this 
, case, are equal to 90. The logio-diagrams can be used in mumerous=eways, The student 
should become aware that the dihedral-angles at the comers of the ‘parallelogram' pqp'q' 
are right—angles, since any plane intersecting 2 absolutely-perpendicular planes will be 
perpendicular to both, Care must be used in interpreting the logio=-diagrams. Considerable 
kmowledge of the Point—Geometry can be obtained by their use, in fact, without their use, 
the graphio-forms of the Point—Geometry would have come about slowly into existence, and 
the discovery of its geometric=-properties, highly-improbable. 
logio-Diag. 6 is a combination of logic-diagrams: that is, 1 complete-—diagram and a 
partial-diagram. 
Since we have already covered the basio—development of isocline=planes we will repeat 
here some of its basic=—properties, 
When the angles of 2 planes are equal the planes have an infinite-number of common- 
perpendicular planes, but they cut-out the same-angles on them all. The 2 planes are 
then said to be ISOCLINE. Absolutely=perpendicular planes are always isocline, and a 
plane isocline to 1 of 2 absolutely-perpendicular planes is isocline to the other. Any 2 
lines taken,in each of 2 absolutely=perpendicular planes determine a common=-perpendicular 
plane (Art. 36, Th. 4), but in the case of 2 isocline-planes which are not absolutely- 
perpendicular only 1 plane of the common—perpendicular planes passes through any line of 
either, Any 2 of these common—perpendicular planes cut-out cqual angles on the 2 given 
planes and are themselves isocline, 
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CHAPTER VI bi 
HYPERPYRAMIDS, HYPERCONES, AND THE HYPERSPHERE 
I. PENTAHEDROIDS AND HYPERPYRAMIDS 
54. THEOREMS ON PENTAHEDROIDS, THE CENTER OF GRAVITY (CENTROID). 


Theorem 1. In a pentahedroid, if 2 of the tetrahedrons can be inscribed in spheres, 
the lines drawn through the centers of these spheres perpendicular to their hyperplanes 
lie in a plane; when they meet in a point this point is equidistant from the 5 vertices 
of the pentahedroid, the 5 tetrahedrons can all be inscribed in spheres, and the 5 lines 
drawn through the centers of these spheres perpendicular to their hyperplanes all pass 

through the same point, 


Theorem 2. The S-hyperplanes bisecting the 10 ecaspianacanvies of a pentahedroid all 
pass through a point within the pentahedroid, a point equidistant from the hyperplanes 
of its 5 cells. 


Theorem 3, The lines draw from the vertices of a pentahedroid through the centers 
of gravity of the opposite-cells meet in a point. 


Theorem 4. If each of the edges of a pentahedroid is equal to the corresponding edge 
of a 2nd pentahedroid, when the 5 vertices of one are made to correspond in some order 
to the 5 vertices of the other, the pentahedroid will be congruent to er symmetrical. 


For proofs of these theorems see Manning’s Geometry of Four Dimensions—Arts. 113-114, 
PPe 199=—202. 


If we take a regular-tetrahedron and draw a line through its center perpendicular to 
its hyperplane, every point of this line will be equidistant from the 4 vertices of the 
pentahedroid, and if we take a point at a distance from the 4 vertices equal to 1 of the 
edges of the tetrahedron, we shall have a pentahedroid in which the 10 edges are all 
equal, When a pentahedroid has all of its edges equal it is called a REGULAR- 
PENTAHEDROID. 


55. PHE TERMS RIGHT AND REGULAR USED OF HYPERPYRAMLDS AND DOUBLE=PYRAMIDS. When the 
base of a hyperpyramid is the interior of a regular—tetrahedron, the interior of the 
segment formed consisting of the vertex and the center of the base is called the AXIS OF 
THE HYPERPYRAMID; and when the line containing the axis is perpendicular to the 
hyperplane of the base the hyperpyramid is REGULAR. 


Theorem 1, In a regular-hyperpyramid the lateral-pyramids are equal regular~pyramids. 
The axis of any 1 of these lateral=-pyramids is the hypothenuse of a right-triangle whose 
legs are the axis of the hyperpyramid and a radius of the sphere inscribed in the base, 


The SLANT-HEIGHT OF A REGULAR—HYPERPYRAMID is the altitude of any 1 of the lateral- 
pyramids, 


When the base of a double-pyramid is the interior of a regular-polygon, the interior 
of the triangle determined by the wertex-edge and the center of the base is called the 
AXTS—-ELEMENT OF THE DOUBLE=PYRAMIDs; and when the plane of this triangle is absolutely- 
perpendicular to the plane of the base we have a RIGHT-DOUBLE-PYRAMID. A right—double=- 
pyramid is IBOSCELES when the extremities of the vertex-edge are at the same distance 
from the plane of the base, Suah a double=pyramid is also called REGULAR. 


Theorem 2. In a right-double-pyramid (with a regularbase) the lateral-faces are 
congruent, and the 2 end-pyramids are regular. In a regular—double-pyramid the end- 
pyramids are congruent, 


II. HYPERCONES AND DOUBLE—CONES 


56. SPHERICAL-HYPERCONES AND RIGHT-HYPERCONES, A SPHERICAL—HYPERCONE is one whose 
base is the interior of a sphere. The AXIS OF A SPHERICAL-HYPERCONE is the interior of 
@ segment consisting of the vertex and the center of the base. A RIGHT-SPHERICAL-— 
HYPERCONE, or simply a RIGHT=HYPERCONE, is one whose axis lies in a line perpendicular 
to the hyperplane of the base. 

A section of a spherical-hypercone by a hyperplane containing the vertex and any point 
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of the base is a circular—cone. 
The spherical-hypercone in Fig. 64 may be denoted by V-S. The base of the spherical- 
hypercone V-S is the interior of the sphere S lying in the hyperplane of the black-sphere 
» and the point V is the vertex. The center of the sphere S is the point 0. The axis of 
. the sphericalehypercone is the interior of the segment consisting of the vertex V and 
* the center of the sphere, and is the interior of the segment VO. 
We shall consider only right-spherical-hypercones in this text. The spherical-hypercone 
. VeS has its axis VO lying in a line perpendicular to the hyperplane of the base. 























The section of the spherical-hypercone V-S by a hyperplane containing the vertex V 
and the center of the base will be a circular-cone. For example: V-(ACF), V=(BCD), 
* V-(ABF), and so forth, 


Theorem 1. When a right-triangle takes all possible positions with 1 leg fixed, the 
- vertices and the points of the other 2 sides of the triangle make-up a right-spherical- 
hypercone. The fixed-side is the axis, the hypothenuse is an element, and the other leg 
is a radius of the base, (see Fig. 64.) 


When a right-triangle AOV takes all possible positions with the leg VO fixed, the 
vertices A, O, and V and the points of the sides AO and AV make-up a right=spherical- 
hypercone V-S,. The fixed-side VO is the axis, the hypothenuse VA is an element, and the 
leg OA is the radius R of the base, 


Theorem 2. If in the hyperplane of a cone of revolution we pass a plane through its 
axis and rotate around this plane that portion of the cone which lies on one=-side of it, 
we shall have all of a rightespherical-hypercone except that portion which makes-up the 
section of the cone by the plane. (Fig. 65.) 


Let the hyperplane VACF be the hyperplane of a cone of revolution, then if we take the 
cone V-(ACF) as the cone of revolution in this hyperplane, and take the plane of the 
triangle VAF passing through its axis VO and rotate around the plane of this triangle as 

- axis-plane the d-cone V-(ACF) which lies on one-side of it, we shall have all of a 
right=-spherical-hypercone V-S except that portion which makes-up the section of the cone 
Ve(aCF) by the plane of the triangle VAF. 

e In other words, the plane Y to the plane of the triangle VAF at the point O will be the 

- plane of the great-circle (BCD), and in the hyperplane of the sphere S, the point C of 
the #=-cone V-(ACF) will rotate around the point 0 of AF in the plane of the great-circle 
(BCD), and therefore, the d<cone V-(ACF) will rotate around the plane of the triangle 

+ VAF as axis-plane (see Art. 47). 


The hidden-views of the spherical-hypercone are easy to construct in the graphioc- 
figure. But in order to make a study of the hidden-views of a spherical-hypercone, we 
need to make use of the #-spheres in the base of the spherical—hypercone. We shall make 
use of a special-notation for the d-spheres of a sphere as follows: 
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The symbol-combination V-S, denotes a #-spherical-hypercone having the point V for its 
vertex, and whose dbase i8 a d-sphere S, determined, in such—a-way, that the capital- 
letter A shall denote that portion of thé d-sphere of S having A for 1 of its poles and 
with the sphericaleedge (rim) of this #sphere lying in the plane of the great-circle 
(BCD) perpendicular to the axis AF of S at 0. The d=-spherical-hypercone V-S_, will have 
the point F for pole of the dsphere S_, and with the spherical-rim (BCD) ofthis #-sphere 
lying in the plane of the great-circle (BCD) perpendicular to AF at 0, with the point V 
being the wertex of V-S.. We have, then, S = S, + Spe In Fig. 65, the sphere S is 
partitioned into 6 d-spheres, Lsee, Sy = Si yeeee Spe 

The #spherical-hypercone V-S willbe a visible-view in the graphic-figure except that 
portion made-up by the interior of the_d=-sphere S.. To see this, observe that in the 
hyperplane of the sphere S, the arc DCB lies on’one-side of the plane of the great- 
circle (ABP) and the d-arc BED lies on the other-side of the plane of thts great-eiréie, 
and therefore, the #-arc DCB lying on one-side of the plane of the great-circle (ABF) 
will lie on one-side of the hyperplane of the cone V-(ABF) and the_#-arc BED will lie on 
the other side of the hyperplane of this cone. The 4=-arcs DC83 and BED are senerated by 
the rotation of the point D around the plane of the triangle VAF as axis-plane of the 
spherical—hypercone ¥-6, or in the hyperplane of the sphere S, around the axis AF in the 
plane of the great-circle (BCD) and around the point O lying in the plane of this creat- 
circle, 


We can generate the lateral-hypersurface of a #-spherical-hypercone by using a method 
somewhat similar to that of a double-cone. The vertex-points V, A, and D torether with 
the edges VA and VD as well as the d-arc AD may be called a CONICAL=SHC"OR=30UNDARY. We 
shall denote a conicalesector by V-AD. The face of V-AD is an element of V-S,. The 
conical-face of V-AD iies in the hyperplane of a +-cone V-(ADF), and is ther€fore a 
portion of the lateral- y surface of a cone V-(ADF). 





Considering the_plane of the triangle VAF as axis-plane around which we rotate the 
conical-sector V-AD, and taking the plane of the great-cirole (BCD) ¥ to the given axis- 
plane at 0, then we can let the edge VA of V-AD be the vertex-edge, and the great-circle 
(BCD) lying in the base-sphere S as a directing-circle, such that V-AD and the directing= 
circle (BCD) meet at the point D. Now if we rotate V-AD around the curved-path of the 
directing-circle (BCD) in either a clockwise or counterclockwise-direction from its 
position at D, with the vertex—edee VA fixed, we shall have all of the lateral- 
hypersurface of a #spherical-hypercone V-S,. except that portion made-up of the vertex- 
edge VA and its 2 end-points V and A. We geflerate the lateral-hypersurface of the 
d-spherical-hypercone V-S,, using the same directing-circle (BCD), but with the vertex- 
edge V’and d-arc IW of_the other conical-sector V-IF. 

In the rotation of V-AD around the plane of the triangle VAF, the edge VD will generate 
the lateral-surface of the cone V-(DCB), and the point D will generate the circle (DCB) 
enclosing the base of this cone. The q=-arc AD will generate all of the surface of the 
sphere S, except the pole A. We could also say that the point D lying on the dare AD 
will gentrate that portion of the 4-sphere S,°’s surface lying on the circle (DCB ) and 


which we can call the EDGE of the +-sphere - Sac 
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The SLANT=HEIGHT OF A RIGHT=SPHERICAL-HYPERCONE is the distance from the vertex to any 
point of the sphere whose interior is the bases; it is the length of the hypothenuse of 
the right-triangle of theorem 1. (see Fig. 64.) 


H' is the slant-height of the sphericalehypercone V-S, and H is its altitude. 


A study of the HYPERCONIC-SECTIONS of the hypersolid-geometry is a study in itself, 
and should prove quite illuminating to those interested in this part of the hypersolid- 
geometry, particularly in combination with the hypersolideanalytic=geometry,. 





Fig. 66. 


57- CIRCULAR=DOUBLE=CONES AND RIGHT=DOUBLE—CONES. A CIRCIULAR-DOUBLE=CONE is one whose 
base is the interior of a circle. The AXIS-ELEXENT of a CIRCULAR-DOUBLE-CONE is the 
interior of the triangle determined by the vertex-edge and the center of the base. A 
RIGHT =-CIRCULAR=DOUBLE=CONE, or simply a RIGHT=DOUBLE-CONE, is one whose aris-element 
lies in a plane absolutely=perpendicular to the plane of the base, and the double—cone 
is ISOSCELES when the extremities of the vertex-edge are at the same distance from the 
plane of the base, 


We shall consider the double-cone ees in Pig. 66, an isosceles right-double-cone, 
Its base is the interior of the circle (CDE), The axis-element of AB-(CDE) is the interior 
of the triangle ABO determined by the vertex-edge AB and the point O at the center of 
the bases; its axis-element lies in the plane of the triangle ABO Y to the plane of the 
base (CDE), and the extremity=points A and B of the vertex-edge AB are at the same 
distance from the plane of the base (CDE), where AO = RO. The axis-element, or face of 
the triangle ABO, lies entirely in the interior of the double—cone AB-(CDE). 


Theorem 1, In a right-double—cone the elements are congruent, and the 2 end-cones are 
ri of wea In an isosceles right-double—cone the end-cones are congruent. 
Pig. 66. 


The 2 end-cones A-(CDE) and B-(CDE) are congruent and are cones of revolution. 


Theorem 2. A right-double-cone may be generated by the rotation of a tetrahedron 
which has an edge and a face in a perpendicular line and plane, the rotation taking 
place around the latter. (see Pig. 6.) 


If we take the tetrahedron ABCO with the line of the segment CO _/ to the plane of the 
triangle ABO, then in a rotation around the plane of this triangle, the face ABC will 
generate the set of elements of the double—cone AB-(CDE), the face ABO will be the axis- 
element, the faces AOC and BOC will generate the interior of the 2 end-cones A-(CDE) and 
B-(CDE), and the edge CO will generate all of the base except the point O at its center. 


If a tetrahedron has a rectangular-trihedral-angle at 1 of its vertices we can generate 
3 different double-cones. The details of this are left for the student to work-out. For, 
consider a line perpendicular to the rectangular-trihedral-angle at its vertex, then we 
will have 3 pairs of absolutely-perpendicular planes, and with each pair of these 
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absolutely-perpendicular planes, we can determine a simple-rotation of the tetrahedron 
around 1 plane of the pair as axis-plane in which the double-cone is generated. 


Just as we had worked-out the hidden-views for the spherical—hypercone, like results 
occur also for the double=-cone. If we take the hyperplane of the tetrahedron ABCO and 
rotate this tetrahedron around the plane of the face ABO as axis-plane, then the 
aouble=cone AB-(CDE) will lie on one-side of the hyperplane of this tetrahedron and will 
be a visible-view in the hic-figure except that portion made-up of the #base in the 
interior of the #eircle (CDE), and the other $<double—cone AB-(EFE) will lie on the 
other=side of the hyperplane of this tetrahedron and will be a kidden-view,. 

__To see this more clearly, observe that in the hyperplane of the blaak-cone the 4-arc 
CDE lies on one-side of the plane of the triangle ACE, and therefore, lies on om-side 

of the hyperplane of the tetrahedron ABCO; and the sarc EFC lies on the other-side of 
the plane of the triangle ACE, and therefore, lies on the other=side of the hyperplane 
of the tetrahedron ABCO. 

We can also consider the plane of symmetry ABO of the 2 tetrahedrons ABCO and ABE as 
an axis-plane around which the rotation of the tetrahedron ABCO occurs; that is, the 
tetrahedron ABCE is composed of the 2 tetrahedrons ABCO and AHEO lying in the hyperplane 
of the tetrahedron ABCE, and a 180 counterclockwise-rotation around the face ABO will 
take this tetrahedron back again into the hyperplane of the tetrahedron ABCE, dnd 
therefore, this portion of the rotation will give us the visible-views in the graphic- 
figure of the #double—cone AB-(CDE) except that portion made-up of the +base in the 
interior of the 4-circle (CDE); and the other +rotation of the tetrahedron ABCO at 
ABEO will take the tetrahedron ABCO back again into the hyperplane of the tetrahedron 
ABCE at its initial-position at ABCO, and this #-portion of the double-cone will be a 
hidden-view in the graphic—figure,. 


We can generate the lateral—hypersurface of a double—-cone AB-(CDE) in the following 
way: If we take the vertex-edce AB and take its extremity—-points A and B with the point 
C of the circle (CED) whose interior is the base of the double-cone AB-(CDE), then the 
interior of the triangle ABC so formed will be 1 of the elements of the double-cone, 
Then if we take and rotate the point C around the point O in the plane of the circle 
(CDE), the traingle ABC with its vertezx-edge fixed will rotate around the plane of the 
triangle ABO as axis-plane and its face will generate the lateral-hypersurface of the 
double—cone AB-(CDE), and its edges AC and BC will generate the lateral-surfaces of the 
2 end-cones, The vertex-edge AB and its 2 extremity-points A and B do not belong to the 
lateral-hypersurface of the double—cone AB-(CDE), and the circle (CDE) does not belong 
to the lateral-hypersurface of the double-cone, for its interior is the base of the 
double-cone AB-(CDE). We could also describe the lateral-hypersurface of the double—cone 
as a hyperconical=- kypersurface. 


The visible and hidden-views of the elements of the double-cone AB-(CDE) are formed in 
the same-way that we had formed the visible and hidden-views of the #-double—cones that 
go to make-up the double—-cone AB-(CDE). For example, the face ABD lies on one=-side of 
the hyperplane of the tetrahedron ABCE and the face ABF lies on the other-side of the 
hyperplane of this tetrahedron, and in the traingle ADF, the face ADO lies on one-side 
of the line of symmetry AO and the face APO lies on the other-side of the line of 
symmetry AO, this holds as well for the axis-plane of symmetry ARO lying in the 
hyperplane of the tetrahedron AEDF. 

Another way would be to consider the edge AD lying on one-side of the plane of the 
triangle ACE and the edge BD lying on one=-side of the plane of the triangle BCE, but 
2 lines that intersect determine a plane and 2 planes that intersect determine a 
hyperplane, and therefore, the face ABD lies on one-side of the hyperplane of the 
tetrahedron ABCE fommed of the planes of the 2 triangles ACE and BCE that intersect in 
the line of the edge CE, 


We can also consider the double-cone AB-(CDE) as the hypercone B-A(CDE), in which case, 
the face ABC will generate its lateral—hypersurface, but will also include the lateral- 
surface of end—cone B-(CDE) generated by the edge BO of the triangle ABC. 








III, THE HYPERSPHERE 1 


58. SPHERES AND CIRCLES IN A HYPERSPHERE. TANGENT-HYPERPLANES. A HYPERSPHER: consists 
of the points at a given distance from a given point. The terms CENTER, RADIUS, CHORD, 
and DIAMETER are used as with circles and spheres. 


Fig. 67 represents the graphic-form of a hypersphere which we shall denote by H. We 
grephically-construct H in a way analogous to the graphic-construction of a sphere in the 
3}-dimensional solid-geometry. In the Point=-Geometry at its center 0, we set-up a 
rectangular-system of 4 mutually-perpendicular lines which meet at O. The 4 mtually- 
perpendicular lines which meet at O will intersect H in 4 pairs of opposite-points (A,A'), 
(B,B'), (C,C'), and (D,D'). Each of these paired-points form the extremities of a diameter 
of H. The point O at the center of H separates the 4 mutually-perpendicular lines which 
meet at O into 4 pairs of opposite 4-lines of the rectangular-system, and intersect H in 
the above mentioned 4 pairs of opposite-points. The 4 axes of the rectangular=-system in 
the graphic of H are constructed in much the same way that the axes of the hypercube was 
constructed: that is, we will have foreshortening of the diameters B3* and ID' lying on 


2 of the great -spheres of H in this figure 
are represented as having the appearance of 
ellipsoids(not 3 as text) The great-spheres 
SABS &SACD in the DOP-graphic are pepresented 
like our ordinary sphere in 3 space graphic. 
Other than SAUD,each sphere will have the 
extremity points of 2 of their major axis of 
ellipses represented as great circles lying on 
SACD as well..that is for each of SABC S3CD 
and SABD.... (correction) AF 





Fig. 67. 


the oblique=axes which contain them respectively, with BB" greatly-foreshortened, and DD’ 
moderately-foreshortened; and the diameters AA‘ and CC' lying on the axes which contain 
them respectively, and which are at ‘true' right-angles to each other in the plane of the 
paper, will be non-foreshortened. In each of the 6 planes about the point O in the graphic 
except the plane of the circle (CAC'), we construct an ellipse representing a great-circle 
in H—-we shall go into the details of the graphic-construction of these ellipses in 
another part of this section. 


The 4 great-spheres of H in the graphic-figure will be denoted by S apc? Sanp? Sacp? and 
Sacp*, For example, S... means that this great-sphere is determined by 
the 3 points A, B, and C not coplanar with the center 0, and that any 1 of the 


3 points A, B, and C will be the pole of the plane of the great-circle containing the 
other 2 points. We can also use the above notation-form for a great-sphere in the case 
when 1 of the 3 points A, B, and C will not be the pole of the plane of the great-circle 
containing the other 2 points. There are 3 possibilities here, but we shall use the 
notation-form for a great-sphere in the case when 1 of the 3 points A, B, and C is the 
pole of the plane of the sreat-circle containing the other 2 points; and, which will 
greatly-simplify our study of the hypersphere. 

We shall consider ist the graphic-form of the black-sphere S C in Fig. 67. In the 
graphic-construction of the black-sphere, 2 of its great-circi#s will be represented as 
ellipses. Now, if we take into consideration the definition of a sphere, then the EXTENT 
of S in its graphic-form cannot exceed any 1 of the diameters of the circle (CAC') 
lyin# "fn the plane of the paper, and therefore, all other great-oiroles of the black-sphere 
represented as ellipses in the graphic must lie within the interior of (cac') except that 
the extremity-points of the major—aris on each of these ellipses will lie on (CAC'). 

The extremities of BB' lie in the interior of (CAC‘) 
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Now in the graphic-construction of the hypersphere H, we use an amalogous-method 
corresponding to the way in which we had graphically-constructed the black-sphere S___. 
We graphically=construct the red-sphere S cD in the same way that we had graphicall$o° 
constructed the black-sphere S 3 that 0° since the circle (CAC') lies in the plane of 
the paper, which is also a plafee in the hyperplane of the red-sphere S acp? we can 
eraphically=construct S D in the plane of the circle (CaC'). DD' will Pe in the interior 
of the circle (CAC'), afGin the graphic-form of S._, the extent of S,_ cannot exceed 
any 1 of the diameters of (CAC'), and therefore, afother great-circl#i or the red-sphere 
S represented as ellipses in the graphic must lie within the interior of (CAC') except 
hk? the extremity-points of the major—azis on each of these ellipses will lie on (CAC'), 

We graphically-—construct the 3 great-spheres Sap? SaHD? and Sicp? which in the graphic 
are represented as ellipsoids lying entirely in the interior of the 
graphic-form of the red=-sphere S cpiin its hyperplane) except that each of the 3 great- 
spheres represented as ellipsoid will have 1 of their ellipses lying on the graphic-form 
of the red=sphere S,... The reason for this is analogous to that given for the graphic- 
construction of the“$lack-sphere SAB ; that is, assuming the definition of a hypersphere, 
then the EXTENT of H in the graphic Cannot exceed any 1 of the diameters of the red-sphere 
S - Since the axes DD* and B3' of the redesphere S and the black=sphere S 
régbectively, intersect at 0, then the plane deteraif by these 2 axes will iAtersect H 
in the great-circle (DBD') represented in the graphic as an ellipse. The great-circle 
(DBD') intersects the great-sphere S cp in the 2 points D and D', which are the ertremity- 
points of a diameter of (DBD'); whereas, the 2 points B and B' lie on opposite-sides of 
the hyperplane of the red=greatesphere S - But just as the 2 points B and B' lie in the 
interior of (CAC') in the plane of the pager, go too, the great-circle (DKD') represented 
as an ellipse in the graphic will lie in the interior,of the graphic of the red-great- 
sphere S,... in its hyperplane. The 2 great=-circles (CBC') and (DBD') in the graphic can 
not intef¥ec » for the planes of these great-circles are absolutely=perpendicular, and 
therefore (oR) and (DBD') cannot intersect in the extremities of any diameter of H. 

The ellipses representing great-circles in the graphic-form of H are relatively easy 
to construct. For example, consider the ellipse CDC'D' and the points C, D, C', and D! 
lying on it, then if we pass a line perpendicular to its major=—axis CC' at its center at 
O in the plane of the paper, we can form the minor—axis of this ellipse and graphically- 
construct the ellipse CDC'D'; and use this method of graphic-construction for the other 
ellipses in the graphic of H. It should be noted that the ellipse DBD'B' representing the 
great-circle (DBD') has as its major—azis DD', which has its 2 extremity—points D and D' 
lying on the graphic of the red=-sphere Sa » and therefore must be a major=-axis of this 
ellipse; whereas, the extremity—points B GRa B' of BB' do not lie on the graphic of the 
red-sphere Sy » and therefore cannot be a major—axis of this ellipse. 

Many other Getails of the graphic-form of H can be uerived by considering the Point- 
“eometry at its center and the geometry of the hypersphere itself, and then deriving the 
corresponding graphic-relationships. 

The SOP and DOP=craphics of the hypersphere H will be different only in the derree of 
their scale—distortion-factors and some differences in the overlapping of geometric-points 
in the graphic, otherwise much alike. In the DOPegraphic of a hypersphere H, we have the 
following graphic-characteristics: 2 of the 4 great-spheres will be represented as 
ellipsoids, and 2 will be represented like our ordinary=-sphere; the red-great-sphere Sacp 
will not be a true-sphere due to its scale-distortion-factor of 2 (double oblique-axes 
end scale-distortion on each). 

In the SOP-graphic we would have the following graphic-characteristics: 1 of the 4 
ereat-spheres in H will be a true—great-sphere without any scale-<distortion whatsoever, 
and this true-create-sphere will be the red-great-sphere S__.3 and the other 3 great- 
spheres will be somewhat like our 3=—space black-sphere hafRe a single scale-distortion, 
and therefore will not have the appearance of ellipsoids in the }-epace flat-hypersurface 
(Buclidean-hyperplane) upon which the hypersphere H is graphically-constructed, for the 
observer will lie in 4-space outside of the hyperplane of the great-sphere S “p* 

-n the SOP=graphic, then, we would have 3 true-circles, and 3 ellipses repreféhting 3 
creat-circles; whereas, in the DOP-craphic, we will have 1 true=-circle, and 5 ellipses 
representing great-circles in ,the hypersphere H. 

Just as the great-circle (CR ') was a visible-view in the 3-space graphic of the black- 

sphere, so too, in the 4-space graphic of H, the red-sphere Sacp will be completely 
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visible. We shall prove that the red-sphere Sacp is a visible-view in the graphic when 


. we make a study of the rotation of the rotation of a hypersphere in hyperspace. 


Theorem 1, Any hyperplane=-section of a hypersphere is a sphere having for center the 
projection of the center of the hypersphere upon the hyperplane (Art. 13@ Th. 2). 


When the hyperplane passes through the center of the hypersphere the section is a 
GREAT-SPHERE. Other spheres of the hypersphere are SMALL-SPHERES. 


a Theorem 2. 4 non-coplanar points of a hypersphere determine a sphere of the hypersphere 
» and 3 points non-coplanar with the center of the hypersphere determine a great-sphere, 


Theorem 3. Any plane having more than 1 point in a hypersphere intersects the 
hypersphere in a circle having for center the projection of the center of the hypersphere 
upon the plane. 


Theorem 4. 3 points of a hypersphere determine a circle, and 2 points not collinear 
with the center of the hypersphere determine a great-circle. 


Theorem 5. 2 great-circles on the same great=-sphere intersect, and 2 great-circles 
which intersect lie on 1 great-sphere. 


A great-circle and a great-sphere always intersect, intersecting in the extremities of 
a diameter, and 2 great-spheres intersect in a great-circle (Art. 4, Ths. 1 and 2), 


As an example of Th. 5, the great-—circle (cpc*) intersects the great-sphere SABC in the 
extremity=points C and C' of the diameter CC', and the 2 great-spheres SARC and Sacp 
intersect in the great-circle (CBC'). 


Theorem 6, 2 great=-spheres of a hypersphere bisect each other. 


‘ DISTANCE IN A HYPERSPIIERE between 2 points not the extremities of a diameter is always 
measured on the arc less than 180 of the great-circle containing them. The distance 
between the extremities of any diameter is 180 . 


Theorem 7. All the circles of a hypersphere which pass through a given point are 
perpendicular, that is, their tangents are perpendicular, to the radius of the hypersphere 
at this point. 


A hyperplane perpendicular to a radius of a hypersphere at its extremity is TANGENT 
TO THE HYPERSPHERE. “ 


59. inYPERLUNES AND SPHERICAL=DINEDRAI—ANGLES. SPiIERICAL-TEPRAHEDRONS. A great-circle 
of a sphere dividing the rest of the sphere into 2 hemispheres may be called the EDGE of 
either of these hemispheres, 2 hemispheres of great-spheres having a common-edge will 
enclose a portion of the hypersphere of definite-volume, and we shall call that portion 
of a hypersphere bounded by 2 hemispheres of great-spheres a HYPERLUNE. The hyperlune is 
the analogue to the lune in the spherical-geometry of a sphere, a lune being defined as 
that portion of a sphere bounded by 2 intersecting arcs of great-circles. 

Along the edge we have a SPHERICAL—DIHEDRAL-ANGLE, which consist of a restricted- 
portion of the edge and restricted-portions of the hemispheres. The restricted-portion of 
the edge lies between the extremities of a diameter which divides the edge into 2 parts 
on opposite—sides of each other, and we shall call these opposite-parts of the edge the 
DOUBLE-EDGE OF 2 OPPOSITE SPHERICAL-DIHEDRAL—ANGLES, with 1 of each of the edges of the 

S double-edge belonging to 1 of the opposite spherical-dihedral-angles,. 

The edge of a spherical-dihedral-angle has on each face a pole, and the arcs of great- 

circles drawn throuch these points from any point of its edge determine a spherical-angle 
* by which the spherical-dihedral-angle can be measured, just as the dihedrel-angle formed 
. by 2 4=planes is measured by its plane-anzles. 
The spherical-dihedral-angle is itself measured by the distance between the poles of 
the edge, so that the distance can be considered as a measure of the spherical-dihedral- 
‘i angle, and if we take corresponding units, as a measure of the volume enclosed by the 2 
hemispheres, we shall have the volume of the hyperlune. 
The edge and poles gf a@ spherical-dihedral-ancle determine 2 lunes each of which has a 
spherical-angle of 90°, and the interiors of which are its faces. 2 intersecting 
hemispheres bounding a hyperlune determine 2 lunes of a spherical-dihedral-angle. 
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The tangent 4-planes which have a common-edge tangent to the edge of a spherical- 
dihedraleangle form an ordinary dihedral-angle whose measure can be taken as the measure 
of the former. 


Notation: denotes a hemisphere of S c* where A is the pole of the plane BCO 
containing ,"° the edge of this hemispheft> The hemisphere opposite to S\ will be 
denoted by Sc Thus, we see that by raising a subscript-letter of S.__., g can determine 
1 of ita h pheres. By raising a subscript-letter and priming it we Gnald have another 
set of hemispheres, When 2 hemispheres in the notation-form have the same subscripts and 
same superscripts with 1 of the superscripts primed, then, the 2, hemispheres are said to 
be on opposite=-sides of each other, For example, Sy = s4 + » each have different 
poles but the same edge, that is, the points A and RS re Sppo Fe to each other and are 
the extremities of a diameter AA'. The 2 hemispheres Pa and S_, lie on different great- 
spheres in H, but have the same edge, The notation forthe hem? &pheres ofS... S 

are denoted in the same manner as explained above for S,.., but with at FPereff 
sibbcript and superscript-letters. ABC 


In Fig. 67, the 2 intersecting hemispheres sh and sP determine a hyperplune in the 
hypersphere H. We shall desiginate the spherick1-dihed’sl-ancle of the hyperlune by 
D-CBC'=A. The spherical-dihedral-angle D-C8C'#A is formed by the intersection of the 2 
lunes CBC'BC and CBC'AC. The faces of D-CBC'=A are the interiors of the lunes CBC'IC and 
CBC'AC each of which lies on 1 of the hemispheres of the hyperlune, and the intersecting 
edge CBC' of these 2 lunes is the edge of D-CBC'=A. The edge C8C' and the 2 poles D and A 
of D=CBC*=A determine the 2 lunes CBC!IC and CRC'AC, each of which has a spherical-angle 
of 90°. The spherical-angle of D-C3C'=A is measured by the distance between the 2. poles 
A and D of the edve CBC', and this distance is the arc AD of the gteat-—circle ( A‘). 

The spherical-dihedral-angle D=<CBC'=A can also be determined in the following way: Take 
the point B on the edge,CBC' as the pole of the great-spherg S,._ (see Art. 60), then the 
2 hemispheres c S will intersect S in the arcs Cac: GRa CRC' respectively, and 
the great-circlé (ABA' ) Sr s cp in the poifts A and D, respectively; then if we take the 
point B with the points A, cA Bna D, we shall have 3 intersecting arcs at B which 
intersect S CD in the points A, C, and D. The spherical-dihedral-angle D-CBC'=A formed of 
these 3 arct will have its spherical-angle at the point B measured on the great-sphere 
Sacp* the hyperplane of S cp* then, C will be the pole of the plane of the great-circle 

i (APA), and in the plan? of this great-circle, we shall have a plane-angle AOD at O 
which can be taken as the measure of ‘the sphericaleangle of D-CBC'=A; that is, on Sacp we 
take 2 intersecting arcs CDC' and CAC' forming a spherical-angle at C, with C being 
its vertex, and the spherical-angle of these 2 intersectine arcs is measured by the arc 
AD of the great—circle (ABA') having the vertex C of the spherical-angle of these 
intersecting arcs as pole and is included between the sides of the spherical-angle formed 
of these 2 intersecting arcs. 

The spherical-dihedral-angles and spherical-angles correspond to the Point-Geometry at 
the center of the hypersphere. Just as we measured the plane-anzle of a hyperplane=-angle, 
we can take the intersections of the hyperplanes of the 2 hemispheres of a hyperlune and 
form a hyperplane-angle, and the plane-angle of the hyperplane-angle will have at 0 
(the center of H) the same measure as the spherical-ancle of the spherical—dihedral-angle 
of the hyperlune (see Art.27, Ths. 2 and 4). 

A d-hypersphere is a hyperlune whose spherical-dihgdral-angle is 180°, and a hypersphere 
is a hyperlune whose spherical-—dihedral-angle is 360. 


Theorem 1. A spherical-dihedral-angle has the same measure at all points of its edge. 
(see Art. 27, Th. 4) 


Theorem 2. The volume enclosed by the hemispheres of a spherical-dihedral=-angle is to 
the volume of the hypersphere as the dihedral-angle is to 4 right-angles. 


The formula for this is determined by considering the volume of a hyperlune of ase 
which is 277 *r?/360 (77 = Pi), or 77 “r?/180, and therefore the volume of a hyperlune 


of spherical—dihedral-angle @ (@ = Theta) is equal to 77 *rwi80. We shall denote this 
volume by Sze we then have 55 i 77 * 20/180 si 


D? and 
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When @ = 360°, we have the volume of a hypersphere, where Ss; = 2/7/ 2 « Th. 2 can now 
be put in an equation-—form as follows: 


Ss 
SO = J] © 
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we define SPHERICAL-TRIHEDRAL=ANGLE and SPHERICAL=-TETRAHEDRONS in the hyperspherical- 
geometry in an analofous way that we had defined spherical-angle and spherical-triangles 
in the spherical-geometry. We shall suppose that the sides of a spherical-triangle and 
the edges of a spherical-tetrahedron are less than 180 . The 4 great=-spheres which contain 
the faces of a spherical-tetrahedron determine a set of 16 spherical-tetrahedrons, 8 pairs 
» the 2 spherical-tetrahedrons of a pair being congruent (Art. 49, Th. 2). The 
hypersphere which lies on one-side of any 1 of the 4 great-spheres (on one-side of the 
hyperplane of the great-sphere) contains the interiors of 8 spherical-tetrahedrons, 1 from 
each pair. 

A spherical-tetrahedron has 6 edres, each lying in the edge of a spherical—dihedral- 
angle whose interior contains the interior of the spherical-tetrahedron. The interiors of 
1 of these spherical-dihedral=-angles contains also the interiors of 3 of the 15 spherical 
-tetrahedrons associated with the given spherical-tetrahedron as explained above, 


The 4 greatespheres S aes. oo Sica ands, determine a set of 16 spherical- 
tetrahedrons in the se ae tg hypersphere H of Fig. 67, which we shall 
call a NETWORK OF SPHERICAL=TETRAHEDRONS ON THE HYPERSPHERE H. In fact, the network of 
these spherical-tetrahedrans are RDGULAR=SPHERICAL-TETRAHEDRONS, defined as having all 
their sides equal to 90 ; spherical-face-angles, spherical—dihedral-angles, and spherical- 
angles are all equal to 90. The network of these 16 spherical-tetrahedrons completely 
fill-up the hypersphere H (its hypersurface, that is, its spherical-hypersurface). For 
example, the spherical-tetrahedron ABCD has all its sides and angles equal to 90, and 
ASCD has 4 vertices and 6 edges, the edee CR lies in the spherical—dihedral-angle PCBC'=s 
and which contains the interior of A8CD, and the spherical-angle of D-CBC'=A is 90. 

Other details and developments can be immediately read=<out from the graphic-figure of H, 
and so we will not make a detailed-study of these spherical-tetrahedrons in this small 
treatise. 


60. POLES AND POLAR-CIRCLES. The diameter of a hypersphere perpendicular to the 
hyperplane of any sphere of the hypersphere is called the AXIS OF THE SPHERE, and the 
extremities of the axis are called the poles of the sphere. 


Example. In Pic. 67, the diameter DD' is perpendicular to the hyperplane of the great- 
sphere SABC at the point O, DD’ is its axis, and the extremities D and D' of DD" are its 
poles, 


Theorem 1. Each pole of a sphere of a hypersphere is equidistant from all the points 
of the sphere. 


Example. In Fire. 67, the point D of H is a pole of S._.. The distances DA, DB, DC, DA' 
» and DB" are all equal. The distance between D and any $8int on Sa3c will be equal toa 
quadrant. 


The plane throush the center of a hypersphere absolutely—perpendicular to the plane of 
any circle of the hypersphere is called the AX]S=-PLANE OF Ti CIRCLE, and the great-circle 
in which this plane intersects the hypersphere is the POLAR=-CIRCLE OF THE GIVEN GReAR— 
CIRCLE. 


Theorem 2. Each point of the polar-circle of a circle of a hypersphere is equidistant 
from all the points of the given circle. 


Theorem 3. A great-circle of a hypersphere is itself polar to the great-circle which 
is its polar, and the distance between any 2 points, 1 in each of 2 polar freat-circles, 
is a quadrant. 


Example. In Fig. 67, the 2 great-circles (CDC') and (ABA') are polar great-circles 
lying in H. 
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Theorem 4. A greatesphere contains all the points at a quadrant’s distance from either 
of its poles, and each of 2 polar great-circles contains all the points at a quadrant’s 
distance from each other. 


Theorem 5. Great-circles which pass through the poles of a sphere are perpendicular 
to the sphere, and any great-circle perpendicular to a sphere passes through the poles of 
the sphere, 


If a point moves a given distance along an arc of a great-—circle, its polar great-sphere 
will rotate around the polar great-circle and generate a spherical-dihedral-angle whose 
measure is this same distance. 


Example. In Fig. 67, if the point B moves along an arc of a great-circle (ABA') to the 
position of the point A on the great-circle, then the distance generated will be the 
quadrant BA. Now if we take the polar greatesphere S D of #, then the polar great-circle 
of (ABA') will be (CDC'), and S cp Will rotate aro (CDC') and generate a spherical- 
dihedraleangle; and, if we take CDC' as ‘edge’ of the generated spherical—dihedral-angle 
» then ye shall have the spherical—dihedral-angle A-CBC'-& and therefore, the spherical- 
angle A@ as the measure of A-C&'-B, and this distance is the same distance BA that the 
point B generated on an arc of (ABA'),. 


If a great-circle rotates on a great-sphere throuzch a given spherical-angle around 1 of 
its points (and the opposite=point), its polar great-circle, lying on the polar great- 
sphere of the given point and passing through the pole of the given great=-sphere will 
rotate around the latter through the same angle. 


Example. In Fig. 67, if a great-circle (CBC') rotates on a great=-sphere S po, through a 
spherical-ancle BA around 1 of its points, say C (and its opposite=point C'), ‘its polar 
sreat-—circle (ADA'), lying on the polar great-sphere Sy of C and passing through the 
pole D of S,_., will rotate. around D through the same SeRerical-angle BA. The 2 points C 
and D deterfitte the great-circle (CDC'), and the rotation takes place in the hypersphere 
H around the plane of (CIC') (see Art. 47). 


Polar spherical-tetrahedrons correspond to polar spherical-triangles in the spherical- 
geometry. The properties of polar spherical-tetrahedrons is a specialized-topic of the 
hyperspherical-—geometry, and somewhat involved, though an interesting study in itself, 


To show that the geometry of the hypersphere is an independent 3=-dimensional geometry, 
see Manning’s Geometry of Four Dimensions—Art. 122, pp. 212=215. 


61. POINT=GEOMETRY THE SAME AS THE GEOMETRY OF THE HYPERSPHERE. 


Theorem. The Point=—Geometry at the center of a hypersphere is the same as the geometry 
of the hyperpshere, (Fig. 67.) 


Given: The Point—Geometry at the center O of a hypersphere H. 
To Prove: The Point=—Geometry at O is the same as the geometry of H. 


Proof: In the hypersphere H, points, great-circles, and great-spheres are its 
intersections with }lines drawn from the center at O and with planes and hyperplanes 
through its center at 0, and the distances (arce of circles) and angles in the hypersphere 
H are the same as the corresponding angles at.0. Therefore the Point—Geometry at O is the 
same as the geometry of H. (Q.E.D) 


In particular, to a great-sphere of the hypersphere and its poles correspond at the 
center a hyperplane and its perpendicular #lines; to 2 polar great-circles correspond 2: 
absolutely-perpendicular planes; and 2 simply-perpendicular planes correspond to 2 great- 
circles intersecting at right—angles. 

The theorems of the Point-—Geometry can, then, be stated as the theerems of the geometry 
of the hypersphere. 


62. LOGIC=DIAGRAM GRIDS ASSOCIATED WITH PORTIONS OF THE GRAPHIC-FIGURE OF A HYPERSPHERE. 
HEXADEXANTS AND THE PRINCIPLE-HEXADSKANT . 





81 





Loric-Diag. (GRID) 8. 


In the Point-Geometry at the center of a hypersphere, 4 mutually-perpendicular 
hyperplanes intersecting at its center will divide the hypersphere about its center into 
16 regions called iXADEKANTS. Any 3 out of 4 of these mutually-perpendicular hyperplanes 
determine a line throush the center of the hypersphere, altogether, we shall have 4 
mutually=perpendicular lines of a rectangular=system. The 4 mutually=perpendicular lines 
which meet at the center of the hypersphere are divided by the point at the center of the 
hypersphere into 4 pairs of opposite #-lines of a rectangularmsystem. If we take any 4 
*lines out of the 8 4+lines of the rectangular-system thus determined except pairs of 
opposite #lines, then any 1 of a set of the 4 4lines thus determined will lie in 1 of 
the 16 regions of the hyperspace about the center of the hypersphere. The hexadekant 
containing the 4 mutually-perpendicular #-lines lyinz in the positive-portion of a 


- rectangular-system will be called the PRINCIPAL—HEXADEKANT. 


We then form a LOGIC=DIAGRAM GRID representing the relationships between the Point=- 
Geometry at the center of a hypersphere and the geometry of the hypersphere, and 
associate it with that portion of the hypersphere lying in the region of the principal- 
hexadekant. The logic-grid will then be in 1-1 correspondence with that portion of the 
graphic-figure of a hypersphere lying in the principal-hexadekant. 

The GRID of Logic-diag. 8 is formed by the 2 pairs of absolutely=perpendicular planes 
(bc, ad) and (ba, cd). We can also call the grid thus formed, the PRINCIPAL-GRID, since 
this grid corresponds to that portion of the hypersphere lying in the principal- 
hexadekant of a rectangular=system. 

Fig. 68 represents the graphic for that portion of a hypersphere H lying in the 
prinoipal-hexadekant of a rectanzular=system and which corresponds to the principal-srid 
of the lozic-ediarran. 

However, a subtle=-DIFFERKFNCE show be noted between the logic-grid and the corresponding 
graphic-portion of the hypersphere H lying in the principal-hexadekant. The 4-lines 
represented as points in the logic-grid will correspond to 4-lines in the graphic and 
will actually be represented as #+-lines in the graphic. We shall consider only that 
portion of the 7-lines in the sraphic lying between the point O and their intersections 
with the hypersphere H. 

The logic-7rid enables us to determine directly, in the graphic, those points lying on 
that portion of the hypersphere H which lies in the principal-hexadekant. We take any 
point in the logic-grid representing a #-line in the Point-—Geometry at the center of H 
and then form the corresponding #line in the graphic. The point at which the d-line 
intersects the hypersphere H, will be a point lying on H. Any 2 points in the logic-grid 
representing 4-lines in the Point-Geometry at the center of H will correspond to 2 +- 
lines in the graphic, and which will lie in the plane of a great-circle. r 

After we have determined the points A,B,... lying on H in the graphic, we can then 
substitue these points (on the #lines on which they lie) for the corresponding points in 
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in the logice-grid, that is, we can let the points A,B,... in the graphic correspond to 
the points a,b,... in the logic-grid, but with the understanding that the lines a,b,.., 
represented as points in the logic-grid are now interpreted as points at a given distance 
from 0 (which lie on H); thus, we see that the geometrical-relationships between the 
eraphic and logic-grid are in 1-1 corrwppondence. 

We shall give a few examples illustrating the relationships between the logic-grid and 
graphic as follows: the quadrant-plane ba in the logic-grid determined by the 2 points 
b and a representing #lines in the Point-—Geometry at the center of H will correspond to 
the quadrant-plane ba in the graphic determined by the 2 lines b and a; the length of 
bp in the logio-grid will correspond to the arc BP in the graphic, that is, the arc BP 
lying on the great-circle determined by the 2 points B and P, lies also in the plane of' 
this great-circle determined by the 2 4-lines b and p; the angle ¢ in the logic-grid 
corresponds to the angle g in the Point—Geometry at the center of H.in the ¢raphic. 

In the next section we will go into more detail in a study of the relationships between 


the logio-grid and graphic. 


63. CLIFFORD’S’ PARALLELS. PARALLEL GREAT-—CIRCLES CORRESPONDING TO THE ISOCLINE-PLANES 
OF THE POINT=GHOMETRY. Since the theorems of the Point-—Geometry can be stated as theorems 
of the geometry of the hypersphere, we shall mention only some of the more important 
results (Arts. 51, 52, 53, and some other ths. of the Point-Geometry), and make use of 
the logic-diagram grid and corresponding graphic. (Fig. 69, Logic-diag. (GRID) 9.) 


Notation: Given a hypersphere H, we will write GREAT-CIRCLE AB to denote the great- 
circle determined by the 2 points A and B lying on H, and we will write DISTANCE AB to 
denote the distance determined by the 2 points A and B on H. 


Any 2 great-circles have a pair of common-perpendicular great-circles, 2 polar great- 
circles which intersect them at right-—angles. 


Example. The great-circles BC and PQ have a pair of common-perpendicular great-circles 
BA and CD. 


When 2 great—circles cut-out equal arcs on a polar pair of common-perpendicular greate 
circles, they have an infinite-number of common-perpendicular great-circles, on all of 
which they cut-out the same arc. Conversely, if 2 great=circles have more than 2 common- 
perpendicular great-—circles, the arcs not greater than a quadrant which they cut-out on 
any 1 of them and on its polar great-circle are equal. 


Example. The 2 great-circles BC and PQ cut-out equal arcs BP and CQ on their polar 
pair of common—perpendicular great-circles BA and CD respectively, and therefore have an 
infinite-mumber of common=-perpendicular great=-circles, on all of which they cut-out the 
game arc. The great-circles BC and PQ cut-out an arc RU on the great-circle RB, and since 
RU = BP, where BP = CQ, then the great-circle RS is 4 of the common-perpendicular great—- 
circles of the 2 great-circles BC and PQ. In the Point—Geometry at the center of H, the 
plane~angles corresponding to the arcs BP, RU, and CQ are all equal, that is, they are 
all equal to ¢. 


There are 2 DISTANCES BETWEEN 2 GREAT-CIRCLES, the distance not greater than a quadrant 
measured along a polar pair of common—-perpendicular great-circles. When the distances are 
equal the given circles are PARALLEL in the sense used by Clifford. Parallel great-circles 
correspond to the isocline-planes of the Point=-Geometry. 


Example, IY we take the 2 great-circles BC and PQ, then their polar pair of common- 
perpendicular great-—circles BA and CD will measure the 2 distances BP and CQ respegtively, 
on these 2 great-circleg. These 2 distances are less than a quadrant, and since Bf = CQ, 
the 2 great—circles and PQ are parallel. 


There are 2 senses in which great-circles can be parallel, and 2 great-circles 
perpendicular to both of 2 parallel great-circles (which are not polar) are themselves 
parallel in the opposite-sense, Through any point not a point of a given great-circle nor 
a point of its polar great-circle pass 2 great-circles parallel in the 2 senses to the 
Given circle and to its polar. 2 great-circles parallel to a given great-circle in the 
Same sense are parallel to each other in this sense also; and the set of all the great- 
circles parallel to a given great-circle in a given sense completely fills the 
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Logic-Diazram (GRID) 9. 


hypersphere, 1 and only 1 circle passing through each point. (Use Fig. 60, Logicediag. 3; 
complete the graphic=construction of that portion of H lying in the principal-hexadekant 
and in a portion of ancther hexadekant, and 1 logicegrid with a portion of another 
logic-grid. ) 


We conclude this section by stating some of the properties of a hypersphere H lying in 
the principal—hexadekant: That portion of a hypersphere H lying in the principal-hexadekant 
will be 1/16 of Hz the volume enclosed will be 1/16 of the volume of H, and will be that 
of the volume of the spherical-tetrahedron ABCD; since the edges of A3CL are all equal to 
a quadrant (arcs of 90 ), then A3.D is a SuLF-POLAR spherical-tetrahedron, for any 1 of 
its faces will have a vertex-point opposite to it as POLE; at any vertex of A3CD, we have 
a trirectangular spherical-trihedral-angle; all of its face=ansles will be right spherical 
-angles; and, any edze of A3CD will belongs to an edze of a rifht sphericaledihedral-angle. 


64. ROTATION OF THE !IYPERSP:icRE. Rotation of the hypersphere on itself is the same as 
the rotation of the Point-Geometry at its center. In any simple-rotation a certain great- 
circle remains fixed in all of its points; while its polar greatecircle, the circle of 
rotation, rotates or slides on itself (Art. 47). 

A DOUBLE-ROTATION is a combination of 2 simple-rotations around 2 polar great-circles. 


Theorem. If in the hyperplane of a sphere of revolution we pass a plane through its 
axis and rotate around this plane that portion of the sphere which lies on one-side of it, 
we shall have all of a hypersphere except that portion which makes=-up the section of the 
sphere by the plane. (Fig. 70.) 


In the hyperplane of the sphere of revolution S 
circle (CDC') passing, through its axis CC' and rotiPe around the plane of this freat- 
circle the 4—sphere S » we shall have all of the hypersphere H except that portion 
which makes-up the seftton of the sphere Sop by the plane of the circle (CDC'). In other 
words, if we take the plane of the circle (CDC') as axis-plane and rotate around this 
axis-plane, we shall have all of H except that portion of the circle (CDC') and its 
interior, e 

If we rotate the 4sphere st around the great-circle (CDC') as the 5 of rotation, 
then (CDC') will remain fixed“£R al) of its points; and, the pole A‘ of , being a 
point of the polar great-circle (ABA'), will rotate around (CDC') on its (Par great= 
circle (ABA'), that is, the path of A‘ will move along the polar great-circle (ABA'). 


A surface of double-revolution will not be taken up in this short-treatise. More 
advanced-knowledge of the Point—Geometry is required, which involves considerable detail. 
However, for those interested in this study as such, will find that a surface of double- 
revolution has the appearance of an anchor-ring. For further details, see Manning’s 
Geometry of Four Dimensions, pp. 219=220. 


» if we take the plane of the great- 
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p-84, in the ist-part of the sentence, “We shall call the boundaries where the 2 +- 
hyperspheres HR and Bay a FACE", read-as, “The great-sphere Sacp of H which divides the 


rest of H into 2 #hyperspheres Re and Aa, is called the FACE of either of these 
d-hyperspheres",. — Comeacrien — € 


65. VISIBLE AND HNIDDEN-VIEWS IN THE WYPERSPHERE. The graphic-construction of the 
visible and hidden-views in a hypersphere are analogous to those of a sphere. Suppose 
for a moment, we considered only the hyperplane of the red=-sphere Sacp? then the red- 
sphere Sacp will have all of its surface and interiorpoints visible, that is, any 3- 
space SOLID observed from a point outside of its hyperplane (not in the vanishing- 
plane of perspective) will have all its points visible, In the graphic-form of the 
hypersphere H, the hyperplane of the great=sphere Sac is a perpendicular=hyperplane to 
an observer lying outside of this hyperplane, but as Be have the DOP=graphic, the axis 
DD* of the great-sphere Sa D will be an oblique-axis, giving us the appearance of a 
great-sphere ‘distorted’ SeRewnat like our ordinary 3—space black-sphere in perspective. 
We shall have, then, a sphere Sacp ext in view, with no hidden-views whatsoever, 

Now, if we take the sphere and rotate around the axris=-plane of the great—- 
circle (CDC'), the pole A' of S wl rotate around the plane of the great-circle 
(CDC') along the path of its pols great-circle (ABA'), and we shall have the 2 arcs 
A'BA and AB'A' lying on opposite=-sides of the hyperplane of the sphere Sy « The points 
B and B* are the poles of S 3 and the #hypersphere H will lie on oneA§Pde of the 
hyperplane of S and will $2 a visible-view in the DOP-graphic, that is, all of 
the d-hypersur rhs of will be visible, but its interior will be a hidden-view in the 
graphic. The other 4=-hypersphere , will be a hidden-view together with its interior. 
The hypersphere H will then have the following visible and hidden-views in the DOP- 
graphic: all of the 4-hypersphere will be a visible-view, but not its interior, only 
its #-hypersurface will be visible; the 4=hypersphere Hee will be a hidden-view, with its 
d<hypersurface and interior hidden-views. 

The interior of the red-sphere Sacp will be a hidden-view, We shall call the boundary 
where the 2 4=hyperspheres 2 and , & FACE, which we may consider as belonging to 
either of these 4hyperspherés (hyperhe fephaven). B BI 

To gee the above results in a clear way, compare the 4=spheres S_. and S,. of SABC? 
with their common-edge the gfreat-circle (ACA'). The visible and nifden-views of H 
will then be analogous to the corresponding visible and hidden-views of the black-sphere 
Sance 

66. TRIRECTANGULAR SPiERICAL-TRIANGLES. THE VOLUME OF A }='‘YPERSPHERE. A spherical- 
triangle is called a TRIRECTANGULAR triangle if it has 3 right-angles, that is, its 3 
sides are quadrants. Certain sets of trirectangular spherical-triangles on the 
hypersphere correspond somewhat to plano-conical-hypersurfaces, but restricted to 
pertions of the hypersphere itself. In Fig. 70, if we take the trirectangular spherical- 
trdangle A'CD, with its face as an element, and the great-circle (ABA') as directing- 
circle, and let CD be the spherical vertex-edge, then we can rotate around the fixed 
spherical vertex-edge CD and generate the volume of a g-hypersphere. To see this, observe 





85 
that A'CD lies in the hyperplane of a sphere of revolution Sy e If we take the plane of 
the great-circle (CDC') as axis-plane and rotate A'CD around this axis-plane, with CD 
fixed, then A'CD and its face will generate the volume of a +hypersphere of H. Another 
way of seeing this, is to take the spherical-edge CD of A'CD as a spherical vertez-edge 
and rotate A'CD around CD as curved-axis, with the vertex-point A‘ opposite to CD lying 
on the directing-circle (ABA'), 

Since (CDC‘) and (ABA') are 2 polar great-circles, then CD will lie on (CDC'), with the 
vertex-point A' opposite to the spherical vertex-edge CD lying on (ABA'), and A' rotating 
around (CDC') on its polar creat-circleg (ABA'). The spherical-edge A'C will generate all 
of the surface of the *black-sphere S’. except the pole C, and A'D will generate all of 
the surface of the 4#-red-sphere AB exbBnt the pole D.° 


fhe student will find that the theorems of the double=cone can be modified to include 
a dhypersphere. In a way, we could call a }hypersphere a #-DOUBLE-SPHERE, since the 
topolorical-structures between the double=cone and 4=double-sphere are the same, that is, 
the relationships of the parts to the whole between these 2 types of geometrical- 
structure. The ‘genus' of these 2 types of geometricalestructure will be 0. 

We have barely touched upon the development of the hypersphere, but considerable 
information can be gleaned at once from the graphic of the hypersphere and many new 
theorems are suggested oy it. The student will find interestinz applications of the 
trigonometry and calculus to the hyperspherical-geometry, We conclude this chapter by 
Bayins that, perphaps, the double-elliptic geometry of the hypersphere is the most 
interesting part of the highermzeometry of hyperspace. 
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CHAPTER VII 86 


EUCLIDEAN—GEOMETRY. FIGURES WIT!] PARALLEL ELEMENTS 


67. THE AXIOM OF PARALLELS, We shall make a study of parallels and of figures with 
parallel elements in the Euclidean-geometry, and we shall assume the axiom of parallels. 


Axiom, Through any point not a point of a given line passes 1 and only 1 line that 
lies in a plane with the given point and does not intersect it. 


I. PARALLELS 


68. PARALLEL LINES AND PARALLEL PLANES. THEOREMS ON PARALLELS. Lines and planes are 
parallel to one another as in the solid-geometry: 2 lines when they lie in 1 plane and 
do not intersect, a line and a plane or 2 planes when they lie in 1 i i and do 
not intersect. 


Theorem 1, 2 lines perpendicular to the same hyperplane are parallel. 
Theorem 2. A hyperplane perpendicular to 1 of 2 parallel lines is perpendicular to 
the other. 


Theorem 3, If 2 planes through a point are parallel to a given line they intersect in 
a parallel line. 


Theorem 4. If a hyperplane intersects 1 of 2 parallel planes and does not contain it, 
the hyperplane intersects the other plane also, and the 2 lines of intersection are 
parallel, 


For the hyperplane intersects the hyperplane of the parallel planes in a plane which 
intersects the parallel planes in parallel lines. 


Theorem 5. If a plane meets 1 of 2 parallel planes in a single point, it will meet 
the other in a single point. 


Theorem 6, 2 planes absolutely=perpendicular to a 3rd are parallel. 

Theorem 7. A plane absolutely=perpendicular to 1 of 2 parallel planes is absolutely- 
perperpendicular to the other. 

Theorem 8. 2 planes parallel to a 3rd are parallel to each other. 

For a plane Y to the 3rd is Y to the 1st 2, and they are parallel by Th. 6. 

Theorem 9. If 3 parallel planes all intersect a given line, they all lie in 1 
hyperplane. 

Fheorem 10, 2 planes absolutely=perpendicular to 2 parallel planes are parallel, and 
2 planes parallel respectively to 2 absolutely=perpendicular planes are absolutely- 
perpendicular, : 

Theorem 11, If 2 planes intersect in a line, planes through any point parallel to them 
intersect in a parallel line and form dihedral-angles equal to the dihedral-angles formed 
by the 2 given planes. 

This theorem is proved by makin;; use of Ths. 2 and 3.. Corresponding plane=-angles, and 
therefore corresponding dihedral-angles, are equal. 


Corollary. If 2 planes are perpendicular, planes throw-:h any point parallel to them 
are also perpendicular, 


Theorem 12. If 2 Planes have a point in common, parallel planes through any other 
point make the same anjles. 


This theorem is proved by making use of Art. 38, Th. 11 and corollary. Corresponding 
plane=angles, and therefore corresponding dihedraleangles, are equal. 


Corollary. A plane isocline to 1 of 2 parallel planes is isocline to the other and 
makes the same angles with both. 


Theorem 13, 2 lines not in the same plane have only 1 common-perpendicular line. 


Since the 2 lines lie in a hyperplane this is always a theorem of geometry of 








87 
3—dimensions, and is proved as a theorem of the solid-seometry. 


Theorem 14, If a line and a plane do not lie in 1 hyperplane, they have only 1 
common=-perpendicular line. (See proof of Th. 1 of Art. 34.) 


In some of the theorems siven above, the following statements on dihedral-angles should 
be observed: CORRESPONDING DIIIEDRAI—ANGLES have corresponding faces. 2 CORRESPONDING FACES 
are parallel 4=planes lying in their hyperplane on the same-side of the plane determined 
by the 2 parallel lines. 


fhe visual-graphics for the above theorems are so obvious that we had not considered 
them here. The student can make use of the graphic of the hypercube given in chapter I, 
and abstract-out the 'firures' associated with the thedrems fiven above. 


69. PARALLEL PLANES. 2 planes which do not lie in 1 hyperplane and do not intersect 
are said to be 4—PARALLEL (semi-parallel). 


Notation: The symbol for parallel is //; for +~parallel is /1 3 


Theorem 1. The linear~elements of 2 +=parallel planes are all parallel to the other 
plane (see Art. 4g. 


Theorem 2. The linear-elements which lie in 1 of 2 4=parallel planes are parallel to 
the other plane, and these are the only lines which lie in 1 plane and are parallel to 
the other, 


Theorem 3, Throurh any point passes 1 and only 1 hyperplane perpendicular to each of 
2 j=parallel planes (see Art. 26). 


Theorem 4. 2 #parallel planes have 1 and only 1 common-perpendicular plane (see Art. 
34, Th. 2 and Fis. 50). 


The proof for the 1stepart of this theorem follows from Th. 2 of Art. 34, that is, 
there is 1 common-perpendicular plane. For the 2nd=part of the theorem we prove that 
there is only 1 common-perpendicular plane, we take a plane perpendicular to the 2 given 
half-parallel planes and prove that this plane coincides with the plane determined as in 
The 2 of Art. 34. In Fic. 50, the planes ot and £ are *parallel, that is,@//, p ; the 
common—perpendicular plane isP. 


Theorem 5. The only common=-perpendicular lines of 2 4=parallel planes are those which 
lie in the common=-perpendicular plane. 


The PERPE‘DICULAR-DISTACL or simply the DISTANCE, between 2 4parallel planes is the 
distance between the points where they are cut by a common=perpendicular line. It is the 
same for all of these lines, since the common=-perpendicular plane cuts the given plane in 
parallel lines (Th. 1). 


Theorem 6, The perpendicular-distance between 2 4=parallel planes is less than the 
distance measured along any line which intersects both and is not perpendicular to both. 


Theorem 7. 2 planes through a point parallel respectively to 2 }=parallel planes 
intersect in a line wnich is parallel to their linear-elements, 


For the line throw-h the point parallel to the linear-elements is parallel to the 2 
Given planes, and therefore lies in both of the 2 planes which are parallel to them 
through the point. 


Theorem 8, If a plane distinct from each of 2 parallel planes intersects 1 in a line 
and does not intersect the other in a line, it will be +parallel to the 2nd. (Fig. 71.) 


Given: A plane?” distinct from each of 2 // planes and £ » with DP intersectinc ef in 
@ line c and which does not intersect # ° 


‘To Prove: F //, pA ‘ 

Proof: If the plane# were in a hyperplane with B » this hyperplane, containing the 
line c in which% intersectsef , must be the hyperplane of the // planes @# and f ; or if 
7” intersected the // plane Z in a point, it would lie entirely in the hyperplane of the 
// planes @ and - - Thus, in either case, we would have a plane lying in the hyperplane 
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of the 2 // planes & and B » intersectinze¢ in a line, and therefore f in a line. As the 
ane plane # does not intersect the Li plane # in a line, it cannot lie in a hyperplane with 
it nor intersect it at all. Therefore r/l4 B- (Q.E.D) 


Theorem 9. If a plane perpendicular to 1 of 2 absolutely—perpendicular planes does 
not contain their point of intersection, it is 4=parellel to the other. (Fig. 72.) 


Given: 2 Y planes @ and @' which intersect at a point 0, and B a plane ae to@ but not 
containing 0. 


To Prove: Bli,a’. 


Proof: 8 cannot lie in a hyperplane withg{', for such a hyperplane would intersect ef 
only in a line throuch 0. Nor can intersect gf' even in a point, for then it would 
contain the line through such a point = to@g , and also contain the point 0. Therefore 


fp /1z a@'. (G.E.D) 


70. THEOREMS ON LINES AND PLANES PAHALLEL TO A EYPERPLAUIE AJD PARALLEL HYPERPLANES. A 


line and a hyperplane, a plane and a hyperplane, or 2 hyperplanes are PAhaLLEL when they 
do not intersect. 


Theorem 1. If a line, not a line of a ziven hyperplane, is parallel to a line of the 
hyperplane, it is parallel to the hyperplane; and if a plane, not a plane of a given 
hyperplane, is parallel to a plane of the hyperplane, it is parallel to the hyperplane. 


Theorem 2. If a line is parallel to a hyperplane, it is parallel to the intersection 

» of the hyperplane with any plane through it or with any hyperplane through it; and if a 

» plane is parallel to a hyperplane, it is parallel to the intersection of the hyperplane 
with any hyperplane throuch it. 


Theorem 3. If a line is parallel to a hyperplane, a line through any point of the 
hyperplane parallel to the given line lies wholly in the hyperplane; and if a plane is 
parallel to a hyperplane, a plane or line through any point of the hyperplane parallel 
to the given plane lies wholly in the hyperplane. 


Theorem. 4. 2 hyperplanes perpendicular to the same line are parallel. 
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Theorem 5. If 1 of 2 parallel hyperplanes is perpendicular to a line, the other is 
also perpendicular to the line. 


Theorem 6. Through a point not a point of a given hyperplane, can be passed 1 and only 
1 parallel hyperplane. 


Theorem 7. All the lines and planes in 1 of 2 parallel hyperplanes are parallel to the 
other, and all the lines and planes through a point, parallel to a hyperplane, lie ina 
» parallel hyperplane. 


Theorem 8. If a plane intersects 2 parallel hyperplanes, or if a hyperplane intersects 
2 parallel planes, the lines of intersection are parallel; and if a hyperplane intersects 
. 2 parallel hyperplanes, the planes of intersection are parallel. 


Theorem 9. If 3 non-coplanar lines through a point are respectively parallel to 3 
other non-coplanar lines through a point, the 2 sets of lines determine the same 
hyperplane or parallel hyperplanes; or if an intersecting line and plane are respectively 
parallel to another intersecting line and plane, they determine the same hyperplane or 
parallel hyperplanes. 


Theorem 10. 2 trihedral-angles having their sides parallel each to each and extending 
in the same direction from their vertices are congruent. 


For the corresponding face-angles are equal. 

In regards to the theorem, it should be observed that 2 parallel 4-lines extend in the 
same—direction when in their plane they lie on the same-side of the line determined by 
their extremities. 


Theorem 11, If a line is parallel to a hyperplane, all points of the line are at the 
same—distance from the hyperplane; or if a plane is parallel to a hyperplane, all points 
of the plane are at the same=-distance from the hyperplane. 


Theorem 12. 2 parallel hyperplanes are everywhere equidistant. 


For the graphics associated with the above theorems, use the graphic of the hypercube 
given in chapter I, and abstract-out the corresponding relationships in pictorial-forn. 









: an Fig. 73. c Fig. 74. 


p-89, Fig. 73, the dashed red-line E'D' should be removed and replaced by the dashed 
red—line E'D"s; that is, a dashed red-line drawn through the 2 points E' and D*, and not 


through E' and D' as shown in the hyperspace-figure. ¢nracrjey moe — 
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Theorem, Let ABCDE be a pentahedroid cut by a hyperplane ef so that the edge AB lies 
on one side ofe¢ and the face CDE on the other side. Then ife¢ is parallel to the line 
AB and to the plane CDE, the section will be a prism; ife¢is parallel to the line mnt 
not to the plane, the section will be a truncated-prism; ifeCis parallel to the plane 
but not to the line, the section will be frustrmm of a pyramid; or if eis not parallel 
to the line nor to the plane, the section will be a truncated-pyramid (see Art.7e, Th. 3). 


The theorem is proved by considering the plane-sections of its cells. The graphics for 
- the 4 cases of the theorem are as follows: 


Case 1. Ife¢€is parallel to the line AB and to the plane CIE, the section will be a 
prism C'D'E'=<C'D"E", (Fig. 74.) 


Case 2. IfeCis parallel to the line AB but not to the plane CDE, the section will be 
a truncated=prism C'D'E'=C"D"E", (Fig. 73.) 


Case 3. If@¢ is parallel to the plane CDE but not to the line AB, -the section will be 
a frustrum of a pyramid.C'D'E'=<C'D"E", (see Fig. 5.) 


Case 4. Ife€ is not parallel to the line AB nor to the plane CDE, the section will be 
a truncated=—pyramid. The section will be somewhat like Fig. 5, with C'D'E' and C"D"E" 
noi parallel to CDE. 


71. ISOCLINE=jPROJECTION. ARcA CF AN ISOCLINE=PROJECTION OF A PLANE=PCLYGON. 


Theorem 1. Any plane-polygon and its projection upon an isocline=-plane are similar. 
(Fiz. Fear Logic-Diaz. 10.) 


Given: Any plane=polygon EF of nesides, and aie its projection upon an isocline-plane. 
To Prove: P#~Pp!' , 
n n 


Proof: Let O be the point of intersection of 2 isocline-planes bc and pq. Let the plane- 
polyron P_ lie in pq, and let be be the isocline=-plane upon which the points of P_ are 
- projected. In pq, take any 2 points E and F, and E' and F' their projections upon 
jo determine the points -' and F*, use Logic-Diag. 10, and the following pe 
construction: let the angles between the 2 dacsiine=planes be and pq be ¢;3 in pq, the + 
- lines e and f make with the +line p, the angles SJ and Frespectively, now lay-off these 
2 acute=angles in bc and ad, and form the 2 common nar planes e'e" and f'f" which project 
the points e and f upon bc; since the common _/ plane f'f" intersects pq in the line f, 
the point F will lie in f'f", now draw a line in f'f" parallel to the 4-line f" and 
passing through the point F, this line will intersect the #line f' in a point F', and 
in f'f", the line-segment FF' will be _/ to the d-line f' at F' forming a right-angle 
OF'F; the angle FOF’ = g, since a common / plane of be and pq will cut-out the same 
-ngle g as ba and cd does on pq and be respectively; now form a 2nd common os plane e‘'e" 
-© be and pq and repeat the process used above for finding the projection of a point 
upon an isocline=-plane, then anrle EOE' = ¢g, and angle OE'E is a right-angle; the angle 
DOF = angle E'OF' by construction, and we shall denote this angle by 0 (Theta). 
O:"E and OF'F are 2 right-triangles with equal acute-angles 9 at 0. They are similar 
( 2 right-triancles are similar if an acute-angle of one equals an acute=angle of the 
other.), and the sides OF and OF are proportional to the sides OE' and OF', The angle 
LOF = angle E'OF' = @, Therefore the triangles OEF and OE'F' are themselves similar 
(2 triangles are similar if an angle of one equals an angle of the other and the sides 
including these angles are in proportion.). Now if the trianzles formed by joining the 
vertices of a plane=-polygon Ph to a point O in its plane are respectively similar to 
the triangles formed in the same way from another polygon P* n? the 2 polygons are similar. 
“aerefore Pap! , (Q.E.D) 


In Fir. 15, let A be the area of the triangle OEF, and let A" be the area of the 


’ jane one 
‘Tiancle OE’F", then 4 . og.oF sin BOF, and A’ = OE',OP'sin EOF’, since the area of 
2 2 


Lae | 


. triangle equals one-half of the product of any 2 adjacentesides and the included an-cle. 
Now angle EOF = anrle E'OF' = @, and we have 
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A = OL,0F sin 0, and A‘ = CE',CF' sin @' (@' = Q)3 and we have 
vg 2 2 
Af = O}',Cr' sin 6. Since O*'F and OS's. are risntetriancles, we ‘ave 
= 2 
CE" = OE cos ¢, and (' = OC} cos ¢, sybstitutin-~ these expressions on the rivhienand side 
of A‘, cives us 
A‘ = OE.OF sin @ cos ¢ cos g. Substituting A for Cx.CF sin @ or the 
2 2 
rimht-hand side of A', ;ives us &A' = A cos g cos ¢, which simplifies to A'=A cos” ¢. 
Jorollary. The projection of a circle upon a planc isocline to its plane is 2 circle, 


“ 


Theorem 2. Conversely, if a plane=poly.on is similar to its projection upon anotner 
plane, the 2 planes are isocline or parallel. 
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72. PRISMOIDAL-HYPERSURFACES. INTERIORS, SECTIONS. AXES, A PRISMOIDAL=IYPERSURFACE 
consists of a system of parallel lines passing through the points of a given polyhedron 
but not lying in the hyperplane of the polyhedron. The polyhedron is called the 
DIRECTING=POLYHEDRON, the parallel lines are the ELEMENTS, and the elements which pass 
through the vertices are LATERAL=-EDGES. We shall consider only directing=polyhedrons 
which are simple and convex. 

The elements which pass through the points of a face of the directing=polyhedron 
constitute the interior of a prismoidal-surface and a CELL of the hypersurface, The 
elements which pass through the points of an edge of the directing-polyhedron constitute 
a face of a prismoidal-surface and a STRIP of the hypersurface. A strip is that portion 
of a plane lying between 2 parallel lines, and is a face of the hypersurface, the common 
-face of 2 adjacent prismatic-surfaces. 

The INTERIOR OF A PRISMOIDAL=iJYPERSURFACE consists of the lines which pass through the 
points of the interior of the directing=polyhedron and are parallel to the elements. The 
interior of any segment whose points are points of the hypersurface (being convex) will 
lie entirely in the interior of the hypersurface unless it lies entirely in the 
hypersurface itself, and a 4line drawn from a point of the interior and not parallel to 
the elements will intersect the hypersurface in 1 and only 1 point. 


Fig. 76 represents the graphic-figure of a tetrahedroidal prismoidal-hypersurface. It 
is the simplest prismoidal-hypersurface. In Fig. 76, we have not taken any points in the 
interior of the hypersurface nor the interior points of the directing-tetrahedron—in the 
next section when we make a study of the hyperprism, the graphics will include the 
interior points of a restricted=portion of a prismoidal=hypersurface as well as the 
interior points of its directing=-polyhedron. The elements in the graphic can be 
considered either as element-serments generating a portion of the hypersurface or as 
elements of the hypersurface itself, that is, element-segments can be taken as ‘lines' 
in the graphic—compare this to the graphic-representation of prismoidal-surfaces in the 
solid=-ceometry. 

In Fig. 76, the tetrahedron A3CD is a directing-tetrahedron of the tetrahedroidal 
prismotdal—hypersurface. Its lateral-edzes are AA', BB', CC", and DD'. Its 4 prismatic- 
surfaces are A‘B'D'=ABD, A'C'D'=ACD, 3°C'D'=3CD, and A'R'C'-ABC. The interiors of these 
prismatic-surfaces are its cells. Its 6 faces are the strips A'D'-AD, B'D'=-BD, C'D'-CD, 
A'D'=AB, B*°G'=BC, and C'A'=CA, 

The tetrahedroidal prisomoidal-hypersurface is the analogue to the triangular- prismatic 
-surface in the solid-geometry: compare the triangular prismatic-surface B*C'D'=-BCD in 
Fig. 76 to the tetrahedroidal prismoidal-hypersurface iteelf. 

The visible and hidden-views of the hypersurface correspond somewhat like that of the 
prismatic-surface B'C'D'=BCD in its hyperplane. The cell A'3'C*=ABC is a visible-view 
in the graphic as well as portions of the 3 other cells of the hypersurface. Since the 
directing=-tetrahedron ABCD is a hyperplane-tetrahedron enclosing a portion of its 
hyperplane, we can consider the tetrahedroidal prismaidai—hypersurface a closed- 
hypersurface, 

Theorem 1. A hyperplane passing throucth a point of the interior of a prismoidal- 


hypersurface and parallel to the elements intersects the hypersurface in a prismatic- 
surface, (Fig. 77.) 

For a hyperplane intersects the di recting-polyhedron in a convex=-polygon, and 
intersects the hypersurface in the elements which pass through the points of this 
polygon. 

Theorem 2. A hyperplane which is not parallel to the elements of a prismoidal- 
hypersurface intersects the hypersurface in a polyhedron, and any such polyhedron can 
be taken as directing-polyhedron. 


A RIGIN'={SECTICN is a directinz=-polyhedron whose hyperplane is perpendicular to the 
elements. 


Theorem 3, Directing=-polyhedrons lying in parallel hyperplanes are congruent, and 
any 2 homologous points of 2 such polyhedrons lie in a line parallel to the elements. 
(see Fig. 76.) 









C Fig. 76. Fig. 77. 


Theorem 4, If a prismoidal-hypersurface has a parallelopiped for directins-polynedron, 
it will have 3 pairs of equal opposite lateral-cells lying in parallel hyperplanes, and 
all of its directinz-polyhedrons will be parallelopipeds. (The hypercube is a special- 


-case of the theorem.) 


The proof of the theorem follows from the fact that any 2 opposite-faces of the given 
parallelopiped are equal parallelograms lying in parallel planes, and are directing- 
polygons of equal prismatic-surfaces lying in parallel hyperplanes (Art. 70, Th. 9). 
Therefore any directinz=-polyhedron will have 3 pairs of parallel opposite-faces (Art. 70, 
Th, 8), and will be a parallelopiped. 


Theorem 5. If any directing=polyhedron of a prismoidale-hypersurface has a center of 
symmetry, the line through this point parallel to the elements is an axis of symmctry, 
meeting the hyperplanc of every directing=polyhedron in a point which is a center of 
symmetry of this polyhedron, Each point of the line is, in fact, a center of symnctry for 
the entire hypersurface, and the line as-a-whole is a line of symmetry. (Fic. 78.) 


For this line lies mid-way between the 2 lines in which any plane containing it 
intersects the hypersurfacc, and any line intersecting it determines with it such a plane. 


In Fig. 78, let the point P be the center of symmetry of a directing-tetrahedron ABC), 
and let PP* be the line throush P parallel to the elements. Then PP" is an axis of 
symmetry, meeting the hyperplane of every directing=-tetrahedron in a point which is a 
center of symmetry of this tetrahedron. For example, the axis PP* meets the hyperplane 
of the directing=-tetrahedron A'B'C'D® at its center of symmetry in the point P'. 


73. WYPERPRISMS. INTERIOR OF A iJYPERPRISM. A ITYPERPRISM consists of that portion of a 
prismoidal-hypersurface which lies between 2 parallel directing=polyhedrons, together 
with the directing-polyhedrons themselves and their interiors, 

The interiors of the directing-polyhedrons are the BASES. In each hyperplane of the 
hypersurface we have a prism whose interior is 1 of the LATERAL-—CELLS of the hyperprisn. 
The lateral—faces and edges of these prisms are the LATERAL-FACES and LATERAI-EDCES of 
the hyperprism. The lateral-edges are all equals; the bases are congruent (irt. 72, Th. 3). 
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x Fig. 78. Fig. 79. 

The INTERIOR OF A HYPERPRISM consists of that portion of the interior of the: 
prismodal<hypersurface which lies between the bases. The hypersurface beim convex, the 
interior of any segment whose points are points of the hyperprism will lie entirely in 
the interior of the hyperprism unless it lies entirely in the hyperprism itself, and a 
#-line drawn from a point of the interior will intersect the hyperprism in 1 and only 1 
point. 

A hyperprism is a RIG: HYPERPRISM when the lateral-edges are perpendicular to the 
hyperplanes of the bases. When the bases are the interiors of regular—-polyhedrons the 
hyperprism is REGULAR. 


Fiz. 79 represents a tetrahedroidal-hyperprism which may be denoted by A'B'C'D'=ABCD. 
The interiors of the 2 directing=-tetrahedrons A'B'C'D' and ABCD are its bases. It has 
4 lateral-cells which are the interiors of the 4 prisms A'B'D'=jA3D, A'C'D'=ACD, B'C'D'=BCD 
» and A'B'C'=ABC, The lateral-faces and edges of these 4 prisms are the lateralefaces 
and lateral-edces of A'B'C'D'-ABCD. Its 4 lateral<edges A'A, B'B, C'C, and D'D are all 
equals; the bases A'B'C'D* and ABCD are congruent, 

The interior of the tetrahedroidal-hyperprism A'B'C'D'=ABCD consists of that portion 
of the interior of the tetrahedroidal prismoidal-hypersurface which lies between the 
bases A‘B'C'D' and ABCD. 

In another way, then, we can say that the tetrahedroidalehyperprism A'3'C'D'=ADCD is 
makej=up of 6 cells: 2 tetrahedrons and their interiors torether with 4 lateral-prisms 
and their interiors, Each prism will have a lateral-face resting upon a lateral-face of 
each of the others, and each of the 4 faces of a base-tetrahedron resting upon 1 of the 
prisms. 

The tetrahedroidal<hyperprism A'B'C'D'=ABCD is a right-hyperprism, its lateral-edges 
being perpendicular to the hyperplanes of the bases. 

The visible-views of the tetrahedroidal-hyperprism in the graphic are the tetrahedron 
A'B'C'D' and its interior together with the prism A'B'C'=ABC and its interior, The 
interiors of the other 3 prisms will be hidden-views in the graphic except 2 faces on 
each 1 of the other 3 prisms will be a visible-view, that is, on each of these prisms we 
will have 1 lateral-face and 1 base as a visible-view: for example, the prism A'C'D'=-ACD 
will have the lateral-face A'C'AC and base A'C'D’ as visible-views in the graphic. The 
only visible-view in the base-tetrahedron ABCD, is the face ABC, 
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¥ Fig. 80. Fig. 81. 
The tetrahedroidal=-hyperprism A'3'C'D'=ASCD is the 4=space analogue of the triangular 
prism B'C'D'=BCD in the solid-seometry (the hyperplane of the triangularprisn), 


74. SPECIAL-FORMS OF iYPERPRISMS. ITYPERPARALLELOPIPEDS. THE OCTANEDROID. A hyperprism 
whose bases are the interiors of prisms can be regarded in 2=<ways as a hyperprism of this 
kind; for the lateral-prisms corresponding to the ends of the bases are parallel (Art. 

70, Th. 9) and congruent, and the remaining lateral-prisms are parallelopipeds, which can 
be regarded as having their bases on this 2nd pair of prisms and their lateral-cdges those 
edges which belong to the 1st pair of prisms, This figure is a particular-case of a 
double-prism and will be studied in the next section (see Art. 80). 


Fig. 80 represents a hyperprism whose bases are the interiors of triangular-prisms,. Tne 
2 lateral-prisms A'3'C'=A%C and D'E'F'=DEF corresponding to the ends of the bases 
A'3'C'-D'C'F" and ABC=DEF are parallel and congruent, and the remaining lateral-prisms 
A'B'D':|"@ABDE, A'C'D'F*@ACDF, and B'C'E'F'=BCEF are pa Por ea can be regarded 
as having their bases on the 2nd pair of prisms Te 'F and ABZ-DEF and their 
aye those edges which belong to the ist pair of prisms A'B'C "Band 

'Y'=DiF. 

The hyperprism of Fig. 80 is a right-hyperprism. Its lateral—edges arp, pil equal to 
unity, and the lateral-edges of the base=-prisms are all equal to unity;,its 3 
parallelopipeds are cubes. ‘ 

In Fig. 81, if we take a hyperplane perpendicular to the lateraleedge D'D at the point 
D" of a right-hyperprism with triangularprisms for bases, then the hyperplane will 
intersect the hyperprism in a right-triangular-prism A"B"C"=D"E"F". The trianzgular-prism 
A*B®°C"={D"E"F" is a right-section of the hyperprien. 


A HYPERPARALLELOPIPED is a hyperprism whose bases are the interiors of parallelopipeds. 
In a hyperparallelopiped there are 4 pairs of opposite equal parallel parallelopiped 
whose interiors are the cells, and the interiors of any pair can be taken as bases. There 
are 4 sets of 8 parallel edges, each set joining the vertices of 2 opposite-cells, 
becoming the lateral-edges when the cells are taken as bases. The section of a 
hyperparallelopiped made by a hyperplane intersecting all 8 of the edges of a set will be 
a parallelopiped (Art. 72, Th. 4). 





| 2 


A DIAGONAL of a hyperparallelopiped is the interior of a segment formed by taking any 
2 diagonally opposite vertices of the hyperparallelopiped. 


Theorem 1, The diagonals of a hyperparallelopiped bisect one another, all passing 
through a point which is a center of symmetry for the hyperparallelopiped. 


Theorem 2, The square of the length of a diagonal of a rectangular-hyperparallelopiped 
is equal to the sum of the squares of the 4 dimensions. 


- The proof of the theorem follows from 3 successive applications of the Pythagorean 
; theorem (See Fig. 82 for the special-case when the rectangular=hyperparallelopiped is a 
hypercube, 


: A HYPERCUBE is a rectangularhyperparallelopiped whose base is the interior of a cube 
and whose altitude is equal to the edge of the cube. Its 4 dimensions are all equal. The 
hypercube is a REGULAR POLYHEDROID, being that there are 6 cells, it is called a REGULAR 
OCTAHEDROIDs; it has 8 equal cubical-cells, 24 equal faces each a common-face of 2 cubes, 
32 equal edges, and 16 vertices. There are 4 axes lying in lines which also form a 
rectangular-system. The hypercube has also been called a TESSERACT. 


Theorem 3. The diagonal of a hypercube is twice as long as the edge. (Fig. 82.) 


(1) aa bat = co 
(2) GR = 00 4 a? = 507 
(3) 2 re 2 
(4) OF' «= 2a 

(4*) OFF = 2, a = % 





Fig. 82. 
B G 


In Fig. 82, take the vertex point G and construct the diasonal OG of the square OABG; 
take the vertex point F and construct the diasonal OF of the blackecube; take the vertex 
point F* and construct the diagonal OF' of the hypercube. Now take 3 successive 
applications of the Pythagorean,theorem using the ri:;ht-triancles CBC, OGF, and OFF'; the 
. substitution of ths value of OG from the 1st equation into the 2nd, and the substitution 

of the value of OF” from the 2nd equation into the 3rd equation gives us.the value of 
CF'“s; taking the square-root of both sides of equation (3) gives us equation (4), thus 
. _ provinr the theorem. Equation (4') results when a = 1, 


III. DOUBLE-PRISHS 


75 PLANO=PRISMATIC HYPERSURFACES. SECTIONS. We shall use the word LAYER to denote that 
portion of a hyperplane which lies between 2 parallel planes, and call the parallel planes 
the FACES OF THE LAYER. 





97 


A PLANO=PRISMATIC HYPERSURFACE consists of a finite number of parallel planes taken in 
a definite cyclical-order, and the layers which lie between consecutive planes of this 
order. The parallel planes are FACES and the layers are CELLS of the hypersurface. Ife{ , 


r] of” eco are the faces in order, the cells can be described as the layersel f Td gees % 


and the hypersurface as the plano-prismatic hypersurfac nee « The faces and all 
parallel planes within the layers are the ELEMENTS of the hypersurface, and are in 
cyclical-order,. 

The hypersurface is a SIMPLE PLANO-PRISMATIC HYPERSURFACE when no plane occurs twice as 
an element. It is CONVEX when also, the hyperplane of each cell contains no element except 
those of this cell and the 2 which are its faces. We shall consider only hypersurfaces 
which are simple and convex. 


Fig. 83 can be taken as the graphic-representation of a plano=-prismatic hypersurface, 
with the understanding that ‘parallelograms' in the graphic represent planes and 
"‘parallelopipeds' in the graphic represent hyperplanes of the layers. The 4 consecutive 
planes ABCD, EFGH, E'F'G'ii', and A'B'C'D" are the faces of the layers. The 4 layers are 
ABCD=A2 Rte , APACE PIC IC, E*F'GTH'@=ATBIC'D', and A'B'C'D'=ABCD. 

EFGCH , a - aah 





Fig. 83. Fig. 84. 


Theorem 1. A hyperplane containing an element of a plano=prismatic hypersurface or any 
parallel plane will intersect the hypersurface in elements if at all (Art. 70, Th. 1). 


Theorem 2. A hyperplane intersecting but not containing an element of a plano=-prismatic 
hypersurface will intersect the hypersurface in a priamatic-surface, (Fig. 84.) 


For the hyperplane intersects all the elements in parallel lines (Art. 68, Th. 4), and 
so the cells in strips (see Art. 72), which are the faces of a prismatic-surface. 


In Fig. 84, a hyperplane intersecting the face-elements of the plano-prismatic 
hypersurface in the 4 parallel lines AL, EX, E'K', and A'L' will intersect the 
hypersurface in a prismatic-surface IXK'L'=-AEE'A'. The faces of the prismatio-surface lie 
in the cells of the hypersurface, 
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Theorem 3. 2 parallel prismatic-sections of a plano=prismatic hypersurface aze 
congruent, 
76. DIRECTING=POLYGONS OF A PLANO=PRISMATIC HYPERSURFACE. INTERIOR OF THE NYPERSURFPACE, 


Theorem 1. A plane which contains a line parallel to the elements of a plano=-prismatic 
hypersurface, but is'not itself parallel to them, will intersect in a line every element 
which it intersects if at all. 


Theorem 2, A plane which does not contain a line parallel to the elements of a plano- 
prismatic hypersurface will intersect every element in a point, and will intersect the 
hypersurface, the latter being convex, in a convex—polygon. 


For the plane will interseot each element in a point, by Th. 5 Of Art. 68, and the 
faces of the hypersurface in points which are the vertices of a polygon. The polygon is a 
simple convex-polygon, since no 2 elements can intersect the same plane in the same point. 


In Fig. 84, a plane intersecting the face-elements of a plano-prismatic hypersurface in 
points L, K, K*, and L', will intersect the hypersurface in a rectangle LKK'L', the points 
L, K, K*, and L*® being the vertices of this rectangle. 


The polygon in which a plane containing no line parallel to the elements intersects the 
hypersurface can be called a DIRECTING-POLYGON, and the hypersurface can be described as 
consisting of a system of parallel planes passing through the points of a given polygon 
and intersecting the plane of the polygon only in these points. The polygon GOES AROUND 
the hypersurface, 


In Fig. 84, the parallelogram LKK'L' is called a directing=parallelogram of the 
hypersurface, which goes around the hypersurface. Another directing-parallelogram ef the 
hypersurface is AEE'A*, All the directing-parallelograms of the hypersurface are congruent 
to one another. 


Theorem 3. Through any line which is not parallel to the elements of a plano-prismatic 
hypersurface can be passed planes intersecting the hypersurface in directing=polygons. 


Theorem 4. 2 parallel directing-polygons of a plano=prismatic hypersurface are congreent 
¢ and any 2 homologous points lie in 1 of the elements. 


In Fig. 83, if we take the 2 parallel directing—parallelograms AEE'A' and DHA'D', then 
they:.are congruent. Their interiors are the bases a prism AKB'A'=-DHH'D' whose lateral- 
surface is cut-out from the prismatic-surface in which their hyperplane intersects the 
hypersurface. 


Fheorem 5. If a plane-prismatic hypersurface has a parallelogram for directing=-polygon, 
it will have 2 pairs of equal opposite-cells (layers of the same width) lying in parallel 
hyperplanes, and all its directing-polygons will be parallelograms.(see art. 70, Ths. 8 
and 9). (Fig. 83.) 


The 2 cells EFGH-ABCD and E'P'H'G'=-A'B'C'D® lie in parallel hyperplanes. They form a 
pair of opposite-cells of the hypersurface and are layers of the same width, since AEE'A‘ 
is a directing-parallelogram of the plamo-prismatic hypersurface, with AE = A‘E' and EE’ = 
AA‘, Like results occur also for the other 2 remaining cells of the hypersurface. 


The INTERIOR OF A PLANO=PRISMATIC HYPERSURFACE consists of those planes which correspond 
to the interior of the directing-polygon. The interior of any segment whose points are 
points of the hypersurface will lie entirely in the interior of the hypersurface unless it 
lies entirely in the hypersurface itself, and a $line draw from a point of the interior 
and not parallel to the elements will intersect the hypersurface in 1 and only 1 point. 

so that portion of a plane between 2 paralle)-lings ofthe hypersurface (a strip, Art. 
iB or a layer between any 2 elements, lies entirely in the interior unless it lies in 
the hyperwurface itself, 


*heorem 6. When the layer between 2 elements of a plano=prismatic hypersurface lies 
entirely in the interior of the hypersurface, it separates the rest of the interior into 
2 portions lying on opposite-sides of the hyperplane, and with its faces and each of the 2 
parts into which they separate the rest of the hypersurface it forms a convex plano- 


prismatic hypersurface. 








99 


Corollary, By taking the diagonal-layers which have in common 1 of the lateral-faces 
of the hypersurface we can form a set of triangular plano=-prismatic hypersurfaces, their 
interiors, together with the diagonal-layers, making up the interior of the given 
hypersurface, 


76. RIGHT DIRECTING=POLYGONS. AXIS=PLANES. A directing=-polygon whose plane is 
absolutely=perpendicular to the planes of the elements of a plano=prismatic hypersurface 
is called a RIGiT DIRECTING-POLYGON. 


Theorem 1, The projection of any directing=polyfon uponethe plane of a right directing 
-polygon is the richt directing-polygon itself (see Art. 12) 


Theorem 2. A plane isocline to the plane of a right directing=polygon, but not parallel 
to the elements, intersects the hypersurface in a polygon similar to the might directing- 
polygon; and, conversely, any directing=polygon similar to a right directing=-polygon lies 
in a plane which is isocline to the plane of the latter (see Art. 71, Ths. 1 and 2). The 
right directing-polygon is the minimum of all these similar polygons. 


Theorem 3. If any directing=polygon of a plano-prismatic hypersurface has a oenter of 
symmetry, the plane through this point parallel to the elements is an axis-plane of 
symmetry, meeting the plane of every directing=polygon in a point which is a center of 
symmetry of this polygon. Each point of the plane is, in fact, a center of symmetry for 
the entire hypersurface, every line of the plane is a line of symmetry, and the plane 
ase-a=-whole is a plane of symmetry. 


For the plane lies mid-way between 2 planes in which any hyperplane containing it 
intersects the hypersurface, and any line intersecting it but not lyin= in it determines 
with it such a hyperplane. 


77. INTERSECTICN OF 2 PLANO=PRISNATIC HYPERSURFACES. Ti: 2 S#TS OF PRIS!S. When the 
elements of a plano—prismatic hypersurface intersect the elements of a 2nd plano-prismatic 
hypersurface only in points, the intersection of the 2 hypersurfaces consists of the 
lateral-surfaces of a set of prisms joined together in succession by their bases, together 
with the polygons whose interiors are these bases. In another way, also, the same 
intersection consists of the lateral-surfaces of a set of prisms joined together by their 
bases, together with the polygons whose interiors are these bases. 

In fact, the faces of the 1st hypersurface are parallel planes intersecting the 2nd 
hypersurface in a set of equal parallel directing-polygons of the latter, and the cells of 
the ist are layers, each layer intersecting the 2nd in the lateralesurface of a prism 
whose bases are interiors of 2 of these directing-polygons (see Art. 76, Th. 4). 

In the same way the faces of the 2nd hypersurface are parallel planes intersectinr the 
ist hypersurface in a set of parallel directing=polygons, and each cell of the 2nd 
intersects the 1st in the lateral-surface of a prism whose bases are the interiors of 2 
of these directinz-polygons. The entire intersection consists in 2-eways of the lateral- 
surfaces of a set of prisms joined in succession by their bases, together with the 
polygons whose interiors are these bases. 

The lateral-faces of any prism of the 1st set are the interiors of parallelograms, and 
are the intersections of 1 particular cell of the ist hypersurface with the different 
cells of the 2nd. A set of correspondin; faces of these prisms, 1 from each prism, are, 
then, the intersections of the different cells of the 1st hypersurface with 1 particular 
cell of the 2nd. The faces of any particular prism of either set form a set of 
corresponding faces of the different prisms of the other set, and every lateral-face of 
a prism of one set is a lateral-face of some prism of the other set. The lateral-edges of 
the prisms of one set are the sides of the bases of the prisms of the other set. The 
interiors and the bases of the prisms of the ist set lie in the ist kypersurface and in 
the interidr of the 2nd, and the interiors and bases of the prisms of the 2nd set lie in 
the 2nd hypersurface and in the interior of the ist. The ist set of prisms goes around 
the 1st hypersurface, while any base or interior of a cross-section of any of these prisms 
is a piece cut-out of an element of the 1st hypersurface. ln the same way the 2nd set of 
prisms goes around the 2nd hypersurface. 


A DOUSLE-PRISM consists of the intersections of 2 plano-prismatic hypersurfaces whose 
elements intersect only in points, together with all that portion of each hypersurface 
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Fig. 85. Wig. 86. 


which lies in the interior of the other; that is, it consists of both sets described 
above and their interiors. 

When the elements of one hypersurface are absolutely=perpendicular to the elements of 
the other the double=prism is a RIGHT DOURLE—PRISM. When also the prisms of the 2 sets 
are refular the doudle=prism is KhGULAR. 


If we take the hypercube given in chapter 1, then, as described above, the hypercube 
will be formed from the intersection of 2 plano=-prismatic hypersurfaces havinz squares 
as directing-polygons, with the planes of these squares absolutely-perpendicular *o each 
other. 

The 4 cubes that go around the lateral-faces of the black=cube can be taken as the Ist 
set of prisms lying in the 1st hypersurface, and the 4 cubes that go around the lateral- 
faces of the cube OBiIC=C'B'!"C’ can be taken as the 2nd set of prisms lying in the 2nd 
hypersurface. 

The hypercube is a special-case of a double-prism, and since the elements of the 2 
hypersurfaces containing the hypercube are absolutely-perpendicular to each other, the 
hypercube is a right double-prism. “he hypercube is a recsular double=-prism, since both 
sets of prisms are cubes (regular—prisms). 


78. INTERIOR OF A DOUBL:=PRISM. Titt DIR:CTING=POLYGONS. The INTLRIOR OF A DOU3LE-FRIS: 
consists of the points which are common to the interiors of its 2 hypersurfaces. A planc 
lying in the interior of one of the hypersurfaces parallel to its elements intersects the 
other in a directing=-polygon whose interior belongs to the interiors of both, and so to 
the interior of the double-prism. The vertices of this polygon are a set of corresponding 
points of the bases, and the sides lie in the interiors of the prisms of the set which 
goes around the former hypersurface. 


In Fig. 85, the plane of the parallelogram KLL'K" lies in the interior of the 
hypersurface containing the set of prisms that go around the prism EFGH-A3CD as well as 
being parallel to the elements of this hypersurface. The plane of KLL'k' intersects the 
other hypersurface in a directing=polygon which is a parallelogram, the interior of which 
belongs to the interiors of both hypersurfaces, and so to the double-prism. The vertices 
K, Ly L', and K* 
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are a set of corresponding points of the bases, and the sides KL, LL", L'K', and K'K lie 
in the interiors of the prisms which go around the former hypersurface, 


Theorem 1. Any plane through a point of the interior of a convex double=prisnm 
intersects the double=prism in a convex=polygon. 


Corollary. The interior of any segment whose points are points of a double=-prisn will 
lie entirely in the interior of the double=-prism unless it lies entirely in the interior 
of the double-prism, and a #=-line drawn from a point of the interior will intersect the 
double=prism in 1 and only 1 point. 


In a double-prism the directing=polygons of each hypersurface whose planes are elements 
of the other is called TH: DIRECTING=POLYGONS OF THE DOUBLE=PRISM. Any 2 polygons 
intersecting in a single point and lying in the planes which have only this point in 
common can be taken each as a directing=polygon with the plane of the other as element of 
a plano-prismatic hypersurface, and so the 2 together as the directing=-polygons of a 
double=prisn. 


In another way, we can say that the surface of intersection of the 2 hypersurfaces, the 
common lateral-surfaces of the 2 sets of prisms as described in the preceding article, is 
generated by moving 1 of these polygons (generating-polygon) keep parallel to itself 
around the other (directins-polygon). Each point of the polygon moves along the prisms of 
one set and around 1 of the prisms of the other set. The interior of the polygon 
generates the interiors of the prisms along which it moves. The interiors of the other 
prisms will be generated by the interior of the other polygon mooving in the same way 
around the 1st. The surface of intersection is covered with the polygons of each set, the 
2 sets forming on it a net. (In Fig. 85, both of the polygons A3CD and AE'A‘A are 
directinz and generating=-polysons of the double=-prisn. ) 


79. CUTTING A DOUBLE=PRIS!. SO AS TO FORM 2 DOUBLE=PHISHIS. DUUBLY TRIANGULAR=PRISMS. 


Theorem. When a double-prism is cut by a hyperplane passing through points of the 
interior and containing elements of one hypersurface, the intersection is a prism, and 
the rest of it is separated into 2 portions, which, each combined with the prism and its 
interior, form 2 double-prisms whose interiors, with that of the prism, make-up the whole 
interior. 


Corollary. By cutting a double=prism diagonally we can form double-prisms in which the 
prisms of one set are trianrular, so that those of the other set are 3 in number; and then 
» cutting these in another way diagonally, we can form double-prisms in which the prisms 
of both sets are triangular, the interiors of all these double=-prisms together with the 
interiors of the prisms of intersection making=-up the whole interior. 


A double-prism in which the prisms of both sets are triangular is a DOUBLY-TRIANGULAR 
DOUBLE=PRISM, or simply a DOUBLY“PRIANGULAR=PRISM. Such a double=-prism is formed when any 
3 hyperplanes intersecting by 2°s in 3 parallel planes are cut by 3 other hyperplanes 
which intersect by 2°s in 3 parallel planes, any plane of one set intersecting any plane 
of the other set only in a single point. 


Fig. 86 is the graphic-representation of a doubly-triangular double=-prism. Any plane 
of a triangle of one set intersecting any plane of a triangle of the other set only in a 
single point. 


80. HYPERPRIS!'S WITH PRISM-BASES AS DOUBLE=PRISMS. HYPERPARALLELOPIPEDS. CENTER OF 
SYMMETRY. A hyperprism whose bases are the interiors of prisms is a double-prism, the 2 
prisms of the bases and the 2 lateral-prisms corresponding to the ends forming 1 of the 
2 sets of prisms of the double-prism, while the prisms of the other set are 
parallelopipeds (see Art. 72). 

Conversely, a double-prism in which the prisms of one set are parallelopipeds (and 
therefore the prisms of the other set are 4 in number, 2 pairs of opposites) can be 
regarded in 2-ways as a hyperprism, the bases in each case being the interiors of a 
pair of opposite-prisms of the 2nd set. 


Fig. 80 is a hyperprism with prism—bases, and therefore, a double-prism. The bases are 
the interiors of the 2 triangular-prisms A'B'C'=D'i'F" and ASC-DeF, The 2 lateral-prisms 
are A"B'C'=ABC and D'E'F'-lEF. These 4 triancular-prisms form one of the sets of prisms 
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of the double-prism, and the other set of prisms are the 3 parallelopipeds A'B'D'E'=AS8DE, 
A'C'D'F*=ACIF, and B'C'L'F'=BCcrF. 

The double-prism of Fiz. 80 can also be regarded in 2=ways as a hyperprism as follows: 
the pair of opposite=-prisms A‘'3'C'=)'iE'¥' and ABC=DEF (lying in parallel hyperplanes) 
forminy the bases of the hyperprism; the pair of opposite=prisms A'B'C'=ARC and D'E'Ft. 
DEF formins the bases of the hyperprism in the other case. 


"neoren 1. When the prisms of both sets in a double-prism are parallelopipeds, or, 
whai. is the same thing, when both of directinz=polygons are parallelograms, the figure 
is a hyperparellelopiped. Indeed, the hyperparallelopiped can be regarded in 3=ways as a 
double-prism, ~he parallelopipeds of 2 pairs of opposite=cells forming one of the sets of 
prisms and the other 4 parallelopipeds the other set. 


Theorem 2, When the 2 hypersurfaces of a double-prism have axis=-planes of symmetry, 
the point of intersection of these planes is a center of symmetry of the double-prism; 
and any hyperplane throuyzh this point intersects the double-prism in a polyhedron which 
divides the rest of the doudle-prism into 2 congruent parts (Art. 49, Th. 2). (Fis. 87.) 


In Fir. 87, thc 2 hypersurfaces of the double=prism have as axis=-planes the planes of 
the directing-parallelosrams KLI.'K* and MNN'M', which intersect in a point C, the center 
of symmetry of the couble=prism. A diazonal-hyperplane will pass throu~h O and intersect 
the double-prism in a diatonal-prism (parallelopiped) F'H'B'D'= FHBD which divides the 
rest of the double=prism into 2 congruent parts. 

When tne axis=-planes of the 2 hypersurfaces of the double=pr.sm are absolutely- 
perpendicular to each other at C, then if the double-prism is a rectanzular- 
hyperparallelopiped, we can construct a2 set of rectan-ular-axes at O. 2 axes will lie 
in 1 axis=-plane, and the other 2 axes will lie in the other axis-planc. 
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61. HYPERCYLINDRICAL—HYPERSURFACES. INTERIORS. SECTIONS. A HYPERCYLINDRICAL— 


hyperplane-surface, but not lying : in the hyperplane of this surface. The surface is called 
the BIRECTING—SURFACE, and the parallel lines are the ELEMENTS. 

We shall consider only those cases in which the directing-surface is a surface of solid 
-geometry, a plane or a sphere, or a conioal or cylindrical-surface with directing=circle 
» OF @ part or combination of parts of such surfaces, A prismoidal-hypersurface is a 
particular case of a hypercylindrical—hypersurface,. 

Many of the properties of the hypersurface correspond to the properties of the 
directincesurface, The hypersurface has an interior when the directing-surface has an 
interior, the INTERIOR OF THE HYPERSURFACE consisting of the lines which pass through the 
points of the interior of the directing-surface and are parallel to the eléments. 

Sections of the hypercylindricalehypersurface are like those of the prismoidal- 
hypersurface: a hyperplane passing through a point of the interior and parallel to the 
elements intersects the hypercylindrical-hypersurface in a cylindricalesurface, and a 
hyperplane which is not parallel to the elements intersects the hypersurface in a surface, 
or at least in a system of points, which can serve as a directing-surface. A RIGHT=SECTION 
is a directing=-surface whose hyperplane is perpendicular to the elements. 


Theorem. Sections of a hypercylindrical-hypersurface made by parallel hyperplanes 
not parallel to the elements are congruent, 


82. SPECIAL=FORMS OF iWYPERCYLINDERS. SPHERICAL=HYPERCYLINDERS. A HYPERCYLINDER consists 
of that portion of a closed hypercylindricalehypersurface which lies between 2 parallel 
directine=surfaces, together with the directing=-surfaces themselves and their interiors, 

The interiors of the directinz=-surfaces are the BASES, and that portion of the 
hypercylindrical—hypersurface which lies between the directing-surfaces is the LATERAL- 
HYPERSURFACE of the hypercylinder,. The INTERIOR OF THE HYPERCYLINDER consists of that 
portion of the interior of the hypercylindrical-hypersurface which lies between the bases. 

A SPHERICAL=HYPERCYLINDER is one whose bases are the interiors of spheres. The AXIS OF 
A SPHERICAL=HYPERCYLINDBR is the interior of a segment whose points are the centers of 
the bases, 


Fig. 88 is the sraphic-representation of a spherical-hypercylinder which can be denoted 
by S'S, Its bases are the interiors pf the 2 spheres S' and S,. The lateral—hypersurface 
of S'S is that portion of the closed sphericalehypercylindricalehypersurface which lies 
between the directinc=espheres S' and S. The interior of S'S consists of that portion of 
the interior of the spherical-hypercylindrical—hypersurface which lies between the bases, 
The axis of S'S is the interior of the segment 0'0 whose points O' and O are the centers 
of the bases. 


The visible and hidden-views in the graphic of the sphericalehypercylinder S'S are 
analogous to that of a circular=cylinder in the solid-geometry, The red-sphere S‘ and 
its interior will be a visible-view in the graphic, and that portion of the lateral- 
hypersurface lying on one side of the hyperplane of the circular-cylinder (A'B'C')-(ABC) 
» with the point F being that side, will be a visible-view in the graphic, er what is 
the same SHANE that portion of the lateral-hypersurface of S'S lying between the 
d=-spheres , and S, will be a visible-view in the graphic and a +lateral-hypersurface 
of S'S, The other d=lateral-hypersurface of S'S lying between the 4-spheres S‘ Hy and S. 
will be a middenewiew in the graphic. The interior of S will be a hidden-view= and 
the #spherical-surface B_ will be the only visible-view of S. 

The circular-cylinder (1'B'C')=(ABC) and its interior divides the spherical- 
hypercylinder S'S into 2 congruent parts of 4-spherical-hypercylinders, and its lateral- 
surface lies in the lateral-hypersurface of S'S and is a visible=wiew in the graphic. 


Theorem 1, When a spherical-hypercylinder is cut by a hyperplane which passes through 
@ point of the interior and is parallel to the elements, the intersection is a 
circular—cylinder, 


This theorem is the analogue to a theorem in the solid-geometry for cylinders. The 
student should compare the visual-graphics between the hypercylinder and cylinder. 











Fig. 88. Fig. 89. 


Theorem 2. When a rectangle takes all positions possible with 1 side fixed, the 
vertices and the points of the other 3 sides make-up a right spherical-hypercylinder. 
The fixed-side is the axis, the opposite-side is an element, and the other 2 sides are 
the radii of the bases. (Fig. 89.) 


In Fig. 89, when a rectangle OAA'O® takes all positions possible with the side CC' 
fixed, the vertices and points of the 3 sides OA, AA‘, and A‘O' make-up a right spherical 
-hypercylinder S'S. I'he opposite-side AA‘ ( of OO") is an element, and the sides OA and 
O'A' are radii of the bases S and S' respectively. 

The vertices A' and A of the rectangle CAA'O' will generate the spheres S' and S 
respectively; the sides O'A' and OA will generate the interiors of the spheres S' and S 
respectively; the side A'A will generate the lateral=-hypersurface of S'S; and the 
interior of the rectangle CAA'O' will renerate the interior of S'S. 


Theorem 3, If we pass a plane throush the axis of a cylinder of revolution and rotate 
around this plane that portion of the cylinder which lies to one side of it, we shall 
form all of a right sphericalehypercylinder except that portion which is the intersection 
of the cylinder by the plane. (Fic. 89.) 


In Fig. 89, if we take the plane of the rectangle @'ACC' whicn passes throuth the axis 
00'. of a cylinder of revolution (A'D'C')—(Avc), then if we rotate around the plane of 
the rectangle A'ACC' the ?=cylinder (A'D'C')-(ADC) lyinz on one side of it, we shall form 
all of a right sphericalehypercylinder S'S except the rectanrle A'ACC', which is the 
intersection of the cylinder (A'D'C')=(ALC) by the plane of this rectangle. 


A hypercylinder whose bases are the interiors of cylinders can be regarded in 2-ways 
as a hypercylinder of this kind; for there are 2 lateral-cylinders corresponding to the 
ends of the bases, and these can be taken as the bases and the given bases as parts of 
the lateral-hypersurface. 

The lateral-cylinders are congruent, and lie in parallel hyperplanes, with the elements 
of one parallel to the other and the planes of the bases of one parallel to the 
corresponding planes of the other. Further, those elements of the hypercylinder whose 
lines intersect any element of one of its bases lie in the interior of a parallelogram 
which bears the same relation to both pairs of cylinders. This figure is a particular 
case of a prism-cylinder, and will be studied in the next section (see Art. 85). 
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Fig. 90. 


Fig. 90 is the graphic-representation of a hypercylinder whose bases are the interiors 
of cylinders and may be denoted by P'Q'PQ. We will write CYLINDER PQ to denote a cylinder 
~ of P'Q'PG, We will write AXIS PQ to denote the aris of a cylinder of the hypercylinder. 

The hypercylinder P'Q'PQ can be regarded in 2—ways as a hypercylinder of this kind; for 
the lateral-cylinders P'P and Q'Q cormesponding to the ends of the bases can be taken as 
the bases and the given bases (the interiors of the 2 cylinders P'Q' and PQ) as parts of 
the lateral—hypersurface, 

The lateral-cylinders pide and % are congruent and lie in parallel hyperplanes, with 
the elements of one parallel to the elements of the other and the planes of the bases of 
one parallel to the corresponding planes of the bases of the other. 


The visible and hidden-views in the graphic of the hypercylinder of Fig. 90 will be 
discussed in the next section when we make a study of the prism-cylinder. 


Vv. PRISM-CYLINDERS AND DOUBLE-CYLINDERS 


63. PLANO=CYLINDRICAL HYPERSURFACES,. SECPIONS. SECTIONS. RIGHT DIRECTING—CURVES, A 
PLANO=CYLINDRICAL HYPERSURFACE consists of a system of parallel planes passing through the 
points of a plane-curve and intersecting the plane of the curve only in these points. The 
curve is the DIRECTING-—CURVE, and the planes are the ELEMENTS. A plano-prismatic 
hypersurface is a particular case of a plano—cylindrical hypersurface, In this text we 
shall consider only the case when there is a directing=circle, ' 

As the plano-cylindrical hypersurface is analogous to the plano=prismatic hypersurface, 
many of the theorems correspond. We shall state some of the corresponding theorems in a 
brief-way : 

The INTERIOR OF THE HYPERSURFACE consists of those planes parallel to the elements 
which pass through the points of the interior of the directing-curve, with the usual 
theorems in regard to the interior, The section made by a hyperplane containing an element 
will be 1 or 2 elements, but the section made by a hyperplane which does not contain an 
element will be a cylindrical-surface, so that the hypersurface can also be regarded as a 
hypercylindrical-hypersurface with a directing-cylindricalesurface, Likewise, as in the 
case of the plano-prismatic resurface, a plane which does not contain a line parellel 





106 


to the elements will intersect every element in a point, and the hypersurface in a curve 
which can be taken as directing<curves; and the directing=curves which lie in parallel 
planes are congruent. 

A directing-ourve whose plane is absolutely-perpendicular to the planes of the elements 


-is called a RIGHT DIRECTING—CURVE; and any plane isocline to the plane of a right 


directing-curve but not paraliel to the elements, or what is the same thing, any plane 
isooline to the elements, intersects the hypersurface in a curve which és similar to the 


: right directing-—curves, 


When a hypersurface has a directing-circle, the plane through its center parallel to 
the elements is an AXIS=PLANE OF THE HYPERSURFACE, and every point of it is a center of 
symmetry. When the right directing-ourve is a circle, the hypersurface can be generated 
by the rotation of 1 of the elements around the axis-plane, that is, by the rotation of 
1 of 2 parallel planes around the other. It is then a PLANO-CYLINDRICAL HYPERSURFACE OF 
REVOLUTION. For such a hypersurface we can say that any plane isocline to the elements, 
or to the axis-plane, intersects the hypersurface in a circle; and through any line which 
is not perpendicular to the elements nor parallel to the elements pass 2 such planes 
(art. 53, Th. 1). 


Theorem, Any directing=-curve of a plano-cylindrical hypersurface of revolution is a 
directingecurve of a circular-cylindrical-surface, 


84. INTERSECTION OF A PLANO=PRSIMATIC HYPERSURFACE AND A PLANO=CYLINDRICAL HYPERSURFACE, 
When the elements of a plano=-prismatic hypersurface intersect the elements of a plano- 
cylindrical hypersurface only in points, the intersection of the 2 hypersurfaces consists 
of the lateral-surface of a set of cylinders lying in the cells of the prismatic- 
hypersurface and joined together by their bases, together with the curves whose interiors 
are these bases, 

The faces of the prismatic-hypersurface are parallel planes intersecting the 
cylindrical-hypersurface in a set of equal parallel directing=-curves of the latter, and 
the cells of the prismatic-hypersurface are layers, each layer intersecting the 
cylindrical-hypersurface in the lateral-surface of a cylinder whose bases are the 
interiors of 2 of these directing=curves. The interiors of the bases of the cylinders lie 
in the prismatic-hypersurface and in the interior of the cylindrical-hypersurface. A set 
ef corresponding elements of the cylinders, 1 from each oylinder, are the sides of a 
polygon which is a directing=polygon of the prismatic-hypersurface; and the interiors of 
these polygons lie in the cylindrical=hypersurface and in the interior of the prismatice 
hypersurface, The set of cylinders goes around the prismatic-hypersurface, while any base 
or interior of a cross-section of any of these cylinders is a piece cut-out of an element 
of the prismatic-hypersurface, 

A PRISM=-CYLINDER consists of the intersection of a plano=prismatic hypersurface and a 
plano=cylindrical hypersurface whose elements intersect only in points, together with all 
that portion of each hypersurface which lies in the interior of the other. 

The INTERIOR OF A PRISM=<CYLDWDER consists of the poimts which are common to the 
interiors of its 2 hypersurfaces. A plane lying in the interior of the cylindrical- 
hypersurface parallel to the elements intersects the prismatic-hypersurface in a 
directing~polygon whose interior belongs to both hypersurfaces, and so to the interior of 
the prigm—cylinder, The vertices of this polygon are a set of corresponding points of the 
bases, and the sides lie in the interiors of the set of cylinders desoribed above. 

When the elements of éne hypersurface are absolutely-perpendiocular to the elements of 
the other the priamcylinder is a RIGHT PRISM-CYLINDER. When also the cylinders are 
cylinders of revolution, and when any set of corresponding elements, 1 from each cylinder 
e form a regular-polygon, the prism—cylinder is RECULAR. 


The hypercylinder of Pig. 90 whose bases are the interiors of the 2 cylinders P'Q' and 
PQ is a prismcylinder, We will write PRISM-—CYLINDER P'Q'PQ to denote a hypercylinder 
whose bases are the interiors of cylinders, that is, whose bases are the interiors of the 
2 cylinders P'Q’ and PQ. We will write PARALLELOGRAM P'Q'PQ to denote a directing= 
parallelogram of the prismatic-hypersurface of the prism-cylinder P'Q'PQ. 

The 4 cylinders PQ, P'P’, P'Q, and Q'Q are joined by their bases in succession and lie 
in the cells of the prismatio-hypersurface. The bases of these cylinders are the interiors 
of circles, The intersection of the 2 hypersurfaces of the prism—cylinder P'Q'PQ consists 
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of the lateral-surfaces of these cylinders lying in the cells of the prismatic- 
hypersurface, A set of corresponding elemants of the cylinders, 1 from each cylinder, are 
the sides of a parallelogram which is a directing-parallelogram of the prismatic- 
hypersurface; and the interiors of these parallelograms lie in the cylindrical—hypersurface 
and in the interior of the prismatic—hypersurface. In the next article we will give a 

more detailed discussion of the cylindricalehypersurface of the prism—cylinder P'Q'PQ, 

A plane passing through the center of the prism—cylinder P'Q'PQ parallel to the elements 
intersects the prism-—cylinder P'Q'PQ in the parallelogram P'Q'PQ whose interior belongs 
to both hypersurfaces, and so to the interior of P'Q'PQ, The vertices of the parallelogram 
P°Q'PQ are a set of corresponding peimts at the center of the bases, and the sides lie in 
the interiors of the 4 cylinders PQ, P'P, P'Q', and Q'Q, 

Refer to the description given above for further charactersitics of the prism-cylinder 
P'Q'PQ. : 

85. DIRECTING=POLYGONS AND DIRECTINC=CURVES. TRIANGULAR PRISM=CYLINDERS. PRISM=CYLINDERS 
OF REVOLUTION, In a prism—cylinder the directing-polygons of the prismatic-hypersurface 
whose planes are elements of the cylindrical-hypersurface and the directing-curves of the 
cylindricalehypersurface whose planes are elements of the prismatic-hypersurface are 
called the DIRECTING-POLYGONS and DIRECTING=CURVES OF THE PRISM=-CYLINDER. 

The surface of intersection of the 2 hypersurfaces is generated by movinzs the polygon 
around the curve or by moving the curve around the polygon. In the ist case each point of 
the polygon moves around 1 of the cylinders; in the 2nd case each point of the curve moves 
along them all. ‘the interior of the. curve generates the interiors of the cylinders; the 
interior of the polyfon renerates that portion of the prism—cylinder which belongs to the 
cylindrical=hypersurface and to the interior of the prismatic-—hypersurface, The surface of 
intersection is covered with the polygons and with the curves, the 2 sets forminr on it a 
net. 


The surface of intersection of the 2 hypersurfaces of the prism=-cylinder of Fig. 91 is 
generated by movinz the parallelogram AKE'A' around the circle (ABC), or by moving the 
circle (ABC) around the parallelogram ABE'A', In the 1st case each point of the 
parallelogram ALE'A’ moves around 1 of the cylinders; in the 2nd case each point of the 
circle moves among them all, The interior of the circle (AC) generates the interiors 
of the cylinders PQ, P'P, P'Q', and Q'Q3 the interior of the parallelogram AEE'A' generates 
that portion of the prismcylinder P'Q'PQ which belongs to the cyclindricalehypersurface 
and to the interior of the prismatic-Hypersurface, The surface of intersection is covered 
with the parallelograms and with the circles, the 2 sets forming on it a net. 


The 2 cylinders P'Q* and P'P and their interiors are visible-views in the graphic; that 
portion of the cylindrical-hypersurface generated by the interior of the parallelogram 
AEE'A' moving around the semi-circle (ABC) will be a visible-view in the graphic, and will 
be a 4~lateral-hypersurface of the prism—cylinder P'Q'PQ. The interiors of the 2 cylinders 
PQ and Q'Q will be hidden-views in the graphic. The interiors of the 2 circles (EFS) and 
(A'B'C’) which are 1 ef the bases of the 2 cylinders PQ and Q'y respectively, are visible- 
views in the graphic. The intersection of the 2 cylinders PQ and €'Q will be a base 
common to both cylinders, that is,their bases are the interior of the circle (ABC), and 
will be a ifddeneview in the graphic. The semi-circle (ABC) is a visible-view as well as 
that portion of the lateral-surface of the 2 cylinders PQ and Q'Q generated by the 2 sides 
AE and AA’ of the parallelogram AEE'A' moving around the semi-circle (ABC), The other 
portion of the lateral-hypersurface generated by the interior of the parallelosram AEK‘A' 
moving around the semi-circle (CDA) will be a hidden-view in the graphic, and will be the 
other +-lateral-hypersurface of the prismcylinder P'Q'PQ. In other words, that portion 
of the lateral-hypersurface of the prism-cylinder P'Q'PQ generated by the interior of the 
parallelogram AEE'A’ moving around the semi-circle (ABC) will lie on one side of the 
hyperplane of the parallelopiped A'E'G'C'=AECC and will be a visible-view in the eraphic, 
and therefore a +lateral-hypersurface of the prism—cylinder P'Q'PQs; and that portion of 
the lateral-hypersurface_generated by the interior of the parallelogram ALE'A® moving 
around the semi-circle (CDA) will Ade on the other side of the hyperplane of the 
parallelopiped A'E'G'C'=AEGC and will be a hidden-view in the graphic, and therefore a 
+-lateral-hypersurface of the other portion of the prismcylinder P'Q'PQ. 

The interiors of the 2 sides AA* and EE’ of the parallelogram AKE'A' will generate that 
rtion of the lateral—hypersurface belonging to the lateralesurfaces of the 2 cylinders 
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P'P and Q'Q. The visible and hidden-views for this portion of the lateral-hypersurface is 
the same as that described above for tne 2 cylinders P'P and Q'Q. 


Theorem 1, When a prismcylinder is cut by a hyperplane passinz through points of the 
interior and containinz elements of the prismaticehypersurface, the intersection is a 
cylinder, and the rest of it is separated into 2 portions, which, each combined with the 
cylinder and its interior, form 2 prism-cylinders whose interiors, with that of the 
cylinders, make-up the whole interior. 


Corollary, By cutting a prism-cylinder diazonally we can form prismecylinders in which 
the directing=-polygons are triangles and the cylinders 3 in number, triangular prism 
cylinders, 


A hypercylinder whose bases are the interiors of cylinders is a prismecylinder; and a 
prism—cylinder in which the directing=-polyfons are parallelograms (and therefore the 
cylinders are 4 in mumber) can be regarded in 2-ways as a hypercylinder. (see Fit. 91.) 


When the 2 hypersurfaces of a prism-cylinder have axes=-planes of symmetry, the point 
of intersection of these planes is a center of symmetry (as in Art. 80, 7h. 2). 


Theorem 2, If we rotate a riztht prism around the plane of one base, the rest of the 
prigm will generate a right prismcylinder havine circles for its directinr-curves, The 
lateral-edges generate the bases of the cylinders of the prism-cylinder, each lateral- 
face generates the interior of 1 of the cylinders, and the moving base gencrates that 
portion of the prism-cylinder which lies in the cylindricalehypersurface and in tne 
interior of the prismatic—hypersurface. The fixed=-base and the interior of the prism 
belong to the interior of the prismcylinder, (Fig. 91.) 


In Fig. 99, let AEE'A'=QPP'Q' be a right prism. Then if we rotate this prism around the 
plane of the base P'Q'’PQ,.the rest of the prism will generate a right prism-cylinder 
P'Q'*PQ having circles for its directing=-curves. The lateral-edces AQ, EP, E'P', and A'Q' 
generate the bases of the cylinders of the prism—cylinder P'Q'PQ, the lateral-faces 
AQEP, EPE’P', E’P*A'Q’, and A'Q'AQ generate the interiors of the cylinders of the: prism 
cylinder P'Q'PQ, The moving base AEE'A’ generates that portion of the prism—cylinder 
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P'Q*PQ which lies in the cylindrical-hypersurface and in the interior of the prismatic- 
hypersurface, The fixed—base QPP'Q’ and the interior of the prism AEE'A'=QPP'Q' belong 
to the interior of the prismcylinder P'Q'Pa, 

The plane of the base QPP'Q' of the prism AEE'A'=QPP'Q' is an axis=plane of the prism 
cylinder P'Q'PQ and is aboslutely-perpendicular to the plane of the directing-circle (ABC). 
at the point Q, the center of the circle (ABC). 


86, INTERSECTION OF 2 PLANO=CYLINDRICAL HYPERSURFACES,. When the elements of a plano- 
cylindrical hypersurface intersect the elements of a 2nd plano=cylindrical hypersurface 
only in points, each ele®ent of one hypersurface intersects the other hypersurface in a 
directing<curve, and the surface of intersection consists of the curves of either of these 
sets, The interiors of the curves of each set lie in one of the hypersurfaces and in the 
interior of the other, 

A DOUBLE=CYLINDER consists of the intersection of 2 plano=cylindrical hypersurfaces whose 
elements intersect @nly in points, together with that portion of each which lies in the 
interior of the other, Phe directing-curves of each hypersurface whose planes are elements 
of the other are called the DIRECTING—CURVES OF THE DOUBLE—PRISM, 

The INTERIOR OF THE DOUBLE=PRIS!] consists of the points which are common to the 
interiors of its 2 hypersurfaces. A plane lying in the interior of one hypersurface 
parallel to its elements intersects the other hypersurface in a directing=curve whose 
intertor belongs to the interior of the double-cylinder,. 

When the elements of one hypersurface of a double=cylinder are absolutely=perpendicular 
to the elements of the other the double-cylinder is a RIGIN DOUBLE—CYLINDER. 


The surface of intersection of the 2 hypersurfaces is generated by moving the 
directing=curve of one system around a directing=curve of the other. 


87. T:iKOREMS O! CYLINDERS OF DOU3LE-REVOLUTIO!:, 


Theorem 1, If we rotate a cylinder of revolution around the plane of one base, the 
rest of the cylinder will rcenerate a right double=cylinder with directing-circles; and 
the double=ecylinder can be generated in 2=ways by the rotation of a cylinder of 
revolution around one of its bases, 

ihe right double-cylinder with directing=circles is therefore called a DOUBLE—CYLINDER 
OF DOUBLE=Ri'VOLUTION,. 

Theorem 2. In a cylinder of double«revolution the intersection of the 2 hypersurfaces 
lies in a hypersphere, and in this hypersphere is a surface of double-revolution, 


Théorem 3. Conversely, any surface of double-revolution in a hypersphere is the 
surface of intersection of the 2 hypersurfaces of a cylinder of double-revolution, 


The cylinders of double=-revolution can be regarded as inscribed in the hypersphere. 
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CHAPTER VIII +10 


MEASUREMENT OF VOLUME AND HYPERVOLUME IN HYPERSPACE 
I. VOLUME 


88. LATERAL-VOLUMES OF HYPERPRISMS AND HYPERPYRAMIDS,. VOLUME OF THE DOUBLE=PRISM. The 
cells of the polyhedroids that we have studied are polyhedrons of solid-geometry, and it 
is only necessary to state the theorems which concer their volumes. 


Theorem 1, The lateral-volume of a hyperprism is equal to the area of the surface of 
a right-section multiplied by the lateral—edge. 


Theorem 2, The lateral-volume of a rifht hyperprism is equal to the area of the surface 
of the base multiplied by the altitude. 


It should be understood that the area of a polyhedron is the area of the surface of the 
polyhedron whose interior is the base, 


Theorem 3, The lateral-volume of a resular~hyperpyramid is equal to the area of the 
surface of the base multiplied by 1/3 of the slant-height, the common-altitude of the 
lateral-pyramids. 


Theorem 4, The lateral-volume of a frustrum of a regular=hyperpyramid is equal to the 
sum of the surface-areas of the bases plus a mean=-proportional between them, multiplied 
by 1/3 of the slant—-height. 


Theorem 5. In a double=prism the total-volume of one set of prisms is equal to the 
common=area of their bases multiplied by the perimeter of a risht directine=polyron of 
the hypersurface around which tne set of prisms extends, 


Proof: Any prism of the given sex has its bases in the 2 faces of a cell of the 
hypersurface around which this set of prisms extends, and its altitude is the distance 
between these 2 faces. Now a right directing=polygon of the hypersurface is a polygon 
whose plane is absolutely=perpendicular to the elements, and the sides which lie in this 
cell is perpendicular to the faces and measures the distance between them. Therefore the 
volume of this prism is equal to the area of its base multiplied by this side of the 
right directing=-polygon of the hypersurface, and the totalevolume of the given set of 
prisms is equal to the common=-area of the nases multiplied by the perimeter of the right 
directing=polygon,. 


Corollarv. The total-volume of a right double-prism is equal to the area of one 
directing-polygon mltiplied by the perimeter of the other, plus the area of the 2nd 
multiplied by the perimeter of the 1st. 


89. LATERAL-VOLUMES OF CYLINDRICAL AND CONICAL-HYPSRSBRPACES. In the case of curved- 
hypersurfaces we have to employ the theory of limits or some other equivalent theory and 
extend our definition of volume. In section III of this chapter we shall make use of 
the calculus in derivinr the volume of a hypersphere. 


Theorem 1. The lateral-volume of a rirht spherical-hypercylinder is equal to the area 
of the base multiplied by the altitude. Its formla is 


Ve 47] rh, 
r being the radius and h the altitude. 


In Fig. 88, OA = r, and for the altitude of the spherical-hypercylinder S'S, we can 
take ("0 = h, with the understandinr that O0'O is perpendicular to the hyperplane of the 
sphere S at the point 0, in which case the above formla applies. 


Theorem 2. The lateral-volume of a right spherical-hypercone is equal to the area of 
the base mltiplied by 1/3 of the slant-height. Its formla is 


Ve 4/7 rh’, 
3 


h* being the slant-heicht. 
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Theorem 3, The lateral-volume of a frustrum of a right spherical-hypercone is given 
by the formla 


Vent(r’ 4 rr + r'“), 
r' being the radius of the upperbase. 


Theorem 5. The total-volume of a cylinder of double-revolution is equal to the area of 
one directing-circle mltiplied by the circumference of the other, plus the area of the 
2nd multiplied by the circumference of the 1st. Its formula is 


Vv = 2// 2or'(r +r), 
rand r’' being the radii of the 2 circles. 


II HYPERVOLUE 


89. USAGE OF THE TERS HYPERSOLID AND HYPERVOLUME. We shall use the term HYPERSOLID for 
that portion of hyperspace which constitutes the interior of the polyhedroid or a simple 
closed—hypersurface such as a hypercone, hypersphere, or double-cylinder. a hypersolid 
has iTYPERVOLUME which can be computed from the measurements of certain serments and 
ancles, and which can be expressed in terms of the hypervolume of a given hypercube taken 
as unit. We shall use freely the forms of expression commonly employed in measuration. 
The distinction between hypersurface and hypersolid is important, but we shall use these 
terms interchangeably, speaking, for example, of the hypervolume of a given hypersurface, 
and, on the other hand, of the vertices, edzes, faces, or cells of a hypersolid. 

By the RATIO OF 2 !i7YPERSOLIDS we mean the ratio of their hypervolumes, Thus the ratio 
of any hypersolid to the unit-hypercube is the same as the hypervolume of the hypersolid. 
2 hypersolids which have the same hypervolume are EQUIVALENT; and if a hvpersolid is 
divided into 2 or more parts, the hypervolume of the whole is equal to the sum of the 
hypervolumes of the parts. 2 hypersolids which are conzruent are equivalent. 


90. CONGRUENT AND EQUIVALE}T ifYPERPRISMS. 


‘ Theorem 1, 2 right hyperprisms are conztruent when they have consruent bases and equal 
altitudes. 


For a given base of one can be made to coincide with either base of the other, and in 
1 of these 2 positions the hyperprisms will lie on the same side of the hyperplane of the 
coincidins bases and will coincide throuvhout. 


Theorem 2. An eblique-hyperprism is equivalent to a right hyperprism havinz for its 
base a risht-section and for its altitude a lateral-edge of the oblique—hyperprisn. 


For we can take a right=-section of the oblique=hyperprism and construct a righ*- 
hyperprism on the oblique=hyperprism by extending the elements of the obdlique-hyperpris: 
from a risht-section, with the altitude of the rizshtehyperprism equal to a lateral-ede 
of the oblique=hyperprism, and the rightesection as 1 of its bases. We then prove by 
superposition that the 2 hyperprisms are equivalent. 


Corollary. Any 2 hyperprisms cut from the same prismoidal-hypersurface with. equal 
lateral-ed-es are equivalent. 


91. IYPERVOLU:E OF A HYTERPARALLELCPIPED. 


Theorem 1. The hypervolume of a rectanular=hyperparallelopiped is equal to the 
product of its 4 dimensions. 


For 2 rectanzular=hyperparallelopipeds having con -ruent=bases are to each other as 
their altitudes, since this can be proved when the altitudes are commensurable and then 
when the altitudes are incommensurable. Then we prove that when they have 2 dimensions in 
common they are to each other as the products of the other 2 dimensions; when they have 
1 dimension in common they are to each other as the products of the other 3 dimensions; 
and finally, in any case, they are to each other as the products of their 4 dimensions. 
From the last statement by takin~ for the 2nd hyperparallelopiped the unit-hypercube, we 
have the theorem as stated. 
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Theorem 4. The hypervolume of any hyperparallelopiped is equal to the volume of any 
base mltiplied by the corresponding altitude. 


The proof of the theorem is the analogue to the corresponding proof of the theorem 


- for the volume of a parallelopiped in the solid-geometry. We prove the theorem by 


constructing an equivalent hyperparallelopiped with base equivalent to the base and 
altitude equal to the altitude of the given hyperparallelopiped. In order to construct 


> an equivalent hyperparallelopiped which is rectangular we need to construct 3 


hyperparallelopipeds in succession, using the given hyperparallelopiped to construct the 
2nd, then the 2nd to construct the 3rd, and finally the 3rd to construct the 4th. In all 
these different constructions we extend the edses of 1 hyperparallelopiped to construct 
the next in succession. The bases of all 4 of the hyperparallelopipeds will be equivalent, 
and the altitude of the 4th hyperparallelopiped, being rectanzular, will be.equal to the 
altitude of the 1st. 


92. HYPERVOLUME OF ANY HYPERPRISI‘. 


Theorem 1. The hypervolume of a hyperprism whose base is the interior of a prism is 
equal to the volume of its base multiplied by its altitude. (Fie. 92.) 


As any prism can be divided into a triangular-prism, it is only necessary to prove 
the theorem when the base is a triangular=prism. 

In the proof that follows, we shall use a special=notation for hyperprisms whose bases 
are the interiors of triangular=prisms or parallelopipeds. We shall write HYPERPRISM 
AEN"A'=ABD to denote a hyperprism whose base is the interior of a triangular-prism 
EFH-ABD, or what is the same thinc, a hyperprism whose directing=polygons of its 2 
hypersurfaces are a parallelorram AME'A' and a triangle ABD, where the trianzle ABD 
moving around the parallelorvram AEE'A' will have its interior crenerate the bases of the 
hyperpriam AEE'A'=ABD. We shall write PARALLELOPIPED EFGH=ABCD to denote a parallelopiped 
whose bases are the interiors of parallelorrams. We shall write HYPERPARALLELOPIPED 
AZrE'A'=ABCD to denote a hyperparallelopiped whose base is the interior of a 
parallelopiped EFGH=ABCD. 


Given: A hyperprism AEE'A'=ABD with altitude h and base EFH-ABD. 


To Prove: The hypervolume of the hyperprism AEE'A'=ABD is equal to the volume of its 
base EFH-ABD mltiplied by its altitude -h. 


Proof: On the trianrular=prism EFH=ABD we build a parallelopiped EFGH-ABCD by joining 
an equal triangle DBC to its base so as to form a parallelogram ABCD, and drawing a 4th 
lateral-edge CG. We join to the triancular—prism EFH-ABD a 2nd triangular=prism HFG—DBC 
and the 2 are symmetrically-situated with respect to the center of the parallelopiped 
EFGH-ABCD, and therefore are equal (Art. 48, Th.). On the hyperprism AEE'A'=ABD we then 
build a hyperparallelopiped AEE'A'=ABCD having EFGH-ABCD as base. We join to the 
hyperprism AEE"A'=ABD a 2nd hyperprism CGG'C'=IBC with triangular-prism HPG—IBC as base, 
and the 2 hyperprisms AEE'A'=ABD and CGG'C'=-IBC are congruent, since the center of the 
hyperparallelopiped AEE'A'=ABCD lies in the diagonal=-hyperplane of the diagonal- 
parallelopiped H'F'D'B'=HFEBB alonr which the 2 hyperprisms AEE'A'=-ABD and CG'CG'-IBC are 
joined (Art. 74, Th.1, and Art. 49, Th. 2). ‘the hypervolume of the hyperprism AEE'A'=AB£D 
is therefore equal to 4 of the hypervolume of the hyperparallelopiped AEE'A'=ABCD, and 80 
the volume of its own base EFH-ABD multiplied by its altitude h. In other words, the 
hypervolume of the hyperprism AEL'A'=A3D with base EFH=-ABD is 


v,= (volume of EPMABD) h = (base) (altitude) = Bh. (Q.E.D.) 


In another way, a diagonal—hyperplane passing through 2 opposite-faces of a 
hyperparallelopiped divides the hyperpareallelopiped into 2 equivalent hyperprisms whose 
bases are the interiors of triangular—prisms. The base of the hyperparallelopiped is 
divided into 2 triancular—-prisms of equal volume, and the altitudes of the 2 triangular 
prisms are equal. It follows then that the hypervolume of a hyperprism whose base is the 
interior of a prism is equal to the volume of its base multiplied by its altitude. Since 
any hyperprism can be divided into hyperprisms whose bases are the interiors of 
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triangular-prisms havinr as altitudes the altitude of the hyperprism, and therefore the 
hypervolume of any hyperprism is equal to the product of its base and altitude. 


Tneorem 2. 2 rizht hyperprisms are equivalent if they have equal altitudes and if their 
bases are the interiors of tetrahedrons which can be so placed that as triangular-pyramids 
they shall have equivalent bases and equal altitudes. 


Theorem 3, The hypervolume of any hyperprism is equal to the volume of its base 
multiplied by its altitude. 


Corollary. The hypervolume of a hyperprism is equal to the volume of a rifhtesection 
multiplied by the lateral-—edre. 


93. HYPFRVOJUIE OF A HYPERPYRAS‘ID. 


Theorem 1, A hyperplane=-section of a hyperpyramid parallel to the base is similar to 
the base, and its volume is proportional to the cube of its distance from the vertex. 


Theorem 2, If a hyperpyramid is cut by a hyperplane parallel to ite base, the lateral- 
edges and the altitude are divided proportionally, and the section formed is similar to 
the base. 


Theorem 3. Parallel-sections of a hyperpyramid are to each other as the cubes of 
their distances from the vertex. (Fir. 93.) 


By dividinr the parallel-sections into tetrahedrons we can divide the hyperpyramid into 
parallelesections of pentahedroids, all of which have the same altitude and the ratios of 
their volumes equal to a proportionality—constant. Therefore, it is only necessary to 
prove the theorem when the parallel-sections cells of tetrahedrons, that is, for 
parallel-sections of a pentahedroid. 


Given: A hyperpyramid V-ABCD with parallelesections EFGH and ASCD whose distances from 
the vertex are VH and Vb, respectively. 
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s PLT 93% 
Volume EFGH Vi ° 
To Proves Volume ABCD ~— WD 


Proof: The 2 tetrahedrons EFGH and ABCD are similar, since parallel-sections of the 
hyperpyramid V-ABCD parallel to the base ABCD cut-out similar fi-ures (Th. 2). Now by a 
theorem of the solid-reojnetryv, the volumes of similar—vetraliedrons are in the same ratio 
as the cubes of their corresponding edges, and we have 


Volume EFGH _ FH ° 
Volume ABCD BD 
, , VH _ VF _ FH. The substitution of FH in the above expression 
By similar-triangles, VD = VB = BD BD 


sives us the desirea result, ano therefore 


Volume EFGH _ VP. (QeEeD. ) 
Volume ABCD WD? 


Theorem 4. If 2 hyperpyramids have equivalent bases and equal altitudes, hvperplane- 
sections parallel to the bases and at the same distance from the vertices are equivalent. 


Theorem 5. 2 pentahedroids are equivalent if they can be so placed that as 
hyperpyramids they shall have equivalent bases and equal altitudes. 


By dividing the altitude into m equal parts, we can construct a series of inscribed 
and circumscribed hyperprisms and prove that the hypervolume of either pentahedroid is 
the limit of the sum of the hypervolumes of the set of hvyperprisms inscribed or 
circumscribed to it when the number n of subdivisions of the altitude is increased 
indefinitely, Thus we prove the theorem in the same manner as we prove the corresponding 
theorem in the solid-geometry. 
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Dp! Fig. 94. 


Theorem 6. ‘I'he hypervolume of any hyperpyramid is equal to the volume of its base 
multiplied by 3 of its altitude. (Fig. 94.) 


As any polvhedron can be divided into tetrahedrons, it is only necessary to prove the 
tneorem when tne base is the interior of a tetrahedron, that is, to prove it for 
pentahedroids. 


Given: A pentahedroid AA'B'C'D' whose base is the interior of a tetrahedron A'B'C'D! 
anc whose altitude is h. 


To prove: The hypervolume of AA'B'C'D' is equal +o the volume of its base A'B'C'D' 
multiplied by + of its altitude h. 


Proof: Drawing lines through B', C', and D’ parallel to AA', and a hyperplane through 
A parallel to the hvperplane of the tetrahedron A'B'C'D', we have a hyperprism ASCD- 
A'B'C'D' composec of the pentahedroid AA'B'C'D' and the hyperpyramid A=-BCDB'C'D'. The 
hyperpyramid A-BCIB'C'D' is divided into 3 equivalent pentahedroids ABCDB', AB'CID', anc 
AB'C'D'C by dividing the triansular-prism BCD-B'C'D' into 3 equivalent tetrahedrons BCB', 
B'CDB', and B'C'D'C. The common altitude of the 3 pentahedroids being the distance of the 
vertex A from the hyperplane of the triantular=—prism BCD-B'C'D', that is, AA' =h. 
Now of these 3 pentahedroids, the pentahedroid ABCIB' can be regarded as having A}3CD as 
its base, and as its vertex the point B' of the lower=base A'B'C'D' of the hyperprisn 
ABCD-A'B'C'D'. Re-arded in this way, the pentahedroid ABCIB' is seen to be equivalent to 
the orizinal pentahecroid AA'B'C'D', since the bases of the 2 pentahedroids AA'B'C'D' and 
ABCIB' are the bases of the hyperprism ABCD-A'B'C'D', and their common altitude h is the 
altitude of the hyperprism ABCD-A'B'C'D', The pentahedroid AA'B'C'D' is, therefore, 1 of 
4 equivalent pentahedroids which co to make up the hyperprism ABCD-A'B'C'D's and its 
hypervolume is + of the hypervolume of the hyperprism ABCD-A'B'C'D', and so equal to the 
volume of its own base A'B'C'D' mltiplied by + of its altitude h. Accordingly, the 
nypervolume of the pentahedroid AA'B'C'D' is 


v= 7 (volume of A'B'C'D') = + (base) (altitude) = 3h, 


B being the base, and h its altitude. (Q.E.D.) 
94. HYPERVOLUME OF A FRUST'RUM OF A HYPERPYRAIID. 
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Theorem. The hypervolume of a frustrum of a hyperpyramid is given by the formula 


V, = an(B + p/y/3 4 p/3n2/3 , py, 


where B and b are the volumes of the bases and h is the altitude. (Pig. 95.) 





G 


By dividing the bases into tetranedrons we can divide the frustrum into frustrums of 
pentahedroids, in which h has the same value and the ratio of their volumes equal to a 
proportionality=-constant which has the same value for each. 


Given: The frustrum KLMN-EFGH of the hyperpyramid (pentanedroid) V-EFGH with upperbase 
KIMN denoted by b, lower=base EFGH denoted by B, and altitude h. 


To Prove: ve in(B + gela,1t3 Pe gif 2/3 Pie 


Proof: Complete the hyperpyramid V-EFGH (¥ir. 95a.), of which KLMN-EFGH is a frustrum; 
represent tne altitude of the hyperpyramid V=KLMN by m, wnere m = Vk3 then the altitude 
of V-EFGH is h +m. 

The nypervolume of the frustrum equals the difference between the hypervolumes of the 
hyperpyremids V-EFG:| and V-KLMN. “herefore, 

. b 7 pi/3 n nr/3 

V, = 3B(h + m) - fon. But = = ———; ,, or “ie Sew whence n= 73 773 * 

4 m (hen) pi/> si B ‘2d 


The substitution of this value of m in the formula for Vy above fives 


1/3 
Vz = a8n(1 + p/3731/3_ »'/3) = Sth <5 t/3 2 an(34/3_ p 8/3 731/3_ p/3), 


The binomial in the mumerator can be written as the difference of 2 hypcrcubes in the 
scl (31/34 - (o1/3)4, which factors into (p'/3 - o/3)(5 4 pe/3,1/3 + pi/3y2/3 +d). 


Division of the numerator and the denominator by the common binomial-—factor pi/ ae pV 3 
and simplification of the polynomial-factor leads to the required result; namely, 


Vy 3n(B + pe/3,1/3 a pi/3,2/3 +b). (Q.2.D.) 


In the proof of the above theorem we have expressed the cube-root of a number as 
a fractional-exponent instead of a radical-sign. 
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95. HYPxRVOLUME OF A DOUSLE={PRISM. 


Theorem 1, The hypervolume of a doubly-triangular prism is equal to 6 times the 
hypervolume of the pentahedroid whose vertices are the points obtained by taking the 
vertices of a base in one of the 2 sets of prisms together with the vertices of a base 
in the other set. (Fiz. 95.) 


Given: A doubly-triancular prism AA'A"=A"B"C", 


To Prove: he hypervolume of the double=prism AA'A"=A"B"C" is equal to 6 times the 
hypervoJume of the pentahedroid whose vertices are the points obtained by takinr the 
vertices of a base in one of the 2 sets of prisms tozether with the vertices of a base 
in the other set. 


ABC 
A'B‘C! 
A"B"C" 


(Matrix-Form) 


Fir. 96. 





Proof: The point A and the plane of the parallelorram RB'C'B"C" determine a hyperplane 
which divides the double=-prism AA'A"=A"B"C" into 2 hypersolids A'A'=AB'C'B"C" (Fi-. 96a) 
and BU=AB'C'B"C" (Fiz. 96b). I'he nyperplane cannot contain any of the points B, C, A‘, or 
A"; for it contains at least 1 vertex of each of the 6 triancles of the double-prism 
AATA“@A"B"C", and if it contained anv 1 of these triangles, it would contain the 2 
triangles parallel to it and so all the 9 vertices of the double-prism AA'A"=A"B"C". Now 
the hyperplane intersects the hyperplane of the triangular-prism ABC-A"B"C# in the plane 
of the triangle AB'C' which separates B and C from A‘, and it intersects the hyperplane 
of the trianrmular-prism ABC-A"B"C" in the plane of the triangle AB"C" which separates B 
and C from A". Therefore B and C are separated in hyperspace from A‘ and A" by this 
hyperplane (Art. 5). 

The 2 hypersolids A'A"=A3"°"B"C" and BC-AB'C'B"C" are hyperpyramids each having its 
vertex at A and a triangular-prism for base, and we can denote these 2 hyperpyramids 
by A-A'B'C'A"B"C" (Fig. 96a) and A=-BB'B"CC'C" (Fig. 96b), each having vertex A, and 
triancular-prisms A'B'C'=A"B"C" and BB'B"=CC'C", respectively. bach of the hyperpyramids 
A-A'B'C*A"B"C" and A=-BB'B"CC'C" can be divided into 3 equivalent pentahedroids, the base 
being divided into 3 equivalent tetrahedrons, This can be done in such a way that 1 of 
the pentahedroids of the 1 st set shall be the pentahedroid ABCC'C® (Fig. 96bb') and 1 of 
the pentahedroids of the 2nd set the pentahedroid AA'A"B"C" (Fig. 96aa'), 
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We then take the 1st pentahedroid ABCC'C" as a hyperpyramid with vertex at C' and its 
base as a pyramid C"=ABC with vertex at C" and then re-write the pentahedroid ABCC'C" as 
the hyperpyramid C'=C"ABC (Fig. 96bb'), and the 2nd pentahedroid AA'A"B"C" as a 
hyperpyramid with vertex at A‘ and its base as a pyramid A-A"B"C" with vertex at A by 
A'=AA"B"C", The 2 pyramids C"=ABC and A=-A"B"C" will then have equal bases ABC and A"R"C" 
respectively, and equal altitudes C"C and AA" respectively, the altitudes being. the 
distance between the planes of these bases. The 2 pyramids C"=-ABC and A-A"B"C", are in 
fact, 2 of the 3 equivalent tetrahedrons into which the triangular=-prism ARC=-A"B"C" can 
be divided. The altitudes A'A and C'C of the hyperpyramids A'=AA"B"C" and C'=C"ABC 
respectively, will be equal to the distance of the plane of the triangle A'B'C' from the 
hyperplane of the triangular-prism ABC=-A"8"C" (see Fig. 96), to which it is parallel. 
Therefore, the 2 hyperpyramids A'=AA"B"C" and C'=C"ARC are equivalent pentahedroids; thar 
is, the 6 pentahedroids into which the double-=prism AA'A"=A"3"C" has been divided are 
equivalent, and the hypervolume of the double=prism AA‘A"=A"B"C" is equal to 6 times the 
hypervolume of any 1 of these pentahedroids, for example, of the pentahedroid A'AA"B"C", 
which has among its faces the triangles AA'A" and A"B"C", (Q.E.D) 


Theorem 2, The hypervolume of a double=prism is equal to the area of a base of any of 
the prisms of either set, multiplied by the area of a right directing=polygon of the 
hypersurface around which this set of prisms extends. (see Fig. 96.) 


We can divide the bases of the prisms of the given set into triangles, the given prisms 
into triancular=prisms, and the double=prism having each set of triangular-prisms for the 
given set of prisms. The hypersurface around which these prisms extends is the same as 
for the given double=-prism and for all of the double=prisms into which it is divided 
(Art. 79, 'h. and Cor.). Therefore it is only necessary to prove the theorem for double- 
prisms in which the given set of prisms is a set of triangularprisms,. Further, taking a 
double=prism with a given set of triancular=prisms for one of its sets of prisms, we can 
divide the right directing-polygons of the hypersurface around which these prisms extend 
into triangles. The diazonals which divide one of these directing=polyrons into triangles 
» torether with the faces of the hypersurface at their extremities, determine lavers 
wnich form, with the parts into which tney divide the hypersurface, triangular 
nypersurfaces, and s0 divide the double=prism into doubly-triangular prisms. If the 
theorem is true of doubly-trianrular prisms, it is true of any double=prism in which the 
Riven set of prisms is a set of triangular-prisms. Therefore, it is only necessary to 
prove the theorem for doubly=-triangular prisms. 


Proof: Proceeding as in the proof of Th. 1, we have a pentahedroid ABCC'C" (Fig. 96bb') 
» 1 of 6 equivalent pentahedroids into which the double=-prism AA'A"=A"B"C" can be divided. 
The volume of the tetrahedron ABCC" is:equal to the area of the triangle ABC multiplied 
by 1/3 of the distance C" from the plane of this triangle, that is, the distance C"C; and 
the hypervolume of the pentahedroid ABCC'C" is equal to the volume of the tetrahedron 
ABCC" maltiplied by + of the distance of C' from the hyperplane of this tetrahedron, the 
distance being C'C. Thus, tne hypervolume of the pentahedroid ABCC'C™ is equal to the 
area of the triangle ABC miltiplied by 1/12 of the product of these 2 distances. 

Now the plane of the triangle As'A" (Fig. 96, and in this case, coincides with the 
directing-triangle AA'A") absolutely=perpendicular to the plane of the triangle ABC at 
the point A intersects the hypersurface which has this plane for 1 of its faces in a 
right directing-triangle. The side AA" of the triancle AA‘A" measures the distance 
between the planes of the triangles ABC and A"B"C", and the corresponding altitude A‘A 
of the triancle AA‘A" measures the distance of the plane of the triangle A'B'C' from the 
hyperplane of the planes of the 2 triangles A3C and A"B"C", The area of the triangle AA‘A" 
» that is, of the right directing-triancle of the hypersurface which has the plane of the 
triangle ABC for 1 of its faces, is then equal to + of the product of these 2 distances, 
i.e., the product of the distances being A'A.AA"##; and the hypervolume of the 
pentahedroid ABCC'C"™ is equal to 1/6 of the hypervolume of the double-prism AA'A"=A"3"C", 
Therefore, the latter is exactly equal to the product of the areas of the 2 trianeles 
AA‘A" and A"B"C", that is, to the area of a base A"B"C" in one set of prisms multiplied 
by the area of a right—directing-trianzle AAA" of the hypersurface around which this 
set of prisms extends. 
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Corollary. The hypervolume of a rizht double=prism is equal to the product of the 
areas of its 2 directing=-polygons. 


96. TiiSOREMS ON HYPERVOLUMES OF CYLINDRICAL AND CONICAL—HYPERSURFACES, 


Theorem 1. The hypervolume of a sphericalehypercylinder is equal to the volume of the 
base multiplied by the altitude. Its formla is 


4 3 
r being the radius of the base and h the altitude, 


Theorem 2. The hypervolume of a spherical-hypercone is equal to the volume of the 
base multiplied by + of the altitude. Its formla is 


vV,= . 77 rn, 


Theorem 3, The hypervolume of a frustrum of a sphericale-hypercone is given by the 
forma 


Vy = An(B + p/p 1/3 , pi/3,2/3 , b) = 5 77 wR? + Ror 4 Rr 41), 
where the upperbase = 4/3/7 3° (volume of a sphere with radius r) and lowerbase = 
4/377 R? (volume of a sphere with radius R). (Fig. 97.) 


Compare the relationship of this formula to the one for the hypervolume of the frustrum 
of a hyperpyramid. The proof is similar to that for the frustrum of a hyperpyramid (see 
Art. 94). 





The formula can also be written as 


V, = ; 77 (Rr + r)(R° + r), 


Theorem 4, The hypervolume of a right prism—cylinder with directing-circle is equal 
to the product of the areas of the directing=polygon and directing-circle. Its formla 


28 


Vv = 77 ra, 
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A being the area of the directing=polygon and r beinz the radius of the directing-circle, 


Theorem 5. The hypervolume of a cylinder of double-revolution is equal to the product 
of the-areas of its directing=-circles. Its formla is 


97. THEOREMS ON VOLUME AND HYPERVOLUME OF A HYPERSPHERE. 


Theorem, The volume of a hypersphere is given by the formula 
Fie 7] 2. 
r being the radius. 


In the next chapter we shall use the method of the calculus to find the volume of a 
hypersphere. 


Corollary. The volume of a cylinder of double-revolution circumscribed about a 
hypersphere is twice the volume of the hypersphere. 


Theorem, The hypervolume of a hypersphere is equal to its volume multiplied by 4 of 
its radius. 


Corollary. The hypervolume of the hypersphere is given by the formula 
2 
be = +7] 


In the next chapter we shall use the method of the calculus to find the hypervolume of 
a hypersphere,. 


Corollary.2. The hypervolume of a hypersphere is equal to 4 of the hypervolume of the 
circumscribed double=cylinder, and twice the hypervolume of the inscribed double-cylinder, 
and twice the hypervolume of the inscribed double-cylinder with equal radii. It is equal 
to the hypervolume of any inscribed double-cylinder plus the hypervolumes of 2 
hyperspheres whose radii are the radii of the double-cylinder. 


The student can consult Manninc’s Geometry of Four Dimensions for proofs on the 
volume and hypervolume of a hypersphete (see pp. 267-270, and pp. 285-287). Manninr uses 
the theory of limits to determine the volume and hypervolume of a hypersphere. 


98. CAVALIERI’S TIKOREM. A very useful method for calculating the hypervolumes of 
certain irregular hypersolids is the extension of Cavaleri’s theorem to include 
hypersolids, 


Cavalieri’s Theorem (for hypersolids), If in 2 hypersolids of equal heights the 
sections made by hyperplanes parallel to and at the same distance from their respective 
hyperplane bases are always equal, the hypervolumes of the hypersolids are equal. 


Many theorems on hypervolumes can be proved by making use of Cavaleri’s theorem and 
Th. 3 of Art. 93. 


In the next chapter we shall apply the hypersolid-geometry to Descartes’ Analytic- 
geometry, that is, Cartesian-coordinate-peometry. 


In this short-treatise we have covered the 'basics' of hypersolid-geometry making use 
of theorems, proofs, and graphics together with new-definitions and symbol-notations as 
required. The axioms of both the Euclidean and Non-Euclidean geometries are assumed. 

Many new insights of the hypersolid—geometry are derived from the graphics, however, 
the author of thts treatise realizes that the hyperspace-graphics can be developed much 
further, many new applications will lead to further discoveries in many branches of 
pure=-mathematics, engineering, and physics. 





CHAPZER IX Tee 


EXCURSUS 
I. HYPERSOLID=ANALYT IC=GEOMETRY 


99. APPLICATIONS. In this chapter we shall combine the hypersolid=-sjeometry with the 
analytic-geometry of 4 dimensions via a rectangular-coordinate=system, then make a few 
applications of the hypersolid-analytic-geometry, In the next section we shzll make use 
of the calculus to find the volume and hypervolune of a hypersphere and also making use 
of the hyperspace-sraphics as developed in this text. 


100. RECTANGULAR CARPSSIAN<COORDINATLS. In hypersolid-analytic=-eometry one method of 
locatin-> a point in hyperspace is in terms of its perpendicular distance from 4 rutuaily- 
perpendicular hyperplanes. Tnese hyperplanes are called COCRLINATE= TYPLEPLUES, and the 
4 perpendicular distances are called COCHDIZASES OF TH POINT. 


The lines of intersection of these coordinatc-hyperplanes ure tric 4 axcs OX, UY, O7, 
and OW, called COORDII:TE-AXES, with the positive-directions snow by arrows (see Fiz. 
98). The coordinate-hyperplanes divide 21] hypersp-cc into 1¢ parts called HXADsI73 
as follows: Number 1 is the PRINCIPAL-“EX.DEKiNT whose boundin--ed:es are tne positive 
directions of the 4 coordinate-axes; then numbers 2 to 6 lie 2bove the xyz-hyperplane in 
2 counterclockwise-direction about OW, that is, around the Yw-plane as axis=-plane wnich 
contains Ow. Numbers 9 to 16 lie below the xyz-hyperplane, number 9 lyinz under number 1, 


In the figure the distances oP, RP, SP, and iz are respectively the x, y, z, and w 
coordinates of the point P, and the point P may be denoted by the 4-tuple (Xp¥pZ—W)y OF 
P(XyV_ZyW) 


The distance OP of the point P from the origin O is 


= > ny 2 LA) 2 
oF = (Gi? + TP*)? = (G2 + WN + W)® | (OE? + De + ON 4 BE*)? = (x2 4 2 + 2? wd, 


Letting OP =~, then p* = x° + y* + = + we ; 
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101. DIRGCTIONSL=.wIGLES AND DIRECTIONAL—COSINES. Let the ansles between OP and OX, OY, 
OZ, OW be respectively”? , é 9 eae Then, 


x =fcose#, y =frosf, z =fcosy, w = feos, . 
Squarin> these relations and adding, 


x4 y? +2 4 = pr cosx+ pcos p + pros + pcos A 4 OF 


i wadeee @ cos f+ cos*¥+ cosQ. 
We have also the relations cos =2/P , cos = yiP , cos = 2/P, cos =w/P, or 


eee ee eat te eee 


2 
(x+y +2 +wW x+y +2 +w) 


a Zz ar w 
ays eee et ee ‘ 
(x +y 42 +) (xo + y° +2 +w') 


The ancles@, B o%,Aof the line OF are called the DIRECTION=-A.3LES of CF, and the 
cosines of these ansles are called the DIRECTION-COSINES of OF. 

If a line does not pass through the orisin 0, then its direction-an-les@, fy »A ore 
tne an-les between the axes and a line drewn throuzh O parallel to thc given line and 
naving the same direction. 

102, DIRECrION=-!U;SERS. Any 4 numbers a, b, cy, and d proportional to tne direction- 
cosines of a line are called DIR-CTION=NUIBERS of tne line. To find the direction-cosinea 
of a line whose direction=-numbers a, b,.c,.and d are known, divide the numbers by 

2 2 


a(n +b +c + a’)?, Use the sigm in front of the square-root expression which will 
will cause the resultins direction-cosines to have the proper-sim. 

103, LISTUICE BECWREN 2 POINTS, "he distance between any 2 points 14(x45 Yy0 Bq v,) 
and Po(X5» You Zoe w,) is : 
a = ({z, = x,)° + (yy-- ¥4)* + (x, - ,)° + (wy =)" 

2 el 2 1 Z 1 2 1 : 

104. DIRECTIO:: OF « LI, The direction=-cosines of P,P. arc 
x,-%x Wi - Ww 
u 9 eecoy cos) = é : 


cosa = 


((x, - hig + eco + (w, - w,)”) ((x, - ae + see. % (w., = “4? 


II HYPERPLV&S 


105. NORAL-FORI. ITERCEPI=FOWiI. DISTANCE FRO A POINT ‘20 . HYPERFLAE. =very 
hyperplane is represented by an equation of the ist degree in 1 or mor: of the variables 
X» Yy Z» We The converse statement is also true. Every equation of the Ist decree in 1 or 
more of the variables x, y, z, w represents a hyperplane, 


The NORIL.L-FOHi of the equation of 2 hyperplane is 
x cosd+ y cosf+ z cos7/+ w cosA -p = 


where @ is the perpendicular distance from the origin to the hyperplane andd, {™ A 
are the dircctioneansles of that perpendicular, 


The norma]-form of the eouation of the hyperplanc Ax + By + Cz + w+LE=0is 
Ax + +Cz+W+E _ 9 
2 2 2 2 " 
+(A° + Bo + CC + DY) 


the sicm in front of tne square-root expression bein> taken opposite to that of Eso thet 
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the normal-distance p shall be positive. 


The INTERCEPT-FORM of the equation of a hyperplane is x/a + y/o + z/c + w/d = 1, 
where a, by c, d are the x-, y-, z—-, and w-intercepts respectively, 


. THE DISTANCE OF A PCIXNT FROM a HYPSKPLANE. The perpendicular—distance between a point 
(X,r000% w,) and a hyperplane Ax + By + Ce + DW+E#0 is 
- AX, + coo + Dw, + E 
1 1 
2 ae 
(ih gen @ 0 ) 
Problen. Discuss the locus of the equationx + y+z¢weti. (Fig. 99.) 


Since the equ2tion is of the 1st degree it represents a hyperplane. The direction- 
numbers of the normal to the hyperplane are 1,1,1, and 1. The direction-cosines of the 


normal are cosd= 4, cos P = 4, cos¥= 4, and cosA= 4. 
The intercepts on the axes are (140,0,0), (091,0,0), (0,0,1,0), and (0,0,0,1). 


: Y} (0,1,0,0) 
me 
(0,0,0,1) 


(0,0,1,0) 


Fig. 99. 





The planes in which the hyperplane intersects the coordinate=-hyperplanes are called the 
SPRLADS of the hyperplane. To find the equations of the spreads: In the xyz—-hyperplane, 
w= 03; hence the equation of this spread is x + y + z = 1, The equations of the other 
spreads are found by setting x, y, and z = 0, respectively, giving us the equations of 
the spreads y+z+weil,x+2z+we=tz,andx+y+we il, 

The lines in which the plane of a spread intersects the ceortinate-hyperplanes are 
called the “@Rs+CBS—OF-Hii+-PistNE-OF-THE-SPREAD, To find the equations of the traces: In 
the xzeplane, y = 0, w = 03 hence the equation of this trace is x + y = 1. The equations 
of the other treces are found by setting 2 of the variables in the equation x+y +z + Ww 
= 1 equal to 0; all-together, we shall have 6 traces. 


The 4 intercepts, 6 traces, and 4 spreads are shown in the figure above. 
To find the length of the normal, that is, the distance from the origin to the hyperplane 















a Ax, + By, + Cz, + Dw, +E re 1(0) + 1(0) + 4a + 1(0) -1] . re 
(474 Be + c* + py? (4) 


106, QUADRATIC~HYPERSURPACES. The hypersurface defined by an equation of the 2nd degree 
% the TRACES OF THE PLANES OF THE SPREAD.", should read=-as, "The lines in which 
the hyperplane intersects the coordinate=-planes are called the TRACES of the hyperplane.". 
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in 4 variables is called a QUADRiTIC=i'YPERSURFACE. Any hyperplane-section of ae quadratic- 
hypersurface is a hyperconic or a limiting-form of a hyperconic. We shall list a few 
equations of some of the quadratic=-hypersurfaces: 

THE HYPSRSPHERE. x* + y° + 2° + we = 2, a being the radius and (0,0,0,0) its center, 


; i ae ae 
THE HYPERELLIPSOID. =, +2, + =; . = = 1, the center beinr the origin. 
a 


d 





HYPER-BYPERSOLOID OF 1 MATRESS. x yy’ og we 
be 2 Bs 
= c d 
— ae a 2 2 2 2 
HYPER-HYPERBOLID OF 2 MITRESSES, X _Y _Z _w _, 
2 Z 2 aie 
a b c a 
CONIC.AL=HYPERSURFACL. x i 2° we 
=-, + += =. = 0 
2 a 2 ie 
a b c d 
TYPE vy “YPE mre 2 2 
Se =, + , + ae = 1, with w = 0, the equetion becomes 
a b c 


the directinc-surfacce, or airecting-ellipsoid. 
III. TH VOLUiis all HYPERVOLUIE OF A HYPi:RSP-LHe. 


107. HYPERVOLUIZ OF HYPERSOLIDS WITH KNOW! CROSS=SHCPIONS. VOLUME AND HYF2RVOLUME OF 
A HYPERSPHERE. If the volume of a cross-section of a hypersolid make by a hyperplane 
perpendicular to 1 of the axes, say the X=cxls, and at a distancc x fron the origin, oan 
be expressed as uw function atx) of x, the hypervolume of the hypersolid is ziven by 
the forma 


(1) v, J A(x)dx. 


In other words, if we consider the sections of a hypersolid made by parallel hyperplancs 
perpendicular to the X-axis, then if it is possible to write down the volume of each 
section in terms of its distance from some fixed-point on the X-axis, sav the origin 0, 

tnen the hypervolume of the hypersolid can be determined, For the volune of a cross- 
section at a given distance x is known to be a function of x, say A(x), then the 
hypervolume-element is A(x)dx. Hence the hypervolume from x = a to x = b is given by (1), 


Hypersolids of revolution are a special-case of this. 


In Fig. 100 (here we use an opposite-order of a rectancular=system by interciancins 
the axes in the xyz—hyperplane), if we take a hyperplane perpendicular to the X-cxis at 
a given distance from tne saga O (the center of a hypersphere H), then the volume of 
the cross-section will be an 1/8—spkere of H. If we denote by w the radius of this 1/8 
sphere, ia its volume is 2/6 ws. Tut it can be represented in terms of w since 


w* + x” = x* (x and w lie in the xf-plane and are at richtean;les to each other, r bein7z 


the radius-vector, then the triangle formed of w, x, and r will be a rifht-trian“le, with 
r beins ig sae) esha of this triangle). The volume is then 


2/8 77 (x? -x 23/2. The hypervolume-element becomes 7/5 // (r° - x2)?/2ax, The 
hypersphere H being symmetric, we can write its hypervolume as 


i 2,2 8.3/2 
y= 6f IT Ax° - x) ax 


it being understood that the limits of interration are from x = 0 to x = r and the 
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Fig. 100. Fig. 101. 


volume-portion represents only an 1/8-sphere, and therefore we must multiply the definite- 
intesral by 2.8, or 16. We then have 


r 
Vy = é 7 es - x2) 3/245 
2 fe) oY 
: 2 4. =1 
: - TT Baa mi 42) 3/2 2 aS (x? 7 x2)? n = sin 2 
0 


“37 (x. 7) -2 = - 
8 2 2 


We can determine the volume of a hypersphere H by considering the area of the cross- 
section of the surface of a sphere at a given distance from the origin ths sphere being 
; that as explained above, The area of the surface of the 1/8=sphere is Ti /2, and we take 
| for dx the elemen}, of arc ds as shown in Fig. 101, that is, ds is a func$ion of (dw, dx) 
with ds = (1 + w'“)dx, where w' = dw/dx. The volume-element becomes 7/7 w“/2 ds. The 
volume of H is given by 


5 2 ae 
Vy = of Z/ w ids «= 17 fo w ds 
2 


Tf Ch & Coulda) Slax = IT, * (v2 + x2/u? Pax 


mT] wox/w dx = oT sf wéx= 8/74 i (x2 = x”)%ax 


87] r Z(2* ~ x*)? + E ein é : es 6/7 x(r*. Z)= Wr’. 
2 2 : 
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MULTIDIMENSIONALITY AND THE MATTER-SPECTRUM 


A few gifted individuals have speculated on the possibility that ‘space' as-we-know-of 
-it may have more than 3 spacial-dimensions. Many present-day ‘thinkers' have assumed that 
any higher=space must exist in other than spacial-coordinates, somewhat like the limited 
relativistic-physics of today that makes use of 3 spacial-coordinates and 1 time- 
coordinate. Others speak about an ‘ether’ as the substrate from which newedimensions 
might spring forth, whatever—that-may-mean. Still others consider 'mystic-experiences' 
other-dimensional and beyond what we call ‘physicalematter'., Some seem to detest the idea 
of a matter-universe and sey that we have ‘souls’ independent of physical=-matter, whatever 
that may mean in an operational-sense. A large number of individuals 'think' that we are 
welded to a physical-universe existence as-if it were the only ‘reality' possible. We 
see a split in 'thinking' (thought-process) between 2 opposite viewpoints where 'mind' is 
something different from ‘physical-matter', and we end up in a vicious-circle in logical- 
reasoning like: ‘mind or matter'? tle could go on-and-on with this kind of primitive-logic 
and achieve little understanding of the laws which govern 'mind=matter' processes. Using 
a 2=—valued logic system of reasoning will lead us to no viable results that can be 
experimentally verified. Besides, the 2=valued logic methods of ‘reasoning’ are non- 
operational in larger frames of reference; that is, the law of opposites does not apply 
except in very limited-cases, and therefore, when multi-viewpoints are taken into 
consideration in formulating theories from data (classification of events), different 
conclusions will be inferred adout the laws which govern reality-gestalts of energy- 
systems existing in multidimensional-space, 


‘he 1st crack in the 2-valued lozic scheme came with the discovery of anti-matter. If 
l say, “Is it matter or not matter?" Then by the law of the excluded-middle, anti-matter 
cannot de matter, but it so happens that anti-matter ana matter are but different 
manifestations of ‘energy', and therefore anti-matter must be an aspect of matter. 3ut 
this leads to the adsurd conclusion that anti-matter is matter. The vicious-ecircle of the 
2=-valued logic then becomes resolved by some kind of ‘duality-principle’ leading to 
further confusion of the laws which govern energy-gestalts of what’s what there on 
non-verbel-levels of ‘reality'. 


Now if we make use of an infinite-valued system of logic, then new-gestalt-patterns of 
awareness become apparent, thus enablirig us to generate higher-order OPERATIONAl-concepts 
leading to new-ways of forming reeality-frameworks, What we are interested in mainly, is 
the translation of ideas and concepts into FUNCTICNAL=models in what we agree to call 
"new-realities', the degree of agreement being determined by the degree of ‘workability' 
of the functional-models,. 


To make any progress at all in the unsolved=-problem of ‘mind or matter’ we must step 
outside of our 3=space cell, there being no other way possible. We begin by assuming that 
our so called CONSCIOUSNESS exist independent of ‘matter’ as-we-know-of-it—we are 
outside looking in, as the saying goes. We have physicalesenses tuned-in to perceive the 
‘effects’ of happenings within physical-matter. 3ut to get outside of our so called 3- 
space cell, we must make use of what has been called the inner-senses existing beyond the 
limits of so called physical-matter, The inner-senses, then, enable us to perceive inner 
realities existing below the range of ‘objects’ composed of physicalematter. 3ut no 
‘matter’ how we try to evade the issue of "matter", we still have 1 common-denominator 
that pervades all existence, namely, ‘energy’. But the types of energy are infinite. We 
must begin somewhere, and we begin by assuming that a PRIMAL-ENERNCY exist and acts as the 
source from which all the dimensions of existence spring forth, and further, that the 
primal-energy is assumed to be NEUTRAL. Now a part of the primal-energy goes to create 
ENERGY-ESSENCE=PENSONALITIES OF CONSCIOUSNESS independent of matter, time, space, and 
so forth, as-we-know-of-it. From this we deduce that each energy-essence-personality 
creates FOR!i or OTHERWISE and evolves the multispaces of dimensions to manifest the ideas 
created by its psychic-idea=projections, and by feedback of the so called projected- 
dimensional-materializations enables it to create new and better reality-gestalts ad 
infinitum. But this leads to the conclusion that ‘time’ is an ILLUSION and ‘matter’ NOT 





| 
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really ‘solid' after all. 


We have agreed that a lisht-spectrum exist from theories and experiments that confirm 
the results of many ‘observers’, We then postulate that a MATTER-SPECTRUM likewise exist, 
We can distinguish the different "phase-spaces' of the matter=spectrum by the INTENSITY 
of 'matter' in which a given space-time frame exist, or again by other hyperspace- 
coordinates in which a given intensity=-mass does not have a ‘time—element’ as-we-know- 
of-it—it being understood that the properties of pure-enerzy are unlimited, and so for 
a certain intensity-mass, its so called matter=properties which we call its energy-gestalt 
will be different from our 3=space 'viewpoints'. Each intensity-mass, then, will have 
specific-laws in such a phase-space. Further, the energy-essence=personality projecting 
such an intensity-mass will create outer-senses to manipulate the intensity-mass within 
its range. For consciousness, then, the common-denominator will be the inner~senses which 
SPAN the different dimensions of the intensity—masses,. 


But we still have not made use of operetionale-methods to manipulate the intensity=masses 
within the matter=-spectrum. iow in a matter=spectrum energies will interact. The law of 
‘entropy’ will no longer hold valid within an open-ended energy=-system. So we postulate a 
system of COORDDIATE-PCINTS that allow energies from different 'contimuuva' to flux from 
1 local-energy=-system to another, These coordinate-points could be called PSYCHIC= 
GEVER:TORS that propell the atoms into different energy-gestalts via polarity-groupings 
of different kinds. The coordinate=points would be something like 'BLACK-WiiITE HOLES' in 
hyperspace allowinz energies to move fron 1 intensity=mass system to another. The 
coordinate—points would be powerhouses containing traces of pure-energy. We can consider 
that in a 4-spece framework, we would have 4 ebsolute=coordinate=-points generating ultra 
-energy potentials and an indcfinite-number of subcoordiante—points generating lesser 
traces of pure-energy. 


It is then 1 step further in which to derive an operational=concept for the matter 
spectmm,. We then postulate an =TERGY=POINT initiating the 1st—-stage in the formation of 
an energy-gestalt giving rise to a certain intensity-mass, The consciousness (inner=self) 
using intense E::OTIONAL-EN=RGY projects the energy=point into existence, the INTHE:SITY 
of the psychic-idea-image determining the 'density' of the CORE about the energy=point 
being created by consciousness. The emergence of the energy-point then gathers about 
itself e field of ELECTROMAGNLTIC@HIERGY with the energy-—point inside—like a triangle- 
effect, then trensforms into a spinning freewheeling electromametic-field. We call this 
spinning freewheeling electromametic-field with the energy-point inside an EE-\NIT, jiow 
since consciousness projects these cE-units into existence, then because of the 
difference in the intensities of the ES=units, POLARITIES will come about, meaning, 
different EE-units will polarize into energy-gestalts of various sizes and forms. The 
polarized E==units PULSATE, EXPAND or CONTRACT, in an unlimited-number of ways. When the 
polarized Eb-units attain a certain intensity they then break through into physical-matter 
by compression created by polarization-croupings of the Ed=-units. The Ek-units can also 
depolarize and form new gestalt-groupings. In order to bring the EE=-units into the 
higher-intensity-mass ranges, or lower for that matter, the Eb-units are projected 
through the coordinate=points at enormous-velocities, that is, the coordinate-points 
become 3LACK=::0LES, then at some point turn inside-out and become WITE-:i0LES again, with 
the Eb=-units being projected back again into a certain intensity-range which then generate 
polarity-groupings bringing about density (pressure) and break through into a given 
intensity-mass within the range of the matter-spectrum in which our physical-bodies exist 
ins it being understood that the consciousness (inner-self) will project other EE-units 
into other intensity-ranges in which the intensity-masses will lie in other ranges of 
the matter-spectrum, and having PRORABLE-SELVES created by the inner=self of which we 
are part of in our 3=space cell, and so forth, 


We can, then, by use of the inner-senses of ‘consciousness' create an idea, project 
it into ‘the range of the matter-spectrum in which our physical-bodies lie, that is, for 
a given intensity-mass. Further, it being understood that the physical-body and its outer 
-senses are merely thought—projections of the inner-self (consciousness) that manifest a 
certain intensity-mass in order that it can manipulate the given intensity-mass lying in 
a given phase-space. The physical-body pulses at enourmous cycles/sec within the given 
intensity=mass field in which it exist in, and so forth. By feedback, the consciousness 
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then creates 'physical-objects’, which we call OWJECT-SYMBCLS, by which it realizes its 
own creativity in the manipulation of the energsy—gestalts existing within the different 
ranges of the matter—spectrum. The consciousness, being immortal, creates endless 
dimensions to gain personal-experience in the development of its creative-abilities. The 
source of its energy-essence being assumed to come from the 'nameless-one' called "ALL 
THAT IS"—what we would call primal-energy; the primal-energy being NEUTRAL, then, 
whatever the energy-essence—personality (entity or consciousness) projects will become 
its own creations. Since the energy—essence=personality, being a multidimensional- 
personality, must then have multiple-selves existing in the simltaneous<dimensions of 
the matter=spectrum from which the inner=self develops its potential—the past and future 
can then be chanced at will by one’s consciousness, or what we have called the energy- 
essence=personality or entity. 

In some energy=systens used by consciousness, that is, in some other dimensions having 
degrees of parallelism with the intensity—mass of our enerry-gestalt-system, ‘time’ would 
have no=meaning whatsoever. Events would be simultaneous in such pyramid-energy=gestalt— 
systems. In our intensity-mass system we register ‘time' in a linear-fashion as the pulse 
-rate between nerve-impulses—in fact, really, the time=sequence seems cs-if it becomes 
more like CYCLES OF ACTION, or action—counteraction, and which may be called time=-circles. 

le could postulate the idea of PSI-TIE via use of the inner=senses enabling us to leap 
the so called physical-time barrier created by the intensity-mass system in which our 
physical-bodies exist in. With psi-time, then, we could move into the past or future, in 
no=time 

The !EMORY-3ANKS of consciousness seems to be made-up of a VORTEX OF ELECTROMAGNETICALLY 
=—COILED Eb=units that link the non=physical-mind and physical-brain into pyramid-energy- 
restalts. The coiled-electromagnetic-field of consciousness contains the memory=banks 
existing simultaneously in all the different dimensions. The consciousness then has the 
abilities to ponder over PROBASLE-REALITIES AND NEW=DIMENSIONS OF EXPERIENCE. The invisible 
primzl-energy-matrizx then becomes the source from which consciousness draws its energy 
to create the probable-dimensions polyrealities which it brings into existence as such. 


Now many of the operational-concepts and ideas described above can be found in the works 
of Jane Roberts: SETH SPEAKS and the SiTH MATERIAL, Prentice Hall. This undoubtedly is the 
(greatest material yet on concepts relating to 'matter—construction' and the ‘immortality' 
of the individual as well as on concepts pertaining to the 'multidimensional=personality'. 
The clues given in the Seth iiaterieal are enough to create a number of psi-sciences 
pertaining to the Tii0UGHT—LAWS governing some matter—constructions 


Now then, we come to ways in which we can attempt to begin the processes involved in 
the manipulation of the matter-spectrum, Where? We ponder over it and come to a probable- 
conclusion that the starting-point that opens the hidden-door to the hicher—dimensions 
lies with the GREAT PYRAMID OF EGYPT; that is, the energy-properties of the Great Pyramid. 

The works of G. Pat Flanagan and his theory of pyramid-energy as a vortex—energy 
menerated by the cross-action of an electrostatic-field and magnetic-field, or what he 
calls the TRAI'SVERSH=FIELD EFFECT generated by superimposing the clectrostatic-field with 
a mecnetic-field, The Cheops pyramid, then, becomes a SHAPED=<ELECTROSIATIC-FIELD cross=- 
actinz with a MAGNETIC=-FIELD. The vortex-theory of the atom as theorized by Flanagan has 
been verified by an experiment with the radiation-microscope—fast-spinning TAURUS-like 
RINGS of particles and their BANDS OF ENERCY within the nuceli of pure-iron. For the 
works of Flanagan see ‘Pyramid Power’, published by De Vorss & Co, 

Since vortex-energies are involved, that is, generated by ceometrical-forms like the 
pyramid or cone, then we can conjecture that CEOMETRICAL—FORIS are the means whereby the 
different dimensions can be jumped from 1 intensity-mass system to another, where the 
combinations of the geometric-forms generate and focus the so called vortex-energies. 
The vortex-atom then becomes the ist-stage in our manipulation of the matter-spectrum. 

Py going further, we could postulate a 4-space, S-space,..., n-epace ‘atom’. The 
multidimensional-atom would pulsate from 1 intensity-mass system to another by altering 
the enveloping electromagnetic-field about it, meaning, changing the polarity-bands of 
the enveloping vortex-energy, and so forth, The atoms that we see in our intensity—mass 
range pulsate so fast that it seems as-if the atom were continuous, but this is not a 
property of energy, each bit of energy within an energy-gestalt pulsates, anc continuity 
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as-we-know-of-it, is an illusion of the outer-senses. One’s consciousness has pyramid- 
energy-gestalts of atoms pulsating in ranges that lie above and below the intensity-=mass 
of our so called universe of physical=matter. Period. See the Seth Book by Jane Roberts, 
p-104, for an interesting example of a ‘supertable’ having an intensity-mass-fradient 
assigned to it—-x-chairs of different intensity=-masses, 


JOHN P. BOYLE’S OCCULT=ILLUDiATOR (iystic-Pyramid) 


One interesting ‘light’ has been shed on the properties of TIE-DISTCRTIO! by the 
foccult-illuminator' invented by John F. 3oyle of Astral Research Co., PO Box 563A, 
letroit, Michigan 46232. Tne occult=-illuminator maces use of psi-time in visualizins 
the projected thousht-forms on the nirror=reflector lyin= at the base of the pyranid 
(Cheops Pyramid modified into a thought-form projector). Using psi-time, the innereye 
makes use of the inner=senses and projects the ‘weak’ psychic-idea-imazes onto the mirror 
-reflector lying at the base of the occulteilluminator, that is, 'consciousness' 
generates EEF-units into a certain psi-eintensity=-range which become manifested as 
materialized thought-forms. We could call these transformed -teunits PSITRC'S as 
postulated by the noted tmélish mathematician Adrian Dobbs. 

It seems ase-if the vortex-—energies of the occult-illuminator resonate witn tie vortex= 
energies of consciousness and by cross-acting senerate the materialized tnoucni-forns. 
The pineal-gland chakra seems to be where these vortex-energies ‘syncironize'. Mental- 
enzymes generated in the nervousesystem ‘'trinser' the production of the Hkeunits that the 
inner-self projects into the proper intensity=rance for the thousht-forms to manifest. 
Boyle’s contribution to the emerging science of psionics is momentous, in the sense tet 
we can project thought-forms into psi-intensity-masses via the so callec occult- 
illuminator. To understand how this seems to be done, see the figure on the followin= pare 
which represents a C‘Z0OPS DOU3LE=FYRL ID in hyperspace, or what we could céll a heops 
double=pyramid in psi-hyperspace,. 

Wwe take the hyperplane of the black=pyramid P-A3CD to represent a psi-phase=space of a 
given psi-intensity-mass. Mow suppose we consider the vertex-edge PC tc be the path alon7z 
which we move in psi=time, that is, for ~ very snort ‘pvscholosical-distance' via 
intuitive-associations using the inner-eye and inner=senses... . ic use the (iTER-SE:SES 
and OUTER-EYE in visualizing ti:e reflected-imazes from the mirror-reflector zt tne base 
of the occult-illuminator—this corresponds to the black=-pyramid P-ABCD in tne firure, 
where we have assumed that the outereeye nas its physical-focus at the point P, and the 
mirror=reflector being at the base ABCD of the black=-pyramid P-ABCD; it being understood 
that this is a feometric-representation and we have not used a truncated=pyranid, but the 
psi-principle is what we arc efter. In the interior of the occult-illuminator we will sce 
the reflections of tne parts on the mirror-reflector as we view the object-symbols with 
our outer-eye lying in our hyperplane, and in the figure, will be that of the nyperplane 
of the black=pyramid P-ABCD. Now if we go into a trance-like state by inner-focusin= using 
our inner-eye which ‘activates’ the psi-etime process, then as we move alonz the psi-time 
path we should be able to see with our inner-eye usin; our inner=senses materialized 
thought-form scenes from both the past/future as probable-events in different psi space- 
time frames of given psi-intensity=masses, and in some instances, the tnousht-forms will 
coalse/overlap, that is, the thousht-forms may dissolve and form new psi-enercy-7cstalts 
of different thourit-form patterns like in a kaleidoscope. If we so into a decn-trorce, 
then the invisible-pyramids formed become visible via the innner—cye as we mowe alone the 
psi-time path, and in the corresponding figure, the blaci=-pyramid P-ABCD will be replaced 
by the red-pyramid Q-ASCD lyins in the hyperplane determined by the point Q and base ABCD 
» being the other end=pyramid of the Cheops double-—pyramid PQ-ABCD—it bein understood 
that the red-pyramid Q-ABCD now represents to the inner-eye a psychic-ina-e=-pyramid lying 
in the hyperplane determined by Q and ASCD. ‘Jie say, then, that the Ev-units intensify 
and project the thousht-forms into psi-space having a given psitronic-intensity=mezss. low 
at any point of the vertex-edge PQ, we shall have an epex=-point of no—time which focuses 
the psieenergies which are being projected from the basc of the :‘heops double-p;ranid 
in the probable King’s x-chamber’s, more so, from the mirror-reflector whic! has ~ focal- 
point at a point of the axis-plane OPQ. In fact, we have an axis-plane zlons which the 
innemeye travels from the hyperplane of 1 pyramid to another. fhe bases of all these 
psychic=-charged psitronic-fields forming the enercy-festalt-pyremids with the vertex-edgc 
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will have a base in common, which also lies in the hyperplane of the black=-pyramid (like 
the rotetion of a hyperplene around 1 of its planes), and all the apex-points will be at 
different psi-time points along the vertex-edge. We take the thought-forms materialized 
at, sav, the other end=pyramid Q-ABCD, then the thought-forms will be in either the past 
or future et this x-level of psi-time focusing, that is, the degree of the trance-states, 
These results do show, indeed, that we do meke use of the inner=senses using psi-time 
with the innereeye as the psychic-focusing=apparatus,. 

The "H-units gathered into energy-gestalts of a certain intensity-mass will materialize 
2s thousht-forms 2long the psietime track in psi-hyperspace. As the 2 vortex-energy-fields 
between the non=-pnhvsical=mind and occult-illuminator via the brain resonate into different 
psi-frequency-binds, then psi=-states of awareness will project different materialized 
thought-forms es sucn. “3 


We could modify the pyramid-energies and ACTUALLY create a miniature-figurine in 
"solido' in the King’s chamber, something like a thought-form HOLOGRAM. Somehow that 
portion of the "pysche' called the ID would be involved in creating the thought-fom 
hologram where psieid energies are involved and interact with the pyramid-energies; that 
is, 2 intertwined vortex-enerpy-fields. In fact, we need not actually use a pyramid-fom 
of large-size, but a pyramid-energy-plate would work as well, but the pyramid-energies 
decay with 'time', whereas, the pyramid-energies of the geometric-forms last indefinitely. 
In fact, Flanagan has developed a pyramid-energy—plate that works quite well, although 
the decay-rate of the pyrsmid-energy—plate dissipates its pyramid-energies within 2 years 
or sO, more or less. !ie also has developed a pyramid-energy matrix-grid generator that 
lasts indefinitely. 


In these few pages of the addendum we have merely touched upon hyperspace=-concepts 
related to the matter-spectrum, But one thing we do know for sure. The Cheops pyramid is 
the opening door to the innerdimensions of realities. Much needs to be done along 
research=-lines on pyramid-energy and its subenergy-fields of which we know very little of. 
We then consider how the wertex-atom relates to other intensity-—mass fields. Anti-gravity 
becomes a practicality once we have considered the 'Venturi-effects' of interacting vortex 
-atoms, or what is the same thing, how different fields of vortex-pressures interact. It 
is indeed a strange universe when U consider that for thousends of years no one has 
bothered to consider the Creat Pyramid of Egypt other than a historical-piece. But the 
latest data and theories prove otherwise. In a simple miniature Cheops pyramid we have 
the ‘riddle of the universe', The Sphinx would be saying to our innersenses, "Look within 
for the secrets of the universe." I conclude this short-treatise by saying, "We have 
barely scratched the knowledge-levels lying latent within our inner=selves." So be it! 
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The ype peas Power 


Fourth: Dimension 
by J. Allen Hewitt . 


Mystics and psychics have 
long believed in the power. of 


_the fourth dimension — the. 
power to work miracies, tra- 


vel through time, perform 
healings, attract wealth and 


Now, research scientists at 


Brown University have made 
an amazing discovery that 
may bring respect to such 
“far out” ideas. Mathemati- 
cal] blueprints for the fourth 
dimension were fed inte a 
“ gpecia] computer and, to the 


amazement of all, the compu- 


ter revealed a dazzling figure - 


of a 4D Hypercube virtually 
identical in concept to an 
ancient occult ‘symbol used 
by a 13th century Catalonian 


| mystic and numerologist. 


The swirling image of the 
Hypercube caused great ex 


citement in the scientific | 


community. A special pres 


_entation was made to the 


American Association for 
the Advancement of Science 
in Washington, D.C. and to 
the International Congress 
of Mathematicians in Hel- 
‘ainki, d. No one had 
ever “seen” the fourth dimen- 
sion until this staggering 


Mind Development, Inc., 
inspired by the work at Brown 
University, began special- 
ized into the mind 
expanding power of the Hyp- 
excube. The first step was to 


‘ing image from the computer 
into a concise clarified ver 
sion suitable for examining 
its mystical properties. The 
primary challenge was to 


= 


~ “clean up” the blurred, rotat- . 


_ aver wer 


iat the ae of multi- 


levular motion within the _ 


Hypercube without the use of 


' film, video tape dr special 


effects. It took several months 
of experimentation, but the 
fina] result was an astonish- 
ing success. The secret was to 
use two overlapping images 


v! of the Hypercube color coded 
to the spectrum sensitivity of 


the rods and cones in the 
human eye. 


_Paychic Power Released 


Did the symbol of the new 


‘clarified Hypercube itself 


hold the key to releasing the 


awesome power ofthe fourth . 


dimension? That was the 
question that faced the re 
search team at Mind Devel- 


opment, Inc. After consulta-- ~ 


tion with clinical psycholo- 
gists at the Human Aware 
ness and Potential Institute, 
Mind Development, Inc. be 
gan a series of tests using 
galvanic skin response units 
and other indicators of altered 
brain wave activity. It was 


discovered that concentrat- 
- dng or’ the Hypercube, even 


for a few moments, induced 


. altered states of conscious- 
_ Bess — the same altered 


states of consciousness ass0- 


‘ dated with psychic power, 


increased intuition, the abil 


ity to work miracles, even 


bend metal as demonstrated 
by Uri Geller. ’ 
Participants in Mind De 


velopment research have 
’ demonstra’ 


their ability to 
perform psychic readings, 
mind projection, ESP and 
mental telepathy with aston- 


Scientists Make seapages” oi igi a 


$f ishing accuracy while using 


the Hypercube as a focal 
point - 
“We have reached a point 


‘in our Hypercube research 


‘where we are very anxious 
for the general public, espe 
cially those predisposed to 
psychic potential, to conduct 
their own experiments with 
our special Hypercube,” stat- 


' ed a Mind Development, Inc. 


spokesman. “In fact, we will 
provide a free Hypercube to 
everyone who desires to par 
ticipate with us in this project 
as a member of our ad-hoc 
research team.” 


To become a member ofthe | 


Mind Development, Inc. ad- 


hoc research team, receive 


background information on 
the activities of Mind Devel- 
* opment, Inc, a periodic news 
letter, plus a free hypercibe 


, identical to the one used in 


laboratory research, simply 
gend your name and address 


with a $10.00 membership | 


registration fee to: : 


Suite 124 
615 - 116th NE. 
Bellevue, Washington 98004 


Note: AG. Merklir ~Zar, foun- 
der and president of Mind 
Development, Inc., has been 
featured in Life Magazine, 
National Observer, Made- 
moiselle, Sports Illustrated, 


Denver Magazine, Interna- . 
tional Herald-Tribune, and | 
on TV's David Frost Show. 
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Mind Development, Ine- ~*~ 






Grom GeANeeS LeTtrars 
Cou.escrion — 


In the lower left foreground lies a piece of paper on which the edges of a cube are 
drawn. Two small circles mark the places where edges cross each other. Which edge comes 
at the front and which at the back? In a three-dimensional world simultaneous front and 
back is an impossibility and so cannot be illustrated. Yet it is quite possible to draw 
an object which displaye a different reality when looked at from above and from below. The 
lad sitting on the bench has got just such a cube-like absurdity in his hands. ‘ie hazes 
thovehtfully at this incomprehensible object and seems oblivious to the fact that the 
belvedere behind him has been built in the same impossible style. On the floor of the lowe 
platform, that is to say indoors, stands 2 ladder which two people are busy climbing. 3ut 
as soon as they arrive a floor higher they are back in the open air and have to re-enter 
the building. Is it any wonder that nobody in this company can be bothered about the fate 
the prisoner in the dunreon who sticks his heed through the bars and bemoans his fate? 


The GRAP IC WCRY. OF M.C. ESCHES., by 3allantine 3ooks, New York (Las+ 50th Street 
New York 10022)—=Escher’s works as an artist parallel my own research in pure=math on 
hyperspace visualegrpahics, that is, I] feel much in Escher works akin to my own ereative=- 
math research as such. Fascinatingeprints...76 in total... 7 


| 








By Stan Tenen 


By profession Sten Tenen has heen en engineer, 
faventor end local talk-shuw celebrity, responsible 


Sor bringing the “Prisoner Rap Sessions” tv 


KQED. By nature. Sian is en eclectic thinker, @ 


first rate intellect with the ebility to pull together 
end correlate insights from histury. phivsics. geom- 


etry, mythology end mvstivel tradition. He has 
uncovered a collection of complex hut easily com- 


prehendible patterns in encient teachings end 


cvmbols that puint to @ commun origin for all reli- 

ions and decode fresh universal insights. Sian's 
tolent for explanation borders on the emazing. 
 ttually immersing his listeners in the experience 
of creation and regeneration, leading one to the 
precipice of anuther dimension. intu time end end- 
bess pussihilities. There are truths here. not tu he 
eccepied as articles uf faith ur propher's edict. but 
on the power of the understandings they'll upen up 
in vour own mind. Those of vou who were ever 
inspired by Peter Pan. Don Juan or Albert Ein- 
stein ought to check this owt. (See Sien's comrse 
in the Potpourri section on page two.) 


Once upon a time about 12 years ago | hap- 
pened to open a copy of Genesis | had had for 
many years. {t was in Hebrew. Now, | don't read 
Hebrew although | can recognize the letters of the 
alphabet. If | could have read the Hebrew. none of 
this would have happened. Who looks for or no- 
tices a “pattern” in the letters of a text they can 





abHonT counse IN TIME... $30 
in Tenen 459-0487 /673-6023 X97 
A: Lagune & Marina, Reem 205, $.F.—3 meetings 
Tuesdays 811 p.m starts January 6. 
B: 1741 Vcginie, Berkeley —3 meetings Sundays 


_12n.-3 p.m starts Jenvary 11. 


... OF an irreverent Gemonstration of the Ancient 
Riddie of how to Square-the-Circle on twenty-seven 
@8ty Steps—you may count them yoursetf —wahout 
Feally dying Orscussion will center on an entirety 
few, unpublished. decipherment of GENESIS in 
elation to the Great Pyrarrud, Qebala. the genetic 
Code, the Sr: Yantra and modern physics. Call for 
information. Section A: at Fort Mason. 

Stan has been a consutting engineer /physicist. He 
Gonducted the “Prisoner Rap Sessions” on KQED. TV 
in 1978 and is now writing a book on the courje 


.About 95% of the material is perceptics...sbout S¢ anslytics. 


ww 
a MATHEMATICS BY G.L.Brandes. This may well be the most stunn- 
g oko t'st in centurys. Through it's very sound analytical § 
visual perceptions it should unglue most of the present day math & make ( 
Einstein obsolete. It is the Is¢ pook ever out on the elusive triangul- ' 
er math that is said to be used by advanced ‘alien intelligences...4 
the early Atlanteans etc. Technically, the Ist sections of this work 
deal with the entire development of visual hypersolid geometry, the 
last section with analytic geometry problems § solutions. Euclid you 
may et introduced the axiomatic approach to geometry, Descartes 
the analytical. Brandes uses his ‘synesthesic geometry’ together with 
the Ist twocomponents to bring in triangulistic math. This is the only 
math that will lead us to the stars, or navigation between different 
et gene Bess X systems via ayperapace frameworks as such. This ‘H' 
@weth works 1008 @ once understood you can see how the P S I laws work 
in relation to psionics § other exotic energy fields, To get the most 
out of this work you should comprehend some high school solid geometry. 
is new 
Ist edition was privatly printed to fulfill requests. With the small pr- 
inting run @ picture plates it cost almost $14.00 a copy to get out. 
Wheat will meyees when this little run is gone is anyones guess. John 
Boyle (Psionic Pattern Book) feels this work will completely topple the 
Tecognized fields of math § related areas of research. If this material 


with it's mend bog 





read” In my ignorance. instead of reading the He- 
brew words. which | couldn’. I thought | saw a 
“pattern” to the letters. 

( was startied. 

As far as | knew avhat | saw was impossible! The 
implications were staggering. Here was the root 
document of Western Civilization, the basis of the 
Hebrew. Christian and Isismic faiths. sacred even 
in “translation.” and | just noticed it contained. 
somehow. 8 hidden mathematical pattern. — 

At that time | knew nothing of the origin, his- 
tory. or mystical tradition(s) of the text. After fail- 
ing to “pull out” the pattern quickly, | realized | 
had some homework to do. and | started reading 
and asking questions. The more | read the more 
the mystery deepened. | learned about the many 
mystical legends about the text. something of the 
geometry and mythology of the Great Pyramid at 
Giza. 8 little of the Vedic /Sanskrit tradi- 
tion(s), etc.. and the Hebrew mystical tradition 
called Qabsia which ciaims the Genesis text is 
coded. Try as | might. though. I could not explain 
this pattern on the basis of the Qabela nor any 
ether of the traditions | researched. The pattern | 
could see wes fundamentally different. Three 
years ago. with the help of the KQED Prisoner 
Rap Session” audience. the code cracked. This 
course is what spilled out. - 

This is indeed an entirely new and very powerful 
perepective. if any tradition explaining this ma- 
terial has survived and been published in English. 
ie has not been made available to the uninitiated. 

The implications are truly staggering even from 
the parts decoded 80 far. The elements of Egyp- 
tian, Greek and Sanskirt cosmology merge natur- 
ally with the mystical traditions about the Great 
Pyramid, and the religous traditions of the an- 


giing graphic @ formulated proofs 
¥ orthodox perceptions nothing will, Guaranteed to delight or ref'd.$20. 


SHORT COURSE IN TIME... 





mologies can be identified uniquely and directly 
with what modern science now tells us about 
quantum physics. genetics’) DNA. and the Ein- 
steinian saddle-shaped universe. (Note to the 
scientifically timid: All of this is geometric and | 
have built lots of “tinker-toy” models. You can un- 
derstand the “code” with only the math now 
taught in Junior High School. The models are rec- 
ognizabie.) 

This teaching differs not only in content but ako 
ia form from traditional religious interpretations 
of the “sacred.” ht demonstrates an entirely new 
theory of the origin of the Hebrew alphabet and 
provides the missing links between the traditional 
schools. It is not based on personal revelation. 
automatic writing. or a trip in a flying saucer. 
(Such personal experiences are not normally 
shareable.) ht is setf<decoding and self-caching. 
The decoding is based on the same logic as was 
used by the non-mystical NASA-Jet Propulsion 
Laboratory scientists to encode the Voyager and 
Explorer spacecraft plaques and the Arecibo. 
Puerto Rico radio telescope-message (0 outer 
apace. These attempt to send a greeting from Earth 
ia the universal language of math. 

Perhaps most startling of all. this rational. log- 
ical decoding verifies the religious and mystical 


* claims made for sad by Genesis by believers. ft 


provides. among much else. 8 scientific, rational 
basis for out-of-the-body experiences and time- 
travel. < 
Understanding this material evokes the unique 
personal experience known as initiation. 
Be seeing you. 
@copyright 1980 stan tenen 
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doesn't rattle you- 





THIS $8 A LETTER From 'H'maTH ; : 
CHSCOVERER. MORE LETTERS ARE THEMETIQUE-supreme 12=12=77 


AVAILABLEe ce BOOK 88 ONLY FOR 
PERGONS WITH BACKGROUNDsccs 8 Branpes LETTERs CoLLECTION (Muse é ysune) $igee Fre 


Can’t contain my enthusiasm for the rest of this year... I give U 1 more-supreme-ciscover 
on the ternary-typo-prime-arithmetic (TiPA). In music, fusues, counterpoint, harmony 

- | correspond 1-1 ‘topologically’ in a sense to residues, compositions, syzygy in the 
prime-arithmetic respe:tively. This I disoovered tonite, inueed, the prime-crithmetic 
of prime-resolute-num>ers the svmphony of arithmetic. Combinatory Amalysise in some of 
its x-aspects forms the counterpoint for the prime-gestalt-structures; the residues the 
fugue=themes, and the harmonics as syzygies—beautifully 100 +, perioc. 


Cometarv=-matter as in the Secre! Doctrine by Blavatsky verified in the prime-crithmetic 
orgenizer=theor, 100%. cCometary=-matter into embryonic-stars shopting forth embryonic- 
planetervematter, then the em>d pnic-cometary=matter forms into a blue-white star with 
its satellites of revolving planets—live-st2rs_ and live-pianets. 

But the prime-arithmetic goes muh deeper in cosmogenesis by far, for the prime— 
arithemtic postulates that there exist not 1 atomic-scale of the atomic-elements, but 
an un-limited-rmumber of atomi--s-ales within a _matterespectrum, ano U enc up with 
different frameworks of unique, distinct atomic-elements in other star-sys tems, some 
sinilar, others dis-similar—the Fohatic-or=anizinr-forse becomss x-Fohats in other 
z-frameworks. Cur atomic-elements as organized in our 3—spece eé@l] frame merely local- 

heat ae e 
atomicematter-sroupincs, period ATOMIC-BARRTER 


In a star=ship travelinz at warp-speed in ‘hyperspace’ (elliptic-hypersp-ce of 
Riemann), then the star=ship ‘crew' must translate their physical-imare-bocies on 
entering another star-s:stem with a different atomic-matte ins, the re-programmec 
physical-imace-bedy would then adapt itself atomic-wise in the new-matter-grouping; 

otherwise, a non-translated imase-body would dis-integrate upon entering another star 


system of different atomicegroupings of electromarnetic-energy-fields from pre-mitter 


Ek-units into its intensity-mass ‘x-matter'... The electromagnetic-spectmim is 
enormous, we heve only discovered but a paltry-few x-aspects of inner-electromamnetic-= 
ONETEY eos 













The prime-arithmetic implies that there exist an infinite-mmber of localem.tter- 
oupin of manifested atomic-elements in x-frameworks. Our western-ccience is DEALT 
XOW soared So be it! 5 


In 1 of my 'dreamproje-tions, my inner-eye saw ‘entities’ having ele:tromagmetic- 
imare-bodies of awesome-potentials, a glimpse of their ‘reality’ mece-me acutely-aware 
that miltidimensionaleconsciousness-units create un-limited mumbers of x-bocies to 

ipulate with, In any xerealm, ‘consciousness' mush be enclosed within a container 
oC capsule) to keep its ‘energies' from seeping away. So literally then, in other 
x-frameworks, x-consciousness-units will have correspondinz z-bodies in which to manipulat 
their x-environnents—Out-Of-30dy projections shows this to be true 100::... 





Priestcraft is dead on this planet! The antrepomorphic-geés created by our Earth- 
species is truely a joker-in-the-ceck of illusions, and becomes obvious in Out-0f-Body 
projections to the innermplanes. One could spend a ‘lifetime’ just studying 1 of the 
infinity of imner=planes, period. 


The 5th-root-race is finished, being only an outer-reality-manifestation-type of 
aware-consciousnesses. The ceming 6th-root-race now manifesting in embryonic-form will 
be inner-outer=manifestation-types, and 


the pause, of pause, of ‘reflection’ (doublyecircuited synapse-cel: 


The double-trianzle corresponds in hyperppace to a ieee hao 
in the Hobook. black-red-prramids ) Sincerely Yours, 
Geprge L. Byandes 
(in occult-texts dlack-white-triangles to 


“. 
[Se ie C= 


I began the hyperspace-math research in 1955, then some ve~ue 'hints' of what was to 
come, in the early '60’s. Then spent 15 wears oneanceoff developinr the visualehvperspacc- 
math. In fact, 1 close frienc of mine helped via mv'feedbacks' to clarify many hyperspacc- 

* coricepts. I spent hours anc hours trvin~ to explain to my close friend ‘i’enuel' that 'we' 
who have bodies of clav AND A SPIMIT CAN VISUAIISE Titi 4th=!TiENSION 100%. How? Ily 
friend asked. ity arsument was, ‘we can, with just 1 'clue', use the INNEX<<Y5 AND 
IMPER=SLNSES HAH CUTENSIMN NSA UYE GUAPHICS and said results should be 100% cffectiv.. 


Well! I was right using this kin of ‘icrerence:'. ifter a few years ‘teachinr' my friend 
- + Wendel the 'mysterious-world of the 4th-dimension, he finally make the 'quintuz-jump! 


‘using his inner-eve and was able for the ist-’ime to 'vicualize' 4-space percentics, 
though with some 'difficult:' at the ‘time’. iow, J] «new for sure that I wis on the ric.t- 
path, for if I could teach just 1 hifalr-intellivzent-individual some visual-hrperspacc= 
math, then not why a whole planet? I said yes, if and only if 7 could put it all dow in 
writinc, a farsantuan-tast clone to say the least. So after 8 torturing months of 10-15 
hours per dav, J finall:- fin#fnel the Henanuscript—-thougi 2 lot is still to be desired. 

I coulé write a larce-volume alone on the Hemath, but cost-of=printinz woul’ become 
prohibitive, ani so settled for ‘basics’ only, that is, 132eraces of H-material with 
Df NIViR, but a hyperspace-engineer, yes." But knowing my wild-talents, I settled on beint 
(wet a hyverspace-mathematician instead. 


The savint, “I0:ICW MNS CLF", is true toda; as it ever was, meanin;., [NILY for an: 
"evolvin=' SOUL or ENTITY. 'v"SGod of clay is éead', the new nameless one vit 2 *2%2 
for my new=pelief is callec ALL VIA’ Is. So be it! 

I cim for the starc now. Ferhaps soon, Yon ‘raun’s creen may come truc. I still nave 
his old-letter in a safe-depnsit box. 


Now I will open your inner-eves some. Just for analot only imacine the followin-: 


4 3espace cell called warth . n S-space cells of a ralax*(mlaxi 
‘ more so 
@ (flatlan--2nalo-,) eoeeeee © © © © @ @ oe 


iM C=vestelt=-patterns unrealized due to e eS ° ee Cj a 6 ¢ 
S—space viewpoints.eec. eee OD ee b~ e 


2-valued losic, closed-systens, 
dualities, etc. 


Q ‘ : : . ma —T ss ized 
An HKartn Goc of Clay, phvsical-ina-e Poles See eh doors 
takes the 'form' of wnat the PROM ICIS? VHIEKc goaeece Ve ee eee 
— 4 n-space viewpoints. 66 


onen=-systems, n=-valucc losics, 
Gracientescales uscd, etc. 





A liniverse of ALI, "VAT Ifeee 
In a 4-space level-restaltun~, U are QUST PeoPUA RTRs. what Tosee, 
IOCKING Dio e oMPANST ia" T OTIS ARTO OT ce U project into x-realities— 
wT.4, ete a De wet tin mat pr 
wey Ue lies the mental=pace becones nower of the mu] tidinension: 1. 
enormously ACCUIJZtAL— p3ietime encompasses many a eccna itty ae are 
xerealities such as probadle=past, probable-futures entitveeee dravs its ‘ener~’ 
P.S. The arove hypersnace-analor is very crude, from ALL '7:iA! IS. 


the emphasis, to stress a comparison between 
a 3-space viewpoint and a d-space--: . Sincercly Yours, 





viewpoint (viewpoints ac such) « Georre Le peepee’ 
P.S. When U get a free-copy of the Ge = na x 
D ebook. I must warn U ahead of "time! fog bet ares ech I 


. . . To psionicist, the H-book will be e ‘life-saver' for mar of their psi-viewpoints. ‘'ne 
* | siebool: will brine the end to the ‘order’ of the materialist-scientist oncc and for all, 
by this I mean, we ‘exist’ in an infinitc-matter-spectrum of an infinite-number of 
DIGEVSIONS, or simply, x-realities, not 1, but pol-rerlitics of man: :iimensicns. 
“""those who seck 'quite-answers'. An invisible-Joor is now OPTED C°C EL BO Ss ee 
ad VST G, Good luck! 10C1 hyperplanes of a simplo hypercube, ha! 
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ly affected by the unwanted reactance inher- 


OW CAN you squeeze troublesome in- ‘ 

ductance and reactance (resistance to, 
changes in AC) out of a resistor? One way | 
is to make a resistor in the shape of a Moe- 
bius loop—a century-old mathematical oddi- 
ty that is based on a geometric surface hav- 
ing only one side and one edgc. 

Wonder ideal circumstances, a resistor 
should provide only resistance, a capacitor 
only capacitance and an inductor only in- 
ductance. Unfortunately, in high-frequency 
cifcuits (UHF and microwave) and espe- | 
cially in pulse applications such as radar, the 
design and operation of such circuits is great- . 





ent in these components. The higher the fre- 
quency, the more critical these parasitic 
values are. 

A unique solution to one of these problems | 
(making low-value resistors non-reactive) 
has been found by Richard L. Davis, an elec- 
tronics engineer with the Sandia Laboratories 
in Albuquerque. N.M. Davis reasoned that 
if current passing through a resistor could 
be divided mto two equal components whose 
electromagnetic fields cancel out, the reac- 
tance of the resistor would be small. How 
could such a resistor be made? The Davis so- 
lution was to add a simple Moebius twist to 
a ribbon- or wire-conductor resistor. 

Kooky Loops. Perhaps the best way to 
visualize the construction (and operation) of 
a Mocbius resistor is to make a couple of 
Moebius loops from long strips of paper that 
are about an inch wide. First make the basic 
loop by joining (with tape) the two ends of 
a single strip after you have given the strip 
a half twist. This loop has only one surface! 
Prove this by drawing a line along the full 
length of the strip, right back to your start- 
ing point (see lead photo). The line will 
cover both sides of the strip. 

A Moebius resistor, however, must be con- 
structed with two conductive ribbons, with 
or without a separating dielectric layer. So 
now make another Moebius Joop, this time 
using two identical strips of paper, one on top 
of the other; again, give the strips a half 
twist before joining the opposing ends togeth- 
er. Label onc of the splices input, the other 
“Output. ; 

It may appear that there are still two sep- 
arate loops—a pencil between the strips can 
be slid completely around the loop back to 
the starting point. Actually, there is just one 
loop. You'll see this when you attempt to 
separate them. The two paths that the input 
current will take to the output terminal can 
be traced once the loop is opened. 

How It Works. The input pulse that’s ap- 

By JORMA HYYPIA Woe - 49 
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plied to one of the terminzis divides into two . 


equal components which travel in opposite 
directions. This happens because the imped- 
ances of the two paths to the output terminals 
are identical. Since one pulse loops to the 
right while the other heads left, they cannot 
interfere with each other. Then, when the 
pulses have traveled half way to the output— 


. where DC resistance is one half the total 


value—the pulses are at equal potential and 
of opposite phase. By the time they reach 
the output, their potentials fall to zero. 
The two terminals must be exactly oppo- 
site each other otherwise the resistor be- 
comes inductive (the pulses wouldn't be 180° 
out of phase and residual magnetism would 
be present). While it is preferable to elimi- 
nate lead wires whenever possible (to avoid 


stray capacitance), a resistor that is slightly ° 


Capacitive can be nulled into balance if you 
adjust the lengths of the leads. 

Davis’ first experimental resistor was 
madc of aluminum-tape conductor placed on 
masking tape. The masking tape serves as 
the dielectric. It had a 0.022-ohm resistance 
and 0.003-uh residual reactance. The time 
constant (1.3 x 10-') was very low for such 
a small resistance. These values may seem 
ridiculously low to people who experiment 
at audio and lower RF frequencies, but as 
you get up into the spectrum such com- 
ponent values have tremendous effects on 
a circuit. 

Tuned UHF 
circuits have resonant frequencies requiring 
almost invisible capzcitors and coils. and the 
short wavelengths are too large for most any 
component. In fact. most radar circuits use 
resonant Cavitics rather than individual ca- 
Pacitors and coils. Cavitics and waveguides 
uct on electromagnetic fields. while resistors. 
sapacitors and coils are designed primarily 
'o control electrons flowing in wires. The 
tormer act like distributed constants. the 
fatter are lumped constants. A Moebius re- 
ststor is a lumped-constant component. 

Great Versatility. One striking feature of 
4 Moebius resistor is that it does not couple 
clectromagnetically to other metallic objects 
or to itself. even if the shape of the finished 
resistor is changed. There are only two re- 
quirements for this: the conductors must not 
‘ouch physically and the spacing hbetwcen 
‘he conducting laver must not be altered. This 
non-counling characteristic makes it possible 
to wrap Moebuus resistors around cards. 

Moebius resistors are simple—and inex- 
pensive to make. Problem is. unless you've 
sot a tie that works at frequencies fron: 
asound $00 to 4000 mc. vou won't find much 
ase tor them. Of course. if you're a mathc- 
matician vou can always reach for a text- 
hook on topology—just to find out what Mr. 
Moebius was reallv talkine about wea 











' Iwo paper loops simulate Moebius resistor mide 
_ ol {we conducting ribbons and separating die!i-c- 
“trie. Inpat end sutpui terminals must be epposite. 
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@ surfac:. Dielectric material sopurates opprewizg 
laces of the conductor. Leads are exactly onj~ site. 
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on starship=-propulsion-systems =20=5 
It will UKGLU= the entire 
> | . Scientific-Comzunity of Flatlanders . ‘ 2 
Dear Fry: i 
P Got it now! Hyperspace-travel via magnetic-force-fields, tis ‘all' clear—now 100%, 


What kickec it off was a letter from Glenn J. Beaumon The III. I was trying to figure 





bs out this guy’s address from his long-hand writing...etc. To reply I need his address, but 
he lives in Denton, .I figured from his cipher=-scrip using 3 of those ‘square-root x 
like signs, 3 alike, to mean he’s from Texas—-to be sure I will check it out at the post 
office Monday morning. 

Now then what keyed-me-in was what Glenn said in his letter about possible propulsion- 
systems—I jumped to the inner-intuitive-level to evaluate his emotional-feelings on the 
matter, found he was still in the dark by far, far. In fact nearly ‘all’ researchers today 
have missed the KrY-factor in hyperspace-propulsion systems, Yes, magnetic-force-fields — 
triggered-off via fusion-generators, but there exist one extremely-importanteclue that I 
discovered today on how to begin designing starships for multiple-light-velocities beyond 
c into ranges from a. 4 e 

512 
Co C 9 eoosg C 
| It is so utterly simple in concept that I wonder why I had not seen it before. Here it 
is as follows: 
) U change, literally, the space-time frame of reference 
’ about the spacecraft to another space-time frame of reference 
| which implies e corresponding change in dimension of the 
' space-time coordinates about the spaceczaft. To bring about an 
alteration of dimension(s) about the spacecraft it must be encapsulated 
with a magnetic-field within the 5 million Gauss range of field-intensity 
(flux-field), then with the cancellation of INERTIA about the spacecraft 
' ( the next step requires warping the magnetic flux-lines of force into 
| parallel for an instant, and each surge-jump of the magnetic-flur-field 
proptlls the masnetic=-spacecraft into the next higher—dimension via a 
POW=R .shange of the Planck=constant. The serial-universe dimensions 
interlock in quasiematter-states of proportionality via the Planck-consta 
{ power multiples. When U change the magnetic-force—field intensities 0 
: literally alter the frame of reference of the pagnetic-field(F, ) into a 
new interdimensional frame of reference(F,), etc. 
\ Taking the different frames of reference we have this 1-1 oorrespondence with 
multiple-light-velocities as follows: 
Fo» Fis Fos eooy Fy 


3 this ‘relatively'so ... 


- Cy Ae e. eee oo? 





, I need not say wore, however, to bring about changing of the Planck=-Constant to 
higher-power multiples (dimensional-timing=principle) into a physical-translation of theory 
into practice it becomes imperative to have FUSION-GENERATORS to build-ap the very-intense 
MAGNETIC@FORCE=}FIELDS required for hyperspace starship teavel: no fusion-generator, no 
starshtp propulsion-system, no alteration of frames of reference jnterdimensionally of 
the space-time coordinates: magnetics, rather, J-magnetics the key in altering the 
frame of reference of space-time coordinates(the pea-brained Hinstein never saw with 

‘ his ‘old-eyes' of "perceiving' other x-realities: in fact, the H-book tells us that ~ 
on the 4-space level, the 3-space frames of reference are jnfinite, etd. 


Newoastounding breakthroughs on the prime-arithmetic—have now around 312-pages 
and still going strong with it, mavde someday I will publish it in compendiunm-formm 
after abstracting-out the core-material around which it is built. 


Sincerely Yours, 
Gegree L. Brandes 
“ss emnse aie 
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According to Guillen, the impact of these discoveries 
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Bridges to Infinity 


ARE YOU ONE OF THE MANY people who feel 
absolutely helpless when faced with higher mathematics? 
“Math anxiety"—as it is called—is often prevalent among 
non-technicians. Even sophisticated, intelligent persons, 
who are otherwise capable and self-confident, break down 
in confusion when faced with mathematical formulas. 
Michael Guillen teaches a course at Cornell University 
called “Math for Poets.” His new book. Bridges to Infinitvy— 
The Human Side of Mathematics, opens up the world of 

' mathematical concepts to the lay person. It will not teach 
you the symbols and mechanics of math, but will allow you 

to understand the fundamental ideas, and “see” the concepts 
that shaped math history. He gives this history in a series 
of short essays—each dealing with a different concept. 





Guillen labels the early history as the age of “fantasizing.” 


Dumng this time, math was believed to be a perfect model 
of reality; although humans might err in calculations, in 
principle. math was considered infallible. Euclid had set the 
stage by providing proofs for all geometric properties, and 

| mathematicians were working hard to show that arithmetic 
and algebra were on equally-solid ground. 





“There are other possible 
universes totally alien to our 
everyday experiences.” 


Between the mid-nineteenth and early twentieth century, 
two events shook the foundation of the mathematical world. 
First came the discovery that there are non-Euclidean 
geometries. Euclid’s axioms and proofs had previously 
successfully described our “common sense” experience on 
earth. But, three mathematicians, separately and at about 
the same time, discovered that other geometries are logically 













our everyday experiences. 





STEREOPTICS 
A real mind warp. A foid- 
up stereo optical viewer 
and eighteen stereo cards 


wipe death 


Bow the biggie! 


BIG! 


|___ 


the 





are pecked in an envelope. Acts like the turn-of- 
the-centurv viewers for polite parior games. The 
images here, however, are ail computer-generated 
complex geametric forms. Follow the included 
directions to see the-fiat-images pop into 3-D as 
your brain struggles to coalesce disparate signals. a A maui 0'’. 
According to the author, you can train yourself 
to “see” the 3-D without the viewer, but your 
editor falis into the “old dogs and 
new s syndrome on that one. A nicely 
Gone package to deal with real versus epperent 
fesues, 


3814 3814 Stereoptics 
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601 LINDEN PLACE,” EVANSTON, ILLINOIS 60202 : 
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Bere it ie, suppoee(NO IT PHYSICALLY!) U take a rabber-bend amd eonsidur it ae 1 
MAGNETIC-LOOP of force, wow stretoh it out eo that the rubber-leep is alscet li 
parallel-lines, let it gol, it will enap-bdeck its ‘loop’ but im the process 
band will oail like hell through the air in the meantime. It is 

understand that energy was needed to stretch the rubber-band-loop. However, the rubber- 
banmi~emalogy terminates too soon... 


How as before use the magnetio-force-fiel4i created by the 
gastaining free-enerxy) to ‘bend' sw 
fmatant, then the fet-eurge of magnetio-ferve ie sufficient to take the magnetio-field 
Ceeer isis) spacecraft to the velocity of meane $io~suantue-leve). 
Row the MOST-INTERESTING ASPRCT YET... Once the ist sagnetio—quantus—leve! ie reeched, 

Qualom-awperasor oan mamply additional-snersy for the pext-warmy of 
by taking the magnetio-leops = 2nd time and enap them inte parallel for an instant, 
the 2né-level poyaring of e » ioe. 


ta )? e e! 


Perhape we could call it a vibrating harmonic meenetio-lece! 
That’o it,simple, mest, clean, eléat, yrecise, lushlent, vhat have 0 


2nd quantun-leve! (magnetic) 


ee O/C ne Co) + 
Jat qeasten-leve tie-leop 4 
pt 
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on math was the realization “that mathematics 1s a 

mere invention of the human imagination and not a 

bodv of universal truths based on common sense, as everyone 
had believed.” 

The second blow was delivered to the old world of 
mathematics by the Viennese logician Kurt Godel in 1931. 
He showed that there are certain “unverifiable truths” that 
logic, by its very nature, cannot prove. Testing the very limits 
of logic, Godel surmised that there must be an infinite 
number of mathematical hypotheses that are extralogically 
true, but that defy being proved by logic. 


The final section of the book deals with the modern age 
of mathematics, when mathematicians are now well aware 
of the limitations of their field, and are trying to “optimize” 
or make the best of their situation. This is one of the most 
interesting parts of the book because of the references to 
topology, catastrophe theory, game theory, and other 
concepts that are in popular usage, but not generally 
understood. The imagery evoked with the explanation of 
topology is particularly exciting. In each instance, the author 
goes to the one or two critical aspects of each theory and 
makes it comprehensible. 

In conclusion, the book is excellent, but not without its 
faults. The essays—perhaps originally lectures—are 
sometimes too short and simple, giving only the most general 
Notion of an idea. There is some repetition, although the 
book is written so that you could go to any single essay and 
learn about that concept without reading the previous 


possible. There are other possible universes sien alien to. © sections. It also shows mathematics as a history of ideas, 


- and how those ideas have shaped our world. « 
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Replace the rubber-bemi-loop for s magnetico-loop of force and the 
phytical-energy supplied to the rubber-band-loop by a 


OR. Boy! Is this thing 
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propelling our magnetio-field epececraft to 


the Einstein-sethod of physics must be 
DROPPED, like shattered-glase/ 
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§ in eotuality, the squaring will be somevhat gory then 


APPLICATION AND EXAMPLE SHEET FROM G.L.BRANDES LETTENS TO A. Ii. Fry 


i - de ; : 2. \ 
(The Brandes Letters Collection -$15- contains further examples) 





TIE as-wo-know-it is an ILLUSION of the outer—senses, U chance the PrRCEPTION 
between events, and TOE will chanze also. A scrial-sequence of events induccs 4 
linvartime-perception, acceleration changes the tine=framey but NOT ALL PEXCEPTIONS 
uscd to classify event—happenincs have a TIif-element, for example, OUT-OP-BODY 
PROJECTIONS exist beyond TIME and SPACE concepts as-we-know-of-it, 


In wy own OUT-OF-THE~PHYSICAL=-BODY PROJECTIONS, I was ASTOINM*®D to discover that 
TIME is an ILLUSION or camouflace within out 4-epace cell—a root—assumption in this 
Pinda-Universe VALID only within a }space cell, 


In Out-Of-Body PROJECTICNS via the PINE\I—rYE W can FSCAPE from this 
and visit the other DIMFNSIONS wacnin 1. cyond, It 


e cell 
tazen me 






Dany months to [cam tne para-mecianics oT eoataetine my LIGhT-BODY out-of the physi 
_ body and enter the astral-borderland, soon now via the awake direct-projections usin 


the ALPHA-STATES trance-method, I will be able to enter the inner-planes by eteppinc 
‘inner-vibrations' hicher and VANISH from this }-space cell ‘momentarily’ to explore 
the wonders of the DVISIBLE-DIMENSIONS beyond TIME and SPACE as-we-imow-it, 
Our entire Soientifio-structure OOLLAPSES 100% once U have done a projection and 
left your physical-body to explore other DIMBISIONAL~REALITIES per se—it’s for RFA). 
In the light—body U oan. FLOAT through SOLID=-WALLS with the sreatcst of ease, and 


most astounding of all,. travel in a blur of speed FASTER THE! TE SPESD OF LIC?T! 


Not only that, bat with otill deeper-projections shed the light—body for one still 
LIGHTER in density, i.e. u -292]-body, then a wental-body, further still to a SPIRI 
body devoid of the outer-sheaths—somewhat like a RIEMANN-HYPERSURPACE with the 
x=bodies wound around the physical-body, but unwind via ‘silver-cords’ in mu muitiple 
projcction-states to innerDIHE!SIONS—in the light=body U can SES with the innerey 
the vortex-like motions and pulsations of the physical—bdody, see through SOLIDS 
partially as transparent, etc., eto. 


Most my 'free-time' now is spent on OUN-OR-BODY PROJECTIONS to other DIMANT{O"S 


‘ for hi higher~knowledecs, I have 1 other suver-ace in the “hole, however. Hal With tne 


Out-Of-Body projections, BIG-BROTHERISH VANISIES completely as a power-structure, U 
go beyond EARTH-power=structures of the ‘defunct’ banker-poli tioos and their stupid 


games. 


A few nites ago I pondered some implications on soae probabi lity-aspecte ofa 

gurephere in 5S-epace frameworks which nearly blew ay mind in rew-panic. I considered 
spherical-hypercyclinder of double—-revolution in ea sursphere called a WWH4LA-HYPRHCYCLINIA 
. which contains an infinite-mumber of Clifford-eurfaces( vortez-rings )—networks of 

eystens of parallel qreat-circles, so as-ounding that I wondered the havoc that a systea 


of vortex-rings an projected ‘cones’ do to the outmoded time-concept, “The | bineteian- 
physice collapses in S-epace ceometry frameworks, period. 


The only possible way that I could resolve-put geometrical-properties of a sursphere 
was to follow SETH’S extended ‘time-concepts’, i.e. NOT CIM: per ee, but (U-units having 
their own energy-pulse electrical-intensity-fielde allowing for the probability for 
time-effectse to thrush invarc—-outawuri!, backwiro-und-forewura into ALL probabilities 
sjmultaneously, and therefore A'L "time-events' are SJM'LTAIE SIM'LTALEWS. Thies gives rise to ) 
numerous new kinds of multidimensional light-phenomena ‘effecte', a continuua of light- = 
fields, and this designation aoes not seem justifiable either... 


The vortex-atom in its mltidimensional-espects completely devastates the ninsteinian- L 
physi-:e. Tonite I completely part ways with the es ly limited-con-:epts of Realtivistico- 
physics, in fact, some out-of-bdouy projections vas @ ‘cutalyet® that shattered once and 


for all my ‘quasi-bveliefs' in the binsteinian-physics. Many orthodor-ecientist won't " 
believe a ‘word’ what I sey, but I will ‘gamble® on ay own INFQTP{ONS, Oli P-ACLY 


BXPHRIENCES , and some geometrical-aspects of 5-epece geometry of the LUR PHERE, etc. 


fo IT will be doing some time-travel in the out-of-body state, and mm pom et 
impulee, I seem to be drawn to some ‘alien-like’ inner—vortex-plane where aifferent 
lews operate in that ‘universe’, whatever it may be... Lnormoue changes in ay personality- 
makeup has: been happening to we lately in a very rubtle-way as a result of the (ut-f- 
Body projections, what I call a change in neuro-orgnnization of brain-functions arising 
from another-level of ‘reality’, that is, the inner-etimuli jncuced upon the ‘brain’ vie 
out-of-body projections has activated new-portions of the brain—functions. 





When CU-unite enter a black-hole, ‘time-effe te’ disintecrate, and when the black-hole 
turns inside-out into a white-hole ayvain, new .Teunits enter agnin builcing-up time-effect 
pro esses—the ob.erved-e'fects of TIME snd SPACE are very PLASTIC ... 

ALL observable-events «re the result of \J-unite ind their enerzy-restalt—organisations, 
in other woras, consciousnese lies behind ALL ranifesteJ—\-tions, something thit f 
ogthodox-scienses in its Corea refuses to accept i.e the casi: for all x-realities. 


The Earth is . livins-bouy o of coniciousness-unite alto, velieve it or not...! 


Here is the great-secret(esoteric) to vast-cir-overies in out-of-body proje tions: 
‘LL innerplane ‘actions’ are :he syprodu't of ‘Y-units. ALL THAT IS manifest itself 
as probanle-gous and continually re-cre:ies new-universes to explore new-cren -ivities 
of IT! sULTIDIMENSIO- ALITY... The :U-units manifest tr-unite, ard imprese ‘themselves’ in 
the forms ‘they’ create, the (‘U-units manifest SOUND in its varéous-aspe te, etc, 


It all boils cown to this: Any hirher-science must seek out the ‘consciousnessese' 
that lie behind «1] manifestations, perioa, 
ee ee eee 
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This is a hand-held crystal/shell device which is used for balancing energy centers of 
the body. It is excellent for activating the 3rd eye and accessing past life records and 
information from your ancient pasts and futures. Its compact design may be deceiving. 
It uses crystals to accelerate the naturally occurring vortex energies of the shell to ex- 
tremely high rates of energy. A real blast from the past! 









(I This device radiates orgone energy and enhances the astral bodies 
of those present. Its effectiveness can be enhanced by using pyra- 
mids and other geometric forms on top of the plate. The copper 
core is removable and can be used as a psychotronic witness well. 
This well may be used for transmitting colors, ideas and desired 
outcomes to persons, places and things present or at distant loca- 
tions. Inter-dimensional communication is possible using this 
equipment. Color gel wheels are included for the enhancement of 
the signals and the tones created. This design ts also effective as 
a decorative mandala for your enjoyment and meditation. 




















The Solar-Fire Disc capacitor emits a 7.5 Hertz rate every 22 sec- 
Onds to a distance of 3.5 d (d = distance from center of plate to 
edge). The Solar-Fire Disc has a 21 foot field in all directions 


This Disc is a module that can interact and be connected to other 
modules in the catalogue. 






li 6 2 Be See 





This copper tetrahedron stands approximately 12” with a 5” spinning octahe- oe 
dron suspended within it. Some of its assorted users are: a 

A vortex aligner - many times there will exist places on the planet of un- This device consists of an approximately 3° copper frame pyramid (capped with a 1/2" 
usual energies. This unit will aid in its rebalancing. Crystal pyramid) attached with bi-tetrahedrons on four sides. Included are four 
detachable tetrahedrons that plug in to create a synchronized vortex flow. Each tetra 
hedron is a miniature circuit board consisting of a copper wire wrapped crystal in its 
center. These detachable circuits can be placed on the body to enhance energy flow, 


* The spinning of the central octagon creates an intense white light field. 
It can be used as a capstone for larger tetrahedrons. 


* Mediating with this suspended form permits access to ultraterrestial and energizing and balancing the chakras. 
extraterrestial information levels 
* Light body activation is accelerated for inter-dimensional time traveling. This time-view, Pre-Lemurian device can be used to communicate with Inner-Planet 
realms. The entire device can be suspended by string from the ceiling and sat under. 
METRATRONICS UN It is advisable to have the device lightly touching the crown. Begin relaxation and 
V.0. Bow 113) meditative techniques of your choice and enjoy the CLF Receiver tor a 20 — 30 minute 
session. 


ALIEF, TEXAS 0 
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This geometric form, constructed of copper, is a resonant model of the planet 
earth. From out in space, the planet earth appears as a do-decahedron. When 
properly constructed with a refined metal, such as copper, this platonic solid can 
be used as a physical-energy representation of Mother Earth. This device is / 
excellent for meditation and can deeply enhance your communication and com- 
munion with the Spirit of the Earth. Use of this device with crystals and pyramids 
can magnify results. bad 









This device is constructed of five 6" base pyramids attached at each 
base. If placed on the top of a standard room size pyramid, it allows a 
totally efficient flow of the energy through the system. If hung by a string 
from the ceiling, it breaks up poor energy circulation and places the ener- 
gy flow back to a normal balanced rate in the room. 


© This is an energy device which generates its own vibrant orgone energy field without 
the use of crystals or pyramids. Standing alone, it generates a stabilizing field of ener- 
gy to approximately 300 feet in all directions. The beauty of each unit facilitates its use 
in the home or office setting either hung on a wall or sitting on a piece of furniture. 


The Mayamid Alphahedron/Omegahearon can be used to charge, cleanse or detoxify 
by placing the item or a representation of the item in the central chamber. Using differ- 
ent gemstones will enhance and vary the quality of the energy transmissions. 


There are many used for this form so let your creativity by your guide. 
This device comes in different styles: 

*Clear Acrylic — smokey base — A/phahedron 

*Black (high luster) Acrylic - Omegahedron 





& This is an octahedron with an irregular shaped tetrahedron inside it. It is another 
"Master Module” which can be used alone or in conjunction with the Star Pod. When 
used alone, the Theta creates a variant wave pattem, slightly different from its Beta 
counter-part. The slight wave pattern enables the Theta unit to act as a cell 
rejuvenator. Its energy helps to vitalize the cell structure from the atomic/molecular 
level. 


When the Theta Master Module is connected to the Star Pod, it amplifies the energies 
of the Theta Master Module by a factor of 10,000 — a synergistic effect achieved when 
a Master Module and Star Pod are inter-connected. 


B_ This device is a miniature engine module which can plug into the Solar Fire Disc Plate 
and the Starfire Module. Connected to the Solar Fire Disc Plate this device acts as an 
amplifier‘booster for its field. Essentially it is a crystal power pump. It is a multi-stage 
amplifier which is used to boost an existing field of energy. Its core energy is crystal. 


C This is an energy device which generates its own vibrant orgone energy field without 
the use of crystals or pyramids. Standing alone, it generates a stabilizing field of ener- 

4 gy to approximately 300 feet in all directions. The beauty of each unit facilitates its use 
in the home or office setting either hung on a wall or sitting on a piece of furniture. 


The Mayamid Alphahedron/Omegahearon can be used to charge, cleanse or detoxify 
by placing the item or a representation of the item in the central chamber. Using difter- 
ent gemstones will enhance and vary the quality of the energy transmissions. 


There are many used for this form so let your creativity by your guide. 
This device comes in different styles: 

*Clear Acrylic - smokey base — A/phahedron 

*Black (high luster) Acrylic - Omegahedron 


D_ This is an octahedron with a regular tetrahedron inside it. It is what is referred to as 
a Master Module and can be used alone or in conjunction with the Star Pod. When 
used alone, the Beta acts as an intensifier/balancer of the fire energy of the tetrahe- 
dron/pyramid complex. It is a signal enhancer to cell DNA to activate DNA codes in 
the production of third generation DNA patterns. 


When the Beta Master Module is connected to the Star Pod, it engages the Star Pod's 
crystal harmonics with those of the module, creating an envelope of healthful and stim- 
ulating energy. A master module, used with the Star Pod amplifies the effect of the 
Master Module by a factor of 10,000. 


- 





This device is literally a crystal engine or a mult-phase generator. It is composed of 
108 crystal points arranged in specific geometric patterns which energize two Brazilian 


ONE FO RCE Crystal points. inside the construction of the Star Fire Module is a chamber in which 
is placed a crystal, stone or symbol to key the module into operation. (It's and on/off 
Geocosmic Optical Designs switch.) 
For ; 
Subtie Energy Enhancement When in operation, the Star Fire Module creates an intense field of pure crystalline ul- 
\ tra-white LIGHT. Its field strength energizes from the sub-molecular level on out. This 
Po Box 113) form creates an excellent energy field to induce creative thought processes and com- 


A new ad yt ancien spain apa hse unl Auer : Tr x munication with the Angelic and Divine Creative Forces of The All That is. 

— ay ek ke Once yeu begin to work with these forms, 11441 As an “art form”, one half of the Star Fire Module can be placed on a light box with a 
tle yet awesome forces al play within each design enhance 9 

quantum leaps in consciousness your Self and your worlds. —_ color gel to create a soft, tranquil celestial mood. 

There is but ONE FORCE in all worlds. The manifestations of this 


FORCE In the seen world (Electricity, Magnetism, etc.) are but dim 
ratecoon of THE ONE FORGE thal assem ALL THAT IS, Wo o 
meg that what we offer is Catalogue are inspirations 
from THE FORCE. ia 

We have been shown that the items available can be viewed as art, 
sacred sciences such as , SyMbology, numerology, radion- 


created a vessel, in each Geo-Cosmic Design, for this FORCE to 









This device radiates a full color spectrum into any room it Is placed. In other 
words, by placing it in a room, it will balance out any imbalance in energy via 
the color spectrum. By placing the name, witness, and specific requests on the 


Row Semugh ad be aad Reare-ws, king chamber platform . . . the balancing needed by this individual to manifest 
poi engl ager is eto your cre- # wholeness in areas of their life will be transmitted, 


this is in no way excludes other uses. THE FORC! Hesolongptey / 
in unlimited to achieve expansion of consciousness into ITS 

FLOW. This FORCE is subtie in ITS NATURE but awesome in [TS sa 
capabilites. 





Nature’s Geometry 


The Brotherhoods have pro- 
vided a great deal of inform- 
ation to assist us in under- 
standing ourselves and our 
world. The cosmology present- 
ed in The Ultimate Frontier 
offers a working model of the 
nature and structure of the 
physical universe. A "sci- 
entist-philosopher" is not 
content to merely have "in- 
formation." He seeks to un- 
derstand the mathematics and 
physics underlying the nature 
of existence. He seeks to 
turn information into know- 
ledge that serves Mankind. 
This search has lead to ex- 
ploring the role of geometry 
in nature and science—na- 
ture's geometry. 

Look around your environ- 
ment for a moment and identi- 
fy the various geometric 
shapes you see. Everything is 
a rectangle, circle, trian- 
gle, or square, right? Prob- 
ably you answered yes, even 
if you saw some shapes that 
you couldn't quite define as 
"geometric." Our current way 
of thinking about geometry 
has been shaped by our cul- 
ture's emphasis on the flat 
geometry of Euclid, which was 
invented some 2000 years ago. 
Even though Euclid's geometry 
is still regularly taught in 
schools today, as far back as 
200 years ago mathematicians 
began to realize that all 
shapes did not fit into the 
geometries of the Greeks. 
Dealing with surveying and 
navigating on a globe led 
them to a "new," non-Euclid- 
ean geometry of curved sur- 
faces. An example of non- 
Euclidean geometry would be 
triangles drawn on convex or 
concave surfaces. These 


Box YS-ADELPHI, TX. 75474 — 


Copyright July 1987 by The Stelle Group. All rights reserved. 


“Of all people today, | think scientists have the deepest 
faith in the unseen world. The greater the scientist, the 
deeper his faith . . . It’s a special brand of faith. You might 
say that the scientist sees God as a mathematician.” 


would not look like triangles 
drawn on a flat sheet of 
paper! Non-Euclidean geo- 
metry eventually revolution- 
ized mathematics and physics 
and led to Einstein's ideas 
on gravity and curved space- 


time, but still there were 
shapes, particularly in na- 
ture, that did not fit into 


either type of geometry. 

The late Twentieth Century 
has seen a new form of geome- 
try arise which gives science 
a better model for the real 
world. A mathematician named 
Benoit Mandelbrot has created 


“‘For example, a smaller part of a 
cloud is similar to the whole 
cloud; the veining on a leaf is 

similar to a twig or a tree branch 

which are all similar...” 





a quiet revolution in science 
with a new geometry that 
describes many things in na- 
ture, such as trees, mud 
cracks, clouds, mountain 
ranges, coastlines, and water 
turbulence, things that were 
left out or avoided in the 
mathematical picture of the 
older geometries. The 
shapes of this new geometry 
are called "fractals." Two 
important aspects of the 
fractal concept are self- 
similarity and dimension. 
Self-similarity means that 
a part of something is simi- 
lar in structure to its larg- 
er whole. For example, a 
smaller part of a cloud is 
similar to the whole cloud; 
the veining on a leaf is 
similar to a twig or a tree 
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branch which are all similar 
to the tree, and a creek with 
its feeding ravines and 
ditches is similar to the 
river with its tributaries. 
You can also identify many of 
these self-similar fractal 
shapes in your body, such as 
in the circulatory system and 
lungs. 

Dimension is another im- 
portant aspect of fractals, 
but with a difference. We're 
used to thinking of a flat 
object, say a leaf, as having 
two dimensions, length and 
width; and we find it easy to 
perceive a third dimension, 
depth, in a solid object such 
as a tree trunk. How many 
dimensions does the single 
object called tree have, 
though? It wouldn't work as 
a solid, three-dimensional 
object because of the tree's 
need for air and sunlight to 
reach the leaves. For the 
same reason, not even the 
leaves of the tree would work 
as purely two-dimensional 
objects; they have to have 
space around them in order to 
survive. If not two, but not 
three, then how many dimen- 
sions does a tree have? 
Fractal geometry solves the 
dilemma by thinking of dimen- 
sion as able to be broken up 
into fractional parts (hence 
the name fractal). It con- 
siders a tree's fractal di- 
mensions as being more than 
two but less than three. 
Fractals have truly created a 
new way of looking at the 
world, and made geometry more 
than a textbook subject. In- 
stead, geometry has become a 
living, growing science in 
which the new builds on the 
TAST ETC Continued on page 8. 
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From: Beavpes Lerrers Couecrion ($/5¢¢ Fey) 
Received your letter today ... thanks again for the H-book orders. 5-23-80 


Indeed! We have many X-minds in alternete-realities...the multidimensional-PSYCHz 
uses PSI-mind energy-gestalts to manifest reality-frameworks, etc. On a smallerscale, 

' the desire-mind, feeling-mind, and body-mind interlock-together forming an energy-gestalt 
operating within the physical-universe, however, the SPACIOUS-NMIND OPERATES outside the 
physical-universe and has its own mental-continuum ‘inner-laws' ... 

Tapping-into the spacious=-mind brings about numerous new—kinds of CREATIYITIES OF ANOTHER 
ORDER OF ENERGIES,..using the spacious-mind,matter-teleporting of the physical-body on 
a planet or other galaxies becomes a practicality—changing the PLANCX-constant to 
alternate quantum—values (frequencies that overlap in a Fourier~sense) induces a correspondin; 
change of the neuronal-synaptic -pulsings, and therefore altering the atomic-polarity of 
the physical-body to alternate quantum-states of ACTION... (actions) 


Just re-reid a second time STAR WARDS by Richard itiller, published by SOLAR CR0SS 
303-3 » Ci 95008—retails for’$23.e¢ including postage. A Heal aes Bh 
BOMBSHELL, Star Wards, much info on MIND-TELEPCRTING the physical-body anywhere on 
this planet or distant starmsystems, and much rare-info on 'machine—teleporting usins 
HOTSENSERS'S CUANTUM-PLANCK EQUATION for basic-teleporting principles—data on 
TELEPATHY, FSI, etc. 
The star=people use hyperspace-warps of I,II,..., XI times the speed of light j 
quantum=jumps changing the values of planck’s-conftant h in quantumjumps, etc. 
Great changes coming between 1980-2000 A.D. before the new-Earth arrives via a “0° 
change in its atomic-vibes to a new ‘higher-level'... - e o., 
~ © 
In the Calculus of Organizers booklet pudlished in 1961, last-pace, I stated also, 
the importance of the PLANCX-CONSTANT in changing the ATOMICITY of MATTER via MIND, etc. 

















Presently working on absorbing some new ideas in higher number theory using a basic 
university text current to date—however, the triune=primes transcends ALL number theory 
"concepts' to d-te, going far, FAR beyond Gaussian Congruence=-theory number-concepts. Soon 
some new=developments on aleebraic-aspects of the triune-primes and some refinement of 
deever prime=number concepts... ; 

A certain continued-fraction development suggests stronsly the validity of the 
PROBABILITY=PACKET HEISENSERS Teleporting-equation(Tensor-aspect readout)... 


Ferhaps soon the n-book hyperspace=concepts required to develop-out visual-aspects 
of some tensor-concepts applied to TELZPCRTING... The H-bdook is for the new-2+RTi-aze 
commencing in 2000 4.D.... WMATH Book 3252 

Some interestins 'results' have showed up in iUiicrR THECRY via the Pines, 1 worked-out 

My own personal-version usins the CELi®Ss RrEiiilicin THOORE:., modified somewhat, 
appertaining to an infinite-set of number QUA‘TU:-values; in other words, X-systems 
exist having their own uniaue-tyve of PLA.CK-CC.STANT that chanzes 'value' from 'system' 
to ‘system', 


Using the SPACIOUS-i-1iD one can travel the inner-universes via alterations of the 
Planck-Constant to any 'value' desired—in practical-terms, this means chansing the 
neuron-speecs of the neurone-cell 'firings' at the symapses—which seems to be at the 
ternsor—centers of the physical-brain. 


Using the SPACIOGUS-MIID, it would seem as-if 'technolosy' were a primitive-scierce 
developed so far, for the non-physical-nirnd has no need for any kind of 'machine-technolo-y' 

It seems that the Suerni came 'closest' in developing a rudimentarv=scierce of the 
‘mental-realm' based on laws from the mental-—continuuan—the Atlanteans were still 'stuck' 
at a machine-level of tecnnolo=y and could prosress no further due to their SY..°CL- ¥LIE- 
SrsT2S 'pivoted-around (focused ) ‘nachine-s:mbols' — a syrool—frenmeworx 'codified' 
around a machine-techrology. 

For ne, it’s defifttely a 'cop-out' from a machine-technolosv, for usin~ the nen- 
physical-mind, U can create any ‘environment' YJ want once the 'mechanics' appertainin> 
to the mental-realm is ciscovered and AFFLIED. Eevord the mental-realn lies the inner 
multicinensional-core of ‘beinz' of eacn of us, anc having unlimited-nowers of creativity 
—unprecictasility seems to de the 'tasis' behind ‘all’ realitv-aarnifeszations. 


Lvery manifested thou-nt-form that has 'evolved' has its archtype-source within 
the inner-realns, the source-ted of ALL CUTER—-MANIFESTATIONS,. 





I am spending some additional time ‘studying’ some number=theory ‘concepts! obtained 
from an up to date number theory textbook written by Ralph G, Archibald. The text is ‘loaded' 
with theorems and proofs(which I like very much...) and problem-sections without answers 
to make one THINK out-the-solutions, etc. However, I gained much new-math-awareness of 
another ORDER Or IDEAS lying outside ‘continuum-number—concepts',. The text implies strongly 
the heavy-reliance on the PRIMES(prime=-nunbers ) to solve number—theoretic—propblems,. 
Complex—continued=-friuctions on a higher-order-level of application to quantum-mechanics 


solves patterteleporting 'theory' and mechanics 100%: 
However, the triune=prime erithmetic that I worked-out and developed goes far beyond 


the number~-theory concepts known today, beyond the Gaussian=-concepts of congruence-theory 
of numbers per See. 


The prime-arithmetic can be summed=-up very succinctly as follows: ALL facts, all 
realities are CONDITIONAL; that is, the ‘facts’ or ‘laws' of 1 reality;framework may be 
partially-true or valid in an alternate-reality—framework, or again toally non-valid in 
yet another alternate-reality-framework, what COUNTS is the INTERRELATIONSHIPS beéween 
the GESTALT-units that uniquely=determine GESTALT-FRAMEWORKS(ACTION=GESTALTS), 


The integers of arithmetic could be compared to the infinite-number of MATHmiATICAL- 
STATES of X-<KOWUDGES existing in a PROBABILITY-—CONTIiCUN waiting to become manifested. 
etait ann Wee SEU SADE BELLU TE 


TENSOR-COXNCEPTS can be applied to the H-craphics to gain visuai --insisht 
REPRESENTATIONS of alcebraic-concepts and geometrical-applications, etc. I have about 50 
additional-pazes of advernced H-graphic material that is quite '‘mind=-blowing' when compared 
to the limited 3-D visualization—perceptic-processes—the H-graphics could become developed 
into an ART using a ‘sraphic-computer' to map-out numerous hidden-aspects of the H-mat¢rial. 


In some probable-futures whicn I envision, 4-D and 5-D computers are used as hyperspace- 


navization 'tools'(traveling the different universes via_ wantum—warps)ee. 4 pun: How 


avout DenOLIC~SPACESEIPS of the FUTU&? Crystals are used to generate what we call the five Platonic solids. The most efficient 
— ; ‘ of these is the cube. From this form generates all Light forms. When a cube 1s placed 
FeOMFBICANDES KETTERS S/S 2s La On its corner, it can be seen that it ts made of two interlocking tetrahedrons. 
All planetary bodies are composed of a central cubic core of crystalline energy Stars 
contain the expansion of the crystal energy cube the Doublet Tetrahedron (DT) 


It's a double inverted fire-energy matrix. capable of gencrating the matter and anti- 
matter life forces to produce infinitesimal illumination 


As we get closer to the Star Treck technology depicted on our boob toobs, 
the entrenched power systems & energy cartels continue to struggle to hold 
such technology at bay. Already,the ‘elite power groups have technology far 
beyond what we see at NASA. The time -space craft are only around the corner 
and the British Science fiction TV program Dr Who gives a pretty clear view 
of the possibilities. The TARDIS is a 5th dimensional teleportation vihicle 
contained in a 3 dimesional object. A London police call box. The machine is 
actually larger on the inside than the outside. Once inside the smaller box 
or object,the 5th dimensional distortion would produce math dimensions great- 
er than the object in which the field is contained. You might note that the 
3-D objects normal time & space measurements would not exist while the 5th dim~ 
ensional temporal distortion was taking place. The field could be made to cont- 
ain great amounts of space . Hho €: an Bob Royle 
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HYPERSPACE MANDALAS: ART of the 
21st Century. Ancient tool for centering 
helps you explore higher dimensions] 
FREE brochure. Starmeadow-27 , Box 
3892, Boca, FL 33427 
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Fry's Videos 22511 Markham Perns, CA 92370 U.S.A. 


ENJOY LEARNING ANO FINDING THAT TRUTH IS STRANGER 
THAN FICTION Fry's Incredible inquiry Video titles furnish interesting 
facts a8 well as entertainment Buy ihem for tess than others charge lor 
rentals, PURCHASE PRICE $29.95 ‘each .4 of more $24.95 each 


THANK VOU FOR YOUR ORDER SS" WM 


ASTOUNDING BREAKTHROUGHS + video 
rentals. superbrain function reports ‘oe! 


2s yy gs (stamps) MH fey 
a VHS crazy 


OREN TS 
NOU 


Ise 
EO as 7 


Gees Goyerd te vtus! eee 600% 
PETIT 1 Te MeO O8C TES 


‘St 


ech (i Socze ond Mie teaden tetrecte Techniques * 
Na Dla) Strange Beings @1~2 WS rn On eene 
¢ y A reemeneee Preene Pygnyt Sewae 
donaye unvanas' verm-oe Unecie How te find & Keep 
woren Pond mecot . Oe soul Mate or Love = bili, ® 


O Secret Teechings of “$77 secre ot mest errrng bow Ry 
The Biole [ag <' cotorey mosee-ttotame soneteen 
Ine mae orgns ne SENG = - Barth Story 1234 i 


S © UFO Report 01:3-3 Diener ttelparsrebsenyodetn 
Dstevery and Steughter vase Daun eceni 4 
Grocery 6 tices Qerecte Of PES! gw to Put Up O7C ME ONE MOMO! 
roe THE COMING CATACLYSMS & SAFETY VIDEO Mie 
Ny yy WATER AND CRYSTAL HEALING VIDEO — . > 7 i 


a: af aGaen hentery ONE SERENGS teeter 4B. Gienox 
parang ihe ecense weeey resteng te refer! Beck INE Re_Eierty 
° Bon = proonliceiieape ania 


$24.95 (@ on mona) 


Fry's Videos 22511 Markham 
Perris, CA 92370 U.S.A.Bisi0 a 


may be returned within 2 weeks for 50% 
trade in value credit (Rental).......-.. 


- 





Fry's Videos 
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1001 NIGHTS AND OTHER TRUE MYTH HISTORY — Ancient 
super societies and technology: who the Ginn really were. strange 
origins of humanity. types of ‘gods’. The first civilizations and their 
ignored records, Americas bearded gods and super cultures. female 
Amazon cultures, Adams origins, spiritual Christ of the Americas and 
more. — 


WORLD WAR [I] UNCENSORED VIDEO — Learn how our popular 
leaders and war heroes were manipulated by the power structures 
who profited from and encouraged the bloodshed. We still never hear 
the truth of any recent wars from books or the media See tt all in 
great classic action film footage of the period. This may turn your 
entire views of the war around. — 
WATER AND CRYSTAL HEALING VIDEO — Many little known 
systems can be used to purify and charge up water with energy. Most 
purification systems spoil the health benefits of water. You may as 
well find out how mother nature charges water for free. Willard 
Water. C Cells and many unusual water treating methods are 
covered. Plus a section on using Crystals in healing 2 hours 
THE COMING CATACLYSMS & SAFETY VIDEO — Present areas 
over much of our nation will be under water in the early 90's. If you 
remain, you and all your expensive toys will disappear. Learn what 1s 
going to happen and where to go for safety while you still can Pre- 
sent Gulf streams are way off course and this will alter weather pat- 
terns well beyond even the chaotic patterns of the present Disaster 
and quake zones all across the country are never mentioned by so 
called experts and you had better learn the truth. Computers. past 
record cycles, Indian prochesies, hynotic induced time travelers. psy- 
chics and others all point to disaster in the near future, and this two 
hour Video will boil $50 worth of books and searching time into 
weeks... into a very entertaining Video surprise. Luts of Px. maps 


& evidence. — ; 
WEALTH SECRETS VIDEO — Exposes the long hidden unit value 
systems set up on Earth and tells how fortunes are made following 
some little known simple laws of the Universe. Full of business and 


success secrets you never heard. — 






|| How to find & Keep a Soul 


Mate or Love 
Secrets of mentally orderng soul polanty 
meates-lifetwne relationship expose. 
Fullfiltenent secrets 
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LOCK UP DANGERS & FREEDOM 
TECHNIQUES VIDEO 

Shocking mental health slavery, maiming & 

drugging exposed, with sale alternatives. 2 hr. 


2 hours 








SEX PROBLEMS AND SOLUTIONS 
High level performance, finding 
mate,clearing up impotency etc, 
Copyright 1986 By:A.H.Fry 

879 Park,Perris, CA. 92370 USA 
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OUTLES 
Strange Beings #1. Incredible humanoid species and their rare 
photos and pictures from alt across the globe. Hidden pygmys, 
Dwarfs & other tiny beings, present and ancient Giants, Ostrich 
footed tribes. Fairys & nature sprirts, Vampires, witches & 
werewolfs, How Zomby types are made, mermaids yesterday and 
today, Super strength & firewalkers, Modern cave men, secret 
laws of nature, Freaks of the world Breatharians, past life car- 
ryover & much more. Two Hours. 
Strange Beings #2. (With super ability Secrets section) Origin Of 
Humans, great Gorrilla battles, true amazons, Mur Men and 
women, Electric & magnetic people, Hexes & curses, Hypnotism 
& dangers involved, Cyclic Sun & Moon effects, Healers, Levita- 
tion methods, Astral Tavel secrets, Telepathy, Mind over matter 
miracles, prodigies, Perfect poetry. 2 hrs. 
Strange Creatures #1. Giant birds, reptiles and beasts that are 
with us today. Allen - ‘unknowns’ and the incredible secrets of 
talking to animals. Outstanding. 2 hrs. 
-STRANGE PHENOMENA OF THE WEST. Visit the giant 
Integraton rejuvination dome,The little ‘Hobbit’ 
peoplea domain,Vortex power spots,& discover the 
danger that will wash away Palm Springs. 2 hre. 


Jesus and His Hidden Miracle Techniques. Show what Jesus did 
during his “hidden years", what he taught the desciples that Paul 
(Who was never with him) kmew nothing about. and how he per- 
formed his miracles through these simple inner power techniques 
so long hidden. A must for Christians. 2 hrs. 
Earth Story 1-2-3-4. The astonishing “Earth Report” data (which Is 
described in book listings) on Video tape in 4 segments. Unique 
data fom A.B. Glaser founder of Modern Humans Comprehension 
Texts. A must for persons wishing a verbal and visual on Glasers 
deep and astonishing works. (Order any or all of this series) 
Budget Earth Story Condensation. Packs first 3 tapes of how to 
tap higher awareness and understand higher level function onto 
one SLP (6 hr. Long Play) Video Tape only $39.95 
Hidden System Defense Secrets. Free yourself of physical and 
emotional domination through little know protective tecniques. 
Shows how ail of us are tricked, tempted and bled of energy by 
system and people “vampires”. Tells how “Ki” energy shielding Is 
— a eg * stop mpeg attacks and return energy on 
fs and much More. 2 hrs. (This is a m 
pootly od shay eed (T ust If your health Is 


Trg Secret Teechings of tre Sitle. Looks iio the origin of the words 
Stones of our Misunderstood .. .lorthe tue meamngs 2 hrs 
Remerhable Memory Secrets. Tet nee eet ene Drmen concaye: 2 


ns 

v .' New and umque methods 
found nowhere else Can give astomsiung resulis. Mos! do nol depend 
On the usual word assocations, bul grve the secret foundation knowl- 
edge of tapping ‘tlowlne ” 
YEG Reporte The strange hidden history & purpose of many shen 
cralt Hundreds of drawings. pctures & photos. Dozens of types & 
famous sightings The truth as strange a8 ficteon. 2 full Nes. 1- 2or3 


Incredible inquiry Videos go beyond the normel and restricted. 
hundreds of unique illustrations, 2 hours sa 
suppressed secrets & history a 









STRANGE HISTORY and LORE YOU NEVER 
HEARD - 1988 


- Copyright 


MODERN HUMANS STUDENT EXPANSION VIDEO. (Students) 
Glasers early missions & background with helpfull 
comments 4 seotions from other videos. Return a 
copy for $10 oredit ar refund after viewing. 


2 hours 








INVISIBILITY. Little known concepts & methods 


LEVITATION. Secrets on altering the polarity 









o--- FRY'S --- 
879 Park Ave. 
Perris, CA 92370 


for altering Atom structures...using the ill- 
usive'’Chi' Mind energies.Mind) power secrets. 


of material Atoms to defy gravity.Both of the 


videos above give deep mind control data. 
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Greetings in the "Light" of Our Infinite One. I am Lalur. It is my 
intent to speak on the subject of heaissg. This field of endeavor, my 
brothers, is one which consumed many, many periods of time in our evolu- 
tion. We, as you have been informed, have very little need in our present 
time for a medical profession, except in our exploratory craft when new 
and alien life forms are encountered. How this came about, how we vere | 
able to overcome that known as (1) disease, and (2) the decay and physi- 
cal aging of the human body, I would like to discuss. First, if I may al 
be permitted, I would lay some preparatory ground work. 


In our early encounters with that known as disease, one parazeter 
always was recorded on our charts in measuring the ecanations about the 
physical body. Disease, in the many various forcs which it can take, 
creates primarily a state of electro-chemical unbalance in the primary 
life force of an entity. By unbalance, I would use as an example one 
of your primary diseases, that known to you as cancer. In cancer, you 
have noted what may be classically called "a cell gone wild." All of 
your medical world have attempted to explain the erratic behavior of 
cancerous cells. It is what you would call a disease common to your 
present state of evolution. It is a mutant disease, one which could 
not have had its awareness in the cosmic meaning prior to a certain 
stage of evolution occurring upon your planet. I shall not explore 
fully all of the background concerning the reasons for mutation of 
cells, nor of what happens to the electron and proton, particularly 
the mutated nuclei of a cellular atom. I will merely mention that the 
normal cell electron departs from its polar orbit on an erratic course, 
caused by the bombardment of what is known to your peoples as cosmic 
radiation. It, my brothers, requires high energy particles to knock 
an electron from its orbit. This electron searches for a new state of 
balance in an adjoining atom. When it joins this atom, a change occurs. 
Your bodies are living examples of atomic fission and fusion. 


Now we know that disease is an unbalanced condition of an electro- 
chemical nature. How do we rectify this? How do we restore balance to 
a diseased organism?. This is the problem facing your world. Before I 
attempt an answer, let us talk for a moment about age. 


The classical theory, popular amongst your peoples, is that tissues 
lose their vitality in the sunset of that known as physical life, due to 
an electro-chemical reaction taking place in the cells -- popularly speak- 
ing, a slowing down of that dynamo known as a cellular atom. Classically 
speaking, a slowing down of orbital velocities. Naturally, the tissue 
involved withers and wrinkles. The very essence of life carried through- 
out your bodies by your circulatory system is constantly supplying fresh 
atomic fuel to be burned in your body furnace. Again, we have a problem, 
that of adjusting the balance of body chemistry and electronics. 


_ Perhaps I have over-simplified to a great degree the ramifications 
involved in all forms of diseases, and very broadly speaking, the aging j 
process. Let me now mention what can be done to (1) eradicate disease 
- entirely from the human race, and ¢2) to arrest that known as the aging 
process at any given age desired. 


Ag You have a statement, a classic, I am informed, that says you will 
"fight fire with fire." In this case we will fight radiation damage to 
cellular atoms with radiation. You are aware, my brother of the medical 
profession, as well as several present in your midst, that experiments 
have been tried in your great schools of learning with the effects that 
various colored lights have upon living substance. It is true, vegeta- 
tion is the primary study involved at your present level and time. Cer- 
tain plants when exposed to radiation of a particular color frequency 
exhibit unusual growth characteristics. They mature earlier. Should 
they be a fruit bearing plant the fruit-is greater in size, it is more’ 
palatable to your taste. In" every way the vegetation responds to a 
frequency of color vibration. 


All of you are aware that the range of the human vision spans only 
several octaves of what is called the light spectrum of frequency vibra- 


‘no effect. 
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the entire cagnetic spectrum. What lies beyond the range of human vi- | 
sion at its shortest wave length known as ultraviolet? A serious gap, 
a most serious gap exists between the far ultraviolet and that known 

as X-radiation. None of your physicists have examined this gap for the 
unique properties inherent in this part of the spectrum. 


The far ultra-violet and beyond, though higher in frequency than me 
that known as X-rays, gama, alpha and beta radiations which, you have < 
noted, have destructive tendencies on cellular tissue, to still far : 
shorter radiation unmeasurable at present in your technology. We find cs 
that radiation performs in its many different and strange ways. Let us 
start, for example, with that known as sound. Some sounds, you have 
noted, are pleasant to your sense organs while others cause disagree- 
able sensations. We cannot say that since some sounds create an unplea- 
sant sensation that all sounds are unpleasant, nor can we say tha‘ all 
forms of radiation, such as X, and alpha, and gemma are bad for the 
reason that they cause destruction of living tissue. You will find in 
examining what is known as the electro-magnetic spectrum, periods of 
reoccurrence of radiations conducive and pleasant and stimulating to 
the human organism, and those that are the opposite. So it is logical 
to expect that -eyond the shortest radiations known to your present 
technology there lies a certain range of beneficial radiation frequen- 
cies. Through our many, many periods of time exploring the effects of 


, radiations upon the physical body, we have made several interesting 
‘ notes. 


Let me first make a statement. This your evening, you are all being 
exposed to radiation. Radiations from your local radio broadcasting 
stations are passing through your bodies at this moment with little or 
At the same instant, however, cosmic radiation passing 
through your planets ionosphere is wrecking havoc upon the electronic 


_ balance of your neuro cells. One with no affect, the other totally 
| destructive. 


The answer, my brothers, to your classical problem is that in order 
to abolish that known as disease, we restore balance to the physical 
body, electrically and’chemically. We employ several different forms 
of radiation, entirely unknown to your present technology. 


Now, for the benefit of the medical doctor in your midst, should 
there be questions more imminent in this one's mind, may I be of some 


service? 


Doctor (visiting us on this occasion): We have found a rhythmic impulse 
persisting throughout life within the cranium. The normal cycle is from 
ten to fourteen per minute. We have found this increased in fevers, de- 
creased in mental conditions, varying with other disease conditions. We 
do not know what it is. We think it is due to a fluctuant cycle ir the 
cerebrospinal fluid which controls the metabolism of the brain and central 
nervous system and, therefore, the whole body. We feel it is, in a sense, 
the highest known elesent in the human body, possibly our link with our 
Creator. We would like to know, because of the significance of this fluc- 
tuant wave or cycle, because of its possible diagnostic and prognostic 
value, we would like to know how it can be recorded on an instrument ac- 
ceptable to the scientific world, usable by any and all physicians. 3 
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From: BRANDES 
L42TTERK FIs 5-14-83 


Today discovered sone extraordinar: new-irsirhts in the prime-, 

literally takes my -reath avay, so subtle in asture that I sariiey Sica is santsiss 
Finally vot the transforning referencinz-s-m»0l-operator to work 100%. It appertaine 

to ‘the unlockin7-lockin: process wia the prime—coprime dissolutions of any order 

I am utterly astounded completely at the GESTAL?-FHOPLETI<S of the cordella-primes 
» it is like nothine in the entire realm of present-day ‘math’. LAiG''ACi=struc ‘ 
was an unsolved=-problem for me for quite a while since 1 had to -NSTHUCTURE the 
thought=precesses via the old-languace into a nev-lanzuage corresponding to the 
Gestalt-prime-like processes, it was not easy due to the old-conditioning that kicks-off 
every so often and I have to catch myself, iere’s my programme-key-in: 


LEAS IVI'Y 








e. 
, vata-facts in one FhiMe of KiPERENCE may sO? apply at all in another 
Fhahe of KEFEK:NCL, and still in a 3ro Phare of KEFERLWE only PAhTIALLY,.This statement 


becomes tensor-oriented for conuitionalities ef the thought-pre 
conditioned-states of thinking, etc. ee 


ke-weading the compacted-form of Comp. IV, it had some exce)lent-i 
appertaining to the nature of the ‘atom’, i.e. ite JWIS131c+000 STEMPART blueprint 
that makes possible the VISIBLE manifestation of the ‘atom’. Sut the “11:5 of 
probable-atoms exist as stated in Comp. IV, and indeed, we have in a sense a CONTI°UUM 
of CONSCIOUSNESSES* evolving-out along ALDERNATE-INFINITIES, etc, 

how what U call Amind, Bmind, and Caind are NO? the OVERMIXD, or the SPACIOUS- 
MIND overseering the 3 bodv=minds, The hody-consciousness(intellect) remains physical 
and this is ege-consciousness in part. The other two dody=minds, i.e. the desjre-mind - 
anc feelin--mind are non-physical and interlock with the body-mind consc/ousness But 
the SFACIOUS-MI3D directs the 3 bodv-minds in their functionin-, The SPACLOUS-HI kD 
exist OUTSIDE of this universe, more so, beyond SPACE and TIMS, and the PSl-PusznS 
come into manifestation only bv the use of the SFACI@S=sIND; the 3 bodv=ainds can’t 
operate the PSl-povers unless the PSI-enercies are channed to it from the SPACIOUS- 
MI'D, The SPACIOUS-hI!NT operates the 3 bodv-minds via the TEXSOR-CE!MikS in the drain, 

Present-day ‘man' us@gs onlv the cortical-centers of the brain(20¢ of the dbrain- 

functioning), and a tensororiented ‘man’ would use the TENSCR-CEN?ZKS(the other 805 
of the train functioning) in the reality creating-process. OUT-Cr-BOLY projections 
use the Te.SOR—CEN/cRS of the brain... 

SzTH is right, "We create our own reality®, and if we believe in linitations 
then we will meet then in our experience, but if we don’t beljeve in limitations then 
we will not experience them—that simple it is. 


how the astounding part in what SETH said, “ALL THAT IS"(pure—energy) has 
hO Hass", 


More astounding of the astounding, SETH sez PURE-E!.ERGY can OT be LIVILZ UP 
like aw pie intc iparts,.. . At the entity-leve] of creating, Vik3sAL-lancuage does not 
exist, and creativity is direct without the intervention of SYPSCLS... 

The inner-self(inner-e-o) can handle infjnite-prodadilities within a twinklinr of 
an eve, but the ox-cart outer-er7o can onlv select 1 probability-outcome at atime. 

The inner-self can be at oneness and apart at the same time, >ut to the outer-ero 
it cets lost at times roing to extremes from apartness to oneness. 5 
SETR sez the HUMAN PcRSONALITY has no limitations unless it acckts limitations 


inposed upon it b. the outer-ero, 
Sincerely Yours, 


George L. 3rgqdes 
Z es ; 
singiid RRS 


P.S. 340-paces on the Prime-Arithmetic and still 
going strong with the new sIN. of creativity... 





ign CAN you squeeze troublesome in- 

ductance and teactance (resistance to 

changes in AC) out of a tesisior? One way 

is to make a resistor in the shape of a Moe-, 
bius loop—a century-old mathematical oddi- 

ty that is based on a geometric surface hav- 

ing only one side and one edge. 

Under ideal circumstances, a tesistor 
should provide only resistance, a Capacitor 
only Capacitance and an inductor only in- 
ductance. Unforiunately, in high-frequency 
circuits (UHF and microwave) and espe- 
Cially in pulse applications such as radar, the 
design and operation of such circuits & great- 
ly affected by the unwanted reactance inhes- 
ent in these components. The higher the fre- 
quency, the more critical these parasitic 
values are 

4 unique solution to one of these problems 
(making low-value resistors non-reactive) 
has been found by Richard L.. Davis, an elec- 
tronics engineer with the Sandia Laboratories 
in Albuquerque. N.M. Davis reasoned that 
if current passing through a resisior could 
be divided into two equal components whose 
elcctromagnetic Gelds cancel out, the reac- 
tance of the resistor would be small. How 
could such a resistor be made? The Davis so- 
lution was to add a smple Moebius twist to 
a ribbon. of wire-conductor resistor. 

Kooky Loops. Perhaps the best way to 
visualize the construction (and operation) of 
a Musbius icusior is to make a couple of 
Moebius loops from bong sirips of paper that 
are about an inch wide. First make the basic 
loup by joining (with tape) the two ends of 
a single strip after you have given the strip 
a half twist. This Joop has only one surface! 
Prove this by drawing a line slong the full 
fength of the strip, right back to your start- 
ing point (sce lead photo). The line will 
cover both sides of the strip. 

A Mocbius resistor, however, must be con- 
structed with two conductive ribbons, with 
of without a separating diclectric layer. So 
pow muke another Mochius loop, this time 
using two identical strips of paper, Onc on top 
of the other; again, give the strips a hall 
twist before joining the opposing ends toyeth- 
er. Label onc of the splices inpui, the other 
Output. 

It may appear that there are still two sep- 
arate loopr—a pencil beiween the strips can 
be slid completely around the loop back to 
the starting point. Actually, there is just one 
loop. You'll see this when you attempt to 
Separate them. The two paths that the input 
Current will take to the Output terminal can 
be traced once the boop is opened. 

How It Works. The input pulse that’s ap- 


” By JORMA HYTPIA Gos. u8 


ofiea 


pled tw one of the terminsis divides inte two 
equal componcnts which travel in opposite 
dircctiuns This happens because the iniped- 
ances of the two paths to the output terminals 
are identical. Since one pulse hoops to the 
tight while the other heads left, they cannot 
interfere with each other. Then, when the 
pulses have traveled half way to the oulpul— 
where DC resintance is one half the total 
value—the pulses are at equal potential and 
of opposite phase. By the time they reach 
the output, their potentials fall to zero. 
The two terminals must be exactly oppo- # 
site each other otherwise the resistor be- +, 
comes inductive (the pulses wouldn't be 180° 
out of phase and residual magnetism would 
be present). While ut is preferable to elimi- 
pate bcad wires whenever possible (to avoid 
Stiay Capacitance), a resistor thal is slighily 
capacitive can be nulled into balance if you . 
adjust the lengths of the beads. i 
Davis’ first ecaperimental resistor was , 
made of aluminum-tape conductor placed on +. \ 
masking tape. The mashing tape serves as. 
the dielectric. lt had a 0.022-ohm resistance 
and 0.003-ph residual reactance. The time 
Consiant (1.3 % 10°") was wery low for such 
& niall tesistance. These values may seem 
ridiculously low to people who experiment 
at eudio and lower RF frequencies, but as 
you get wp into the spectrum such com- 
ponent values bave tremendous eficcis on | 
a circuit. o 
Tuned UHF - 
circus have resonant frequencies requiring 
almost mvisible cap. citors and coils, and the 
short wavelengths are tuo large for most any 
component. In fact. most radar circuits use 
Tesonent Caviins gather than individual ¢a- 
pacitors and coils. Cavitics and waveguides 
act on electromagnetic helds, while resisions. 
<apacitars and coils are designed primarily 
"@ control electrons flowing in wires. The 
former act lke distributed consiants. the | 
fatier ate hituped constants, A Moebius re- 
splot is a lumped-coniant componcni. 
Grent Versatility. One wriking feature of 
4 Moebius resastor ss that at docs not couple 
vtectromagnencally to other metallic objects 
sr to ntself, even if the shape of the finished 
tesasu is Changed There arc only two re- 
urements for this the conductors must not 
‘puch phywcatly and the spacine between | 
Ne Combucuing saver must not be alicred. Tins 
wn Counlne charactenstic makes it Prmuble 
to wrap Moebius resator around cards. 
Moebius rewsors atc simple—and ines- 
pensive to nuke Problem is. unless you've 
AM a te that works at frequencies from 
sfound $00 to 4000 me. you won't find mb 
use tor them Of course. if you're 4 mathe- 
mahcian vou can always seach for a teal- 
hook on topology—-pust to find out what Mr 

















Two paper loupe simulate Moebius resists m..“+ 
# ef twe comductag ribboos end separating disl. - 
g laput and curpel terminals must be opposite. 
eee 





CONDUCTIVE BUBFACIS 


Moebius boop ahisciss bos enh 000 sontawous 1 
| ductlag surtac.. Diclectilc maturial separates vjyonlag 
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“tutcreomics MUUSTRITE® | Mochiuy wat really tathine about @- : 
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This book was scanned by tkra June 19, 2006 


It's interesting to note that Al Fry, who 
distributed this book for George actually 
used nails (and staples) to bind the book. 


The original work was apparently highlighted 
with 2 color diagrams, but was destroyed in 
an arson fire. 


Al has authorized duplication of this material 
for non-profit purposes. 
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